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Abstract

This thesis is dedicated to the variational and numerical study of a particular class of

continuity equations called aggregation-diffusion equations. They model the evolution of

a continuum body whose total mass is conserved in time, undergoing up to three distinct

phenomena: diffusion, confinement and aggregation. Diffusion describes the motion of

the body’s particles from crowded regions of space to sparser ones; confinement results

from an external potential field independent of the mass distribution of the body; and

aggregation describes the nonlocal particle interaction within the body. Due to this

wide range of effects, aggregation-diffusion equations are encountered in a large variety

of applications coming from, among many others, porous medium flows, granular flows,

crystallisation, biological swarming, bacterial chemotaxis, stellar collapse, and economics.

An aggregation-diffusion equation has the very interesting and rich mathematical prop-

erty of being the gradient flow for some energy functional on the space of probability

measures, which formally means that any solution evolves so as to decrease this energy

every time as much as possible. In this thesis we exploit this gradient-flow structure of

aggregation-diffusion equations in order to derive properties of solutions and approximate

them by discrete particles.

We focus on two main aspects of aggregation-diffusion gradient flows: the variational

analysis of the pure aggregation equation, i.e., the study of minimisers of the energy

when only nonlocal aggregation effects are present; and the particle approximation of

solutions, especially when only diffusive effects are taken into account. Regarding the

former aspect, we prove that minimisers exist, enjoy some regularity, are supported on

sets of specific dimensionality, and can be approximated by finitely supported discrete

minimisers. Regarding the latter aspect, we illustrate theoretically and numerically that

diffusion can be interpreted at the discrete level by a deterministic motion of particles

preserving a gradient-flow structure.
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Steven Roper for our ongoing collaborations which I shortly discuss in this thesis.

I mainly acknowledge financial support from the Department of Mathematics of Im-

perial College London through a Roth studentship. I acknowledge additional funding

from the Mittag-Leffler Institute to attend the entire three-month research programme

Interactions between PDEs and functional inequalities, and travel support from a Doris

Chen mobility award and a SIAM student travel award.

I would like to thank Grigorios Pavliotis and Filippo Santambrogio for accepting to

be the examiners of this thesis.

A great thankyou goes to all my office mates at Imperial College London for always

cheering up the atmosphere inside and outside the department, and for the many lunches

spent together.

Finally one special thankyou goes to my parents for their constant support in my life

and studies. I am hugely indebted to my brother for showing me the way into science.

And thank you, Susy, for all the love, support and unforgettable moments.

Francesco Saverio Patacchini



7

Contents

Abstract 5

Acknowledgements 6

List of figures 11

List of tables 12

List of main symbols 13

Notation 16

1 General introduction 21

1.1 The underlying equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.1.1 The PDEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.1.2 The gradient flows . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.1.3 Classical and weak formulations . . . . . . . . . . . . . . . . . . . 29

1.2 Contributions of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.2.1 Existence of minimisers for the aggregation energy . . . . . . . . . 30

1.2.2 Geometry of minimisers for the aggregation energy . . . . . . . . . 32

1.2.3 Convergence of discrete minimisers for the aggregation energy . . . 32

1.2.4 Convergence of a particle method for diffusive gradient flows . . . 35

1.2.5 Numerical study of a particle method for gradient flows . . . . . . 36

1.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.3.1 Basics on functionals . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.3.2 Optimal transport . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

1.3.3 Narrow topology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

1.3.4 Wasserstein spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

1.3.5 Convexity and variations in probability spaces . . . . . . . . . . . 45



8

2 Existence of minimisers for the aggregation energy 48

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.2 Existence of minimisers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.2.1 Minimisers on a given ball . . . . . . . . . . . . . . . . . . . . . . . 55

2.2.2 Uniform bound on the support of minimisers . . . . . . . . . . . . 56

2.2.3 Minimisers on the whole set of probability measures . . . . . . . . 62

2.2.4 Support compactness of minimisers . . . . . . . . . . . . . . . . . . 63

2.2.5 Corollary for local minimisers . . . . . . . . . . . . . . . . . . . . . 63

2.3 Examples and nonexistence of minimisers . . . . . . . . . . . . . . . . . . 64

2.3.1 Examples of potentials with minimisers . . . . . . . . . . . . . . . 64

2.3.2 Nonexistence of minimisers . . . . . . . . . . . . . . . . . . . . . . 66

3 Geometry of minimisers for the aggregation energy 68

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.2 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.3 Proof of the main theorem: minimisers are discrete . . . . . . . . . . . . . 73

3.4 Estimates on the cardinal of the support of a global minimiser . . . . . . 77

3.4.1 Nonquantitative estimate in arbitrary dimension . . . . . . . . . . 77

3.4.2 Quantitative estimate in one dimension . . . . . . . . . . . . . . . 79

4 Convergence of discrete minimisers for the aggregation energy 82

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.2 Preliminaries and hypotheses . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.3 Regularity of continuum minimisers . . . . . . . . . . . . . . . . . . . . . 91

4.4 Properties of discrete minimisers . . . . . . . . . . . . . . . . . . . . . . . 94

4.4.1 Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.4.2 Morrey-type regularity . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.4.3 Euler–Lagrange estimate . . . . . . . . . . . . . . . . . . . . . . . . 99

4.4.4 Diameter estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.5 Many-particle limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.5.1 Convergence of discrete minimisers . . . . . . . . . . . . . . . . . . 106

4.5.2 Unbounded growth of the diameter . . . . . . . . . . . . . . . . . . 109

4.6 Γ-convergence of the discrete energy . . . . . . . . . . . . . . . . . . . . . 110

4.6.1 Liminf inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.6.2 Limsup inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5 Convergence of a particle method for diffusive gradient flows 122

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.2 The gradient flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.2.1 Underlying notions in metric spaces . . . . . . . . . . . . . . . . . 126



9

5.2.2 Continuum gradient flows . . . . . . . . . . . . . . . . . . . . . . . 127

5.2.3 Particle method and discrete gradient flows . . . . . . . . . . . . . 128

5.3 Main result and strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.4 Condition on the metric derivatives and compactness . . . . . . . . . . . . 137

5.5 Condition on the energy and Γ-convergence of the discrete energy . . . . . 142

5.5.1 Condition on the energy . . . . . . . . . . . . . . . . . . . . . . . . 142

5.5.2 Γ-convergence of the discrete energy . . . . . . . . . . . . . . . . . 143

5.6 Condition on the local slopes . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.6.1 Heat equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.6.2 General density of internal energy . . . . . . . . . . . . . . . . . . 156

5.7 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

5.7.1 Extension to the whole line . . . . . . . . . . . . . . . . . . . . . . 159

5.7.2 Extension to general weights . . . . . . . . . . . . . . . . . . . . . 161

6 Numerical study of a particle method for gradient flows 162

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

6.2 Particle method and discrete gradient flows . . . . . . . . . . . . . . . . . 165

6.2.1 Discrete gradient flows . . . . . . . . . . . . . . . . . . . . . . . . . 166

6.2.2 p-approximated discrete gradient flows . . . . . . . . . . . . . . . . 169

6.2.3 p-approximation as a regularisation . . . . . . . . . . . . . . . . . . 171

6.2.4 One-dimensional case . . . . . . . . . . . . . . . . . . . . . . . . . 172

6.3 Numerical scheme and validation . . . . . . . . . . . . . . . . . . . . . . . 174

6.3.1 Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

6.3.2 Initialisation of the scheme . . . . . . . . . . . . . . . . . . . . . . 177

6.3.3 Computation of the error . . . . . . . . . . . . . . . . . . . . . . . 178

6.3.4 Numerical validation: diffusions . . . . . . . . . . . . . . . . . . . . 179

6.4 Aggregation-diffusion equations . . . . . . . . . . . . . . . . . . . . . . . . 184

6.4.1 Modified Keller–Segel equation . . . . . . . . . . . . . . . . . . . . 184

6.4.2 Modified Keller–Segel equation with nonlinear diffusion . . . . . . 193

6.4.3 Compactly supported potential with nonlinear diffusion . . . . . . 193

6.5 Convergence of the p-approximated gradient flow in one dimension . . . . 195

7 Conclusion and outlook 198

7.1 More on the aggregation energy and equation . . . . . . . . . . . . . . . . 198

7.1.1 Morrey existence and uniqueness theory . . . . . . . . . . . . . . . 198

7.1.2 Existence of radially symmetric global minimisers . . . . . . . . . . 198

7.2 More on particle methods for diffusive gradient flows . . . . . . . . . . . . 199

7.2.1 Using Voronoi diagrams . . . . . . . . . . . . . . . . . . . . . . . . 199

7.2.2 Regularising the internal energy . . . . . . . . . . . . . . . . . . . 200

7.2.3 Using an approach from optimal location theory . . . . . . . . . . 200



10

Bibliography 202

A Gradient flows 214

A.1 Continuity equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

A.1.1 Characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

A.1.2 Characterisation of absolutely continuous curves . . . . . . . . . . 215

A.2 Gradient flows in metric spaces . . . . . . . . . . . . . . . . . . . . . . . . 216

A.3 Gradient flows in Hilbert spaces . . . . . . . . . . . . . . . . . . . . . . . . 218

A.3.1 Euclidean case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

A.3.2 Generalisation to Hilbert spaces . . . . . . . . . . . . . . . . . . . 220

A.4 Gradient flows in 2-Wasserstein space . . . . . . . . . . . . . . . . . . . . 221

A.5 Application to aggregation-diffusion equations . . . . . . . . . . . . . . . . 223

A.5.1 Typical energies . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

A.5.2 Convexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

A.5.3 Subdifferentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

A.5.4 The aggregation-diffusion equation as a gradient flow . . . . . . . . 226

A.5.5 Existence of aggregation diffusion gradient flows . . . . . . . . . . 227

B Useful theorems 230



11

List of figures

1.1 The area forbidden to extra support points of a d∞-local minimiser . . . 32

1.2 Numerical results: the heat and Keller–Segel equations. . . . . . . . . . . 38

3.1 Different boundaries of sets with no support points . . . . . . . . . . . . . 75

4.1 Illustration for the construction of the empirical approximation . . . . . . 114

5.1 The reconstructed piecewise constant density . . . . . . . . . . . . . . . . 130

6.1 The heat equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

6.2 The porous medium equation . . . . . . . . . . . . . . . . . . . . . . . . . 182

6.3 The linear Fokker–Planck equation . . . . . . . . . . . . . . . . . . . . . . 183

6.4 The nonlinear Fokker–Planck equation . . . . . . . . . . . . . . . . . . . . 184

6.5 Particles’ positions for the two-dimensional heat equation . . . . . . . . . 185

6.6 Accuracy for the two-dimensional heat equation . . . . . . . . . . . . . . . 185

6.7 The modified Keller–Segel equation . . . . . . . . . . . . . . . . . . . . . . 192

6.8 Blow-up of the modified Keller–Segel equation . . . . . . . . . . . . . . . 192

6.9 Blow-up of the modified Keller–Segel equation with two initial bumps . . 193

6.10 The modified nonlinear Keller–Segel equation . . . . . . . . . . . . . . . . 194

6.11 A compactly supported potential with nonlinear diffusion . . . . . . . . . 194



12

List of tables

1.1 Dimension estimates for supports of d∞-local minimisers . . . . . . . . . 34



13

List of main symbols

N Set of integers {1, 2, . . . }
Jn,mK Set of integers from n to m

Rn n-dimensional Euclidean space

Rd d-dimensional physical Euclidean space

RNd Configuration space of N particles in Rd

RNdw Weighted configuration space of N particles

Br(x), Br Open balls in Rn of radius r and centres x and 0

Br(x),Br Closed balls in Rn of radius r and centres x and 0

Ω Closure of a generic bounded, convex, smooth domain of Rd,
or Rd itself

I Generic time interval [0, T ] or [0,∞)

χS Characteristic function of a set S

2S Power set of S

B(M) Borel sets of a metric space M

clA, intA, ∂A Closure, interior and boundary of a set A in M

dimHX Hausdorff dimension of X ⊆ Rn

〈·, ·〉 Classical inner product on Rn

〈·, ·〉w Weighted inner product on RNd

|·| Classical norm on Rn

|·|w Weighted norm on RNd

∇f Classical gradient of a function f on Rn

∇wF Weighted gradient of a functional F on RNd

∂f Classical subdifferential of f

∂wF Weighted subdifferential of F

∂0f Element of minimal norm of ∂f

∂0
wF Element of minimal norm of ∂wF

dom f Domain of a function f



14

dom F Domain of a functional F

domA Domain of a set-valued operator A

pi ith orthogonal projection

id Identity map

supp f Support of a function f

f |X Restriction of a vector-valued function f to X ⊆ Rn

f+, f− Positive and negative parts of f

Lsc(X),Usc(X) Lower and upper semicontinuous functions on X

C(X) Continuous functions on X

Cp(X) p-time continuously differentiable functions on X

Cb(X) Continuous, bounded functions on X

Cc(X) Continuous, compactly supported functions on X

Lip(X) Lipschitz functions on X

λn n-dimensional Lebesgue measure

δx Dirac measure at x ∈ Rn

supp ν Support of a signed Borel measure ν

|ν| Variation of ν

ν|X Restriction of ν to X ∈ B(Rn)

M(X) Finite signed Borel measures on X

P(X) Borel probability measures on X

Pp(X) Borel probability measures on X with finite pth moment

Pac(X) Absolutely continuous Borel probability measures on X

Pp,ac(X) Pp ∩Pac(X)

Wp(X) p-Wasserstein space on X

mp pth moment

dp p-Wasserstein distance

d0 Any narrow metric

Lp(X) p-Lebesgue space of functions on X ∈ B(Rn)

L
p
ν (X) p-Lebesgue space of functions on X with respect to ν

Wp,m(X) (p,m)-Sobolev space of functions on X

f ∗ ν Convolution of a function f with a signed Borel measure ν

T#ν Push-forward of ν through a map T

∂W2F 2-Wasserstein subdifferential of a functional F on P2(Rd)
∂0

W2
F Element of minimal norm of ∂W2F

F′ρ First variation density of F at ρ

ACp(I,M) p-absolutely continuous curves from I to a metric space M



List of main symbols 15

|γ′|dM Metric derivative of a curve γ from I to (M,dM )

|∂F| Local slope of a functional F on M

U Density of internal energy

V Confinement potential

W Aggregation kernel

U Internal energy

V Confinement energy

W Aggregation energy

E Total potential energy

I Fisher information

UN Discrete internal energy

VN Discrete confinement energy

WN Discrete aggregation energy

EN Discrete total potential energy



16

Notation

We give here the basic notation that is used throughout this thesis and that is not always

recalled in the main text. A short summarising list of this notation is given on Page 13.

Integers. The set of integers {1, 2, . . . } is denoted N and N0 := N ∪ {0}. For any

n,m ∈ N0 we write Jn,mK = {n, n+ 1, . . . ,m}.

Euclidean space. For n ∈ N the n-dimensional Euclidean space is denoted by Rn, and

any vector specifically belonging to Rn is preferably boldfaced, e.g., x ∈ Rn with x =

(x1, . . . , xn) for some x1, . . . , xn ∈ R. The one-dimensional space R1 is often identified

with the space of real scalars R.

The classical inner product and quadratic norm on Rn are denoted 〈·, ·〉 and |·|,
respectively. Unless otherwise specified, the space Rn is endowed with the metric induced

by |·| and denoted dRn : (x,y) 7→ |x− y|.
For any r > 0 and x ∈ Rn the open and closed balls of radius r centred at x are

denoted Br(x) andBr(x), respectively; if x is the origin we simply write Br andBr.

Time and space. When dynamics are considered, the time is generally denoted by t

and lives in a subinterval of [0,∞). The physical space dimension is denoted by d ∈ N so

that particles live in the Euclidean space Rd. For some given N ∈ N an element of the

configuration space RNd = (Rd)N is preferably written as a capital letter, e.g., X ∈ RNd

with X = (x1, . . . ,xN ) for some x1, . . . ,xN ∈ Rd.
The space RNd is often equipped with a weighted Euclidean metric: if we let w =

(w1, . . . , wN ) ∈ (0,∞)N we write 〈·, ·〉w the inner product weighted by w, that is,

〈X,Y 〉w =

N∑

i=1

wi 〈xi,yi〉

for all X = (x1, . . . ,xN ) and Y = (y1, . . . ,yN ) in RNd. We write |·|w and RNdw the

corresponding norm and metric space, respectively. If particles are confined in some

domain Ω ⊂ Rd, then we write ΩN
w the weighted configuration space.
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Sets. Let S be a set. We write 2S the power set of S, i.e., the set of all the subsets of S.

We denote χS the characteristic function of S.

We write cardS the cardinal of S with the convention that cardS = +∞ if S is not

discrete.

Let (M,dM ) be a metric space. The diameter of M is the number in [0,∞] defined

by diamM = sup{dM (x, y) | x, y ∈M}. For any A,B ⊆M the distance between A and

B is dist(A,B) = inf{dM (x, y) | x ∈ A, y ∈ B}.
We write B(M) the set of all the Borel sets of M .

We write clA and intA for the closure and interior of A in M , respectively, and

∂A = clA \ intA its boundary.

If X ⊆ Rn for some n ∈ N, then its Hausdorff dimension is denoted by dimHX.

Composition. Let S1, S2 and S3 be three sets, and let f : S1 → S2 and g : S2 → S3 be

two maps. Then we denote g ◦ f : S1 → S3 the composition of g with f .

Let n be a positive integer and X ⊆ Rn.

Projections and identity. Let m ∈ N. For any i ∈ J1,mK the map pi : X
m → X is

the projection of Xm onto the ith copy of X.

We denote id : X → X the identity map from X to X.

Restriction of functions. Let m ∈ N and Y ⊆ [−∞,∞]m, and let f : X → Y . For any

A ⊆ X we write f |A the restriction of f to A; that is, f |A : A → Y and f |A(x) = f(x)

for all x ∈ A.

Measurable functions. Let m ∈ N and Y ⊆ [−∞,∞]m. We simply say that a function

f : X → Y is measurable if it is Borel measurable.

Real-valued functions. Let Y ⊆ [−∞,∞] and f : X → Y . The function f+ :=

max{0, f} is the positive part of f and f− := −max{0,−f} is its negative part.

The set

supp f = cl {x ∈ X | f(x) 6= 0}

is called the support of f . If supp f is bounded we say that f is compactly supported.

We say that a function g : X × X → Y is symmetric if g(x,y) = g(y,x) for all

x,y ∈ X. If X = Rn or X = Br for some r > 0, then we say that f : X → Y is

symmetric, or even, if f(−x) = f(x) for all x ∈ X. We say that it is radially symmetric

if it is constant on every given sphere centred at 0.

Semicontinuous functions. We write Lsc(X) and Usc(X) the sets of functions from

X to R which are, respectively, lower and upper semicontinuous.

Continuous functions. The notation C(X) stands for the space of functions from X

to R which are continuous.
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Let f ∈ C(X); if it is bounded we write f ∈ Cb(X) and if it is compactly supported

we write f ∈ Cc(X).

The space of functions from X to R which are Lipschitz continuous is denoted Lip(X)

and the Lipschitz norm on it is written ‖·‖Lip(X).

Differentiable functions. For any p ∈ N0∪{+∞} we write Cp(X) the set of functions

from X to R which are continuously differentiable p times; obviously C0(X) = C(X).

We write C
p
b(X) (respectively, Cpc (X)) the subset of Cp(X) consisting of the functions

whose kth derivatives, for all k ∈ J0, pK, are bounded (respectively, compactly supported).

We write Dp(X) the set of functions from X to R which are p-time differentiable;

clearly we have Cp(X) ⊂ Dp(X).

Derivatives of one-variable functions. Suppose X ⊆ R and let m ∈ N. If f ∈
(D1(X))m we write f ′ its derivative; if f ∈ (D2(X))m we write f ′′ its second derivative.

Gradient, divergence and Laplacian. Let m ∈ N. Let f ∈ D1(X), f ∈ (D1(X))m

and g ∈ D2(X). We write ∇f : X → Rn, div f : X → R and ∆g : X → R the gradient

of f , the divergence of f and the Laplacian (or Laplacian operator) of g, respectively.

Suppose that X ⊆ [0,∞) × Rd and f : (t,x) 7→ f(t,x), where t has the physical

meaning of time and x of space. We denote by ∂tf the partial derivative of f in the

first direction, i.e., the time derivative of f , and by ∂xif the partial derivative of f in

the ith space direction for any i ∈ J1, dK. By abuse of notation, in this case, we write

∇f : X → Rd the gradient of f with respect to the space variables only. Similarly for

div f and ∆g.

If N ∈ N, X ⊆ RNd, w = (w1, . . . , wN ) ∈ (0,∞)N and F ∈ D1(X), then we write

∇wF: X → RNd the w-weighted gradient of F, i.e.,

w ·∇wF= ∇F,

where the elementwise product w · a between w and a vector a = (a1, . . . , aN ) ∈ RNd is

defined by w · a = (w1a1, . . . , wNaN ).

Let X ∈ B(Rn).

Measures. We simply say that µ is a measure (respectively, signed measure) on X

if µ is a nonnegative (respectively, signed) Borel measure on X; in this case we write

µ ∈M+(X) (respectively, µ ∈M(X)). The space M+(X) is that of finite measures, and

M(X) is the space of finite signed measures.

The space M(X) is equipped with the total variation norm defined, for any ν ∈M(X),

by ‖ν‖TV = |ν|(X), where |ν| is the variation of ν.
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The support of ν ∈M(X) is

supp ν = {x ∈ X | ∀ r > 0, |ν|(Br(x) ∩X) > 0} .

It is a closed set of X; if in addition it is bounded we say that ν is compactly supported.

The n-dimensional Lebesgue measure is denoted λn; sometimes we write |X| instead

of λn(X).

Restrictions of measures. Let µ ∈ M(X). For any A ∈ B(X) we write µ|A the

restriction of µ to A; i.e., µ|A : B(A)→ [−∞,∞] and µ|A(B) = µ(B) for all B ∈ B(A).

Integrals. Let f : X → [−∞,∞] be a measurable function and let ν ∈M(X). We have

∫
X f dν :=

∫
X f+ dν −

∫
X f− dν.

We say that f is ν-integrable (or simply integrable if ν = λn) if both
∫
X f+ d|ν| and∫

X f− d|ν| are finite, and we only say that
∫
X f dν is well-defined, or exists or makes

sense, if
∫
X f+ dν −

∫
X f− dν is determinate and takes a value in [−∞,∞].

Probability measures. We say that ρ is a probability measure if it is a measure with

ρ(X) = 1. The set of probability measures is denoted P(X) and, for any p ∈ N0,

Pp(X) :=
{
ρ ∈ P(X) | mp(ρ) :=

∫
X |x|p dρ(x) <∞

}

is the set of probability measures with finite pth moment mp. Obviously P0(X) = P(X).

By Jensen’s inequality (see Theorem B.1) one can check that (Pp)p∈N0 is an increasing

sequence of sets, so we can define the space P∞(X) as being its limit as p→∞; that is,

P∞(X) is the set of compactly supported probability measures.

For any x ∈ X the Dirac measure at x is denoted δx; that is, for every A ∈ B(X)

we have δx(A) = 1 if x ∈ A and δx(A) = 0 otherwise.

Absolute continuity of measures. For any µ ∈M+(X) and ν ∈M(X) we say that

ν is µ-absolutely continuous (or simply absolutely continuous if µ = λn) if |ν|(A) = 0

for any A ∈ B(X) such that µ(A) = 0, and we write ν � µ. In this case there exists

a µ-integrable function f on X such that ν =
∫
X f dµ which is called the µ-density (or

simply density if µ = λn) of ν; by abuse of notation we often use the same symbol for a

measure and its density, whenever the latter exists, i.e., we write f = ν.

The subset of Pp(X) consisting of absolutely continuous measures is denoted Pp,ac(X),

or simply Pac(X) if p = 0.

Properties almost everywhere. Let ν ∈ M(X). We say that a property holds ν-

almost everywhere (or simply almost everywhere if ν = λn) on X if for any A ∈ B(X)

where the property does not hold we have ν(A) = 0.
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Lebesgue spaces. Let ν ∈M(X). For p ∈ [1,∞) we write L
p
ν (X) the Lebesgue space

of functions from X to [−∞,∞] with ν-integrable pth power. The space of ν-essentially

bounded functions is denoted L∞ν (X).

We say that f : X → [−∞,∞] is locally ν-integrable if fχBr is ν-integrable for every

r > 0; in this case we write f ∈ Lν,loc(X). We write f ∈ L
p
ν,loc(X) if the pth power of f

is locally ν-integrable.

Let S be any Lebesgue space mentioned above; then its norm is denoted ‖·‖S , and if

f is a vector-valued function we write ‖f‖S = ‖|f |‖S . If f , g ∈ (L2
ν (X))d we write

〈f , g〉L2
ν (X) =

∫

X
〈f(x), g(x)〉 dν(x).

When ν = λn we leave out the subindices ν in the above notations.

Sobolev spaces. For p ∈ [1,∞) and m ∈ N we write Wp,m(X) the Sobolev space

of functions which belong to Lp(X) and whose derivatives up to order m all belong to

Lp(X) as well. We write W
p,m

loc (X) the set of functions which belong to Wp,m(X) locally.

Push-forward measure. Let Y ∈ B(Rm) for some m ∈ N and let ν ∈ M(X) and

T : X → Y be measurable. The push-forward, or image measure, of ν through T is the

measure T#ν defined by

T#ν(A) = ν(T−1(A)) for every A ∈ B(Y ).

Equivalently one can define T#ν as being the measure such that, for every measurable

function f : Y → [−∞,∞] with f ◦ T ∈ L1
ν (X),

∫

Y
f d(T#ν) =

∫

X
f ◦ T dν.

The two definitions above tell us that a function f is T#ν-integrable if and only if f ◦T
is ν-integrable.

Convolution. Let f be a measurable function from Rn to [−∞,∞] and let ν ∈M(X).

We define the convolution of f with ν by

f ∗ ν(x) =

∫

X
f(x− y) dν(y) for all x ∈ X,

whenever the right-hand side makes sense. Several cases are of interest to us: f ∈ L1
ν (X),

f is bounded and ν is finite, and f is bounded from below (respectively, above) and ν is

finite and nonnegative (respectively, nonpositive). In each of these cases the convolution

exists although it can take infinite values.
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1 General introduction

In this introduction we shall see the motivation and key concepts underlying this thesis.

The first two sections are kept quite formal and only aim at giving an overall idea of

the topic of the thesis and the main results obtained therein; see Sections 1.1 and 1.2.

In Section 1.3 some key ingredients of measure and probability theory are rigorously

summarised.

1.1 The underlying equations

1.1.1 The PDEs

The context of this thesis is that of nonlinear Partial Differential Equations (PDEs)

arising in concrete, real-world problems mainly found in physics, fluid mechanics, engi-

neering, biology, economics and social science. In general the class of equations in which

we are interested consists of the first-order PDEs of the form

∂tρ+ div(ρv) = 0 on I × Ω, (1.1)

where I = [0,∞) or I = [0, T ] for some finite final time T > 0, and Ω is either all of Rd or

the closure of a bounded, convex, smooth domain of Rd. Here v : I ×Ω→ [−∞,∞]d is a

measurable velocity vector field and ρ is an unknown time-dependent smooth probability

density or, more generally, an unknown time-dependent probability measure.

Indeed, there exist at least two interpretations of this PDE: the classical one and the

weak one. The classical one applies to solutions which are smooth enough in time and

space to satisfy (1.1) as it is. The weak one, in contrast, applies to solutions that may

not be smooth or even functions, but rather measures. We give rigorous definitions of

both interpretations in Definitions 1.1 and 1.2. For simplicity in this section we shall not

distinguish these two formulations.

When I = [0,∞) we say that a solution ρ is global (in time), whereas when I is

bounded that it is local. A steady state of (1.1) is a (classical or weak) solution which is

time-independent; if v is time-independent whenever ρ is, then a steady state ρ∞ ∈ P(Ω)

with associated time-independent velocity v∞ is characterised by div(ρ∞v∞) = 0 on Ω.
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The PDE in (1.1) is written in divergence form, which ensures the conservation of

mass in time: the quantity ρt(Ω) = 1 for all t ∈ I as long as ρ0(Ω) = 1, where ρt stands

for ρ(t) ∈ P(Ω). We call (1.1) the continuity equation with velocity v.

More specifically we look at potential velocity fields, i.e., velocity fields which, for all

t ∈ I, can be written as gradients of potential functions:

vt(x) = −∇φt(x) for all x ∈ Rd, (1.2)

for some measurable potential φ : I ×Ω→ [−∞,∞], where vt and φt are just alternative

notations for v(t, ·) and φ(t, ·), respectively. In many cases of interest, the potential φ,

and therefore the velocity v, depends implicitly on ρ itself and thus makes the continuity

equation nonlinear or nonlocal. An important such case is that of the so-called (confined)

aggregation-diffusion equation whose potential is given by

φt = U ′ ◦ ρt + V +W ∗ ρt for all t ∈ I. (1.3)

The functions U : [0,∞) → (−∞,∞] (and its derivative U ′), V : Ω → (−∞,∞] and

W : Rd → [−∞,∞] are three measurable functions modelling three different phenomena:

diffusion (U), confinement (V ) and aggregation (W ). We observe that, in (1.3), we

implicitly assume ρt to be absolutely continuous with respect to the Lebesgue measure

whenever U ′ 6= 0, since otherwise the composition U ′ ◦ ρt does not make sense. The

aggregation-diffusion equation thus reads as




∂tρ− div(ρ∇φ) = 0,

φ = U ′ ◦ ρ+ V +W ∗ ρ,
on I × Ω. (1.4)

In most applications (1.4) models the conservation of mass of a continuum body

undergoing the aforementioned phenomena. At the microscopic level, diffusion describes

the motion of the body’s particles from densely populated areas to less crowded ones.

Historically this effect has been modelled microscopically via stochastic Brownian motion,

from which the Laplace operator results macroscopically after appropriate averaging.

From the composed term U ′ ◦ ρt in (1.3) one sees that the function U , called the density

of internal energy—in fact U ′—locally determines how strong diffusion is at a given

point in space depending on the mass density present at that point. The confinement, or

external, potential V models the effect of an external field on the body whose evolution

we are interested in. Typically this results from a surrounding gravitational or electric

field. Since V models the presence of an external field, its action does not depend on

the density of mass present at a given point, as we see it from (1.3). In contrast, the

aggregation, or interaction, kernel W models the effects of particle interaction within

the body; in fact, at the microscopic level, particles may want to attract or repel each
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other—for instance according to Newton’s or Coulomb’s law—depending on how they

are all respectively arranged. This results in an effective potential W ∗ ρt in (1.3) which,

through the convolution product, nonlocally depends on the overall mass distribution.

(Note that we sometimes refer to W as the aggregation, or interaction, potential ; this is

an abuse of language as the actual potential is, as just mentioned, W ∗ ρ.) The vector

−∇φt(x) = −∇(U ′ ◦ ρt)(x)−∇V (x)−∇W ∗ ρt(x) = vt(x)

is the total force applied by these three effects on a particle located at x at time t.

Aggregation-diffusion equations are encountered in a very large variety of applica-

tions since, as just discussed, they describe a wide range of phenomena mixing diffusion,

confinement and nonlocal interaction effects. Among many others, they arise in granu-

lar flows [55, 56], fractional diffusion [30, 31], crystallisation [86, 140], biological swarm-

ing [15, 79, 100] bacterial chemotaxis [22, 81], stellar collapse [62, 139], and social and

economic sciences [23,68].

If W = V = 0 we recover the (pure) diffusion equation

∂tρ = ∆(LU ◦ ρ) on I × Ω, (1.5)

where LU (r) = rU ′(r) − U(r) for all r ∈ [0,∞). Sometimes the potential φ = U ′ ◦ ρ
is referred to as the pressure, so that, by (1.2), v follows the negative gradient of the

pressure and thus also the negative gradient of ρ. Indeed v = −∇φ = −(U ′′ ◦ ρ)∇ρ,

which as wanted models the fact that particles repel each other by moving towards less

crowded regions. Note that the right-hand side in the diffusion equation (1.5) can be

written as div(DU (ρ)∇ρ), where DU (ρ) = (U ′′◦ρ)ρ is a possibly solution-dependent (and

therefore time- and space-dependent) diffusion coefficient. The most famous examples

of diffusion equation are the heat and porous medium equations [143] for which, for all

r ∈ (0,∞),

U(0) = 0, U(r) = r log r,

and, for all r ∈ [0,∞),

U(r) =
rm

m− 1
, m > 1,

respectively. The first is a linear equation, with LU (r) = r, and the second is a nonlinear

equation, with LU (r) = rm. The heat equation is

∂tρ = ∆ρ on I × Ω, (1.6)

in which case DU (ρ) = 1, and the porous medium equation is

∂tρ = ∆ρm on I × Ω, (1.7)
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for which DU (ρ) = mρm−1. In the latter case, v = −∇φ = −m/(m − 1)∇ρm−1 is the

well-known Darcy’s law.

If U = V = 0 we recover the (pure) nonlocal aggregation, or interaction, equation

∂tρ = div(ρ∇W ∗ ρ) on I × Ω, (1.8)

which can be obtained as the zero-inertia limit of a second order equation [80]. The kernel

W is said to be attractive at x ∈ Rd if 〈∇W (x),x〉 > 0, and repulsive if 〈∇W (x),x〉 6 0.

A typical interaction kernel W consists of a combination of short-range repulsive and

long-range attractive powers with an eventual singularity at the origin [8, 36,63]:

W (x) =
|x|a
a
− |x|

b

b
for all x ∈ Rd, (1.9)

where a, b ∈ R are parameters quantifying the attraction and repulsion, respectively, and

where, by convention, |x|0/0 = log |x|. The aggregation equation with this power-law

kernel offers a very rich spectrum of possible steady states with very different supports

depending on the choices of the parameters a and b; see [8] and Table 1.1. Another

typical interaction kernel is the so-called Morse kernel given by

W (x) = Cre
−|x|/`r − Cae

−|x|/`a for all x ∈ Rd,

where Cr, Ca, `r, `a > 0 are repulsion and attraction parameters. This kernel plays a

central role in the description of the motion of interacting and self-propelled bacteria [70].

Solutions to (1.8) may blow up in finite time when the attraction strength is greater than

the repulsion—this occurs for some particular repulsive-attractive kernels [16,46].

If U,W 6= 0 we get a competition between local (diffusion) and nonlocal (aggregation)

effects, and again solutions to (1.4) may blow up in finite time for some combinations

of diffusion and attractive interaction, as exemplified by the well-known Keller–Segel

equation; see [97, 98] and [125] for a review. The Keller–Segel equation involves linear

diffusion (i.e., LU (r) = r) and the attractive Newtonian kernel

K(x) =





1
d(2−d)ωd

|x|2−d for all d 6= 2,

1
2π log |x| for d = 2,

for all x ∈ Rd, where ωd is the Lebesgue volume of the d-dimensional unit ball. The

kernel K is the fundamental solution of the Laplace operator, i.e.,

∆K = δ0,

and thus ∆φ = ∆K ∗ ρ = ρ for some ρ ∈ P(Ω). When d = 2 the potential K ∗ ρ may
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not make sense for some probabilities ρ because K is unbounded. However, if ρ decays

fast at infinity this can still make sense. As originally introduced [97, 98] the Keller–

Segel model describes the motion of bacteria according to a combination of diffusion and

driving force in the direction v = ∇n, where n = −K ∗ρ (∆n = −ρ) is the concentration

of nutrient that bacteria themselves both produce and try to feed on, a phenomenon

known as chemotaxis. The equation is

∂tρ = ∆ρ+ α div(ρ∇K ∗ ρ) on I × Ω, (1.10)

where α > 0 is a parameter quantifying the (nutrient) attraction strength. Existence

of weak solutions to this equation have been studied thoroughly recently and we now

know that, when d = 2 (i.e., K is a logarithmic attractive kernel), it exhibits a critical

behaviour: if ρ is a weak solution to (1.10) it satisfies

(m2 ◦ ρ)′(t) = 4
(
1− α

8π

)
for all t ∈ I,

where m2(ρ(t)) =
∫

Ω |x|2 dρt(x) is the second moment of ρ(t). From this equality, we see

directly that solutions cannot exist on every time interval I ⊆ [0,∞). In the supercritical

case α > 8π the second moment of ρ(t) decreases linearly with t and therefore, after

some finite time, m2 ◦ ρ(t) < 0 and ρ(t) is not a probability measure anymore, so that

any time interval of existence I has to be bounded. Global solutions thus do not exist

if the attraction is “too” strong; how the local solutions blow up is not clear, although

one possibility is that they concentrate and collapse into one Dirac mass or several. We

know that in the subcritical case α < 8π the repulsive force coming from the diffusion

wins over the attraction and the solution is defined on I = [0,∞) but spreads over

the whole domain Ω; if Ω = R2 the solution flattens to zero and therefore, as in the

supercritical case, there are no steady states. The case α = 8π is the critical case which

offers perfect balance between repulsive (diffusive) forces and attractive ones, and thus

allows the existence of a global-in-time solution and a steady state even when Ω = R2.

There exist variants of the Keller–Segel equation: linear diffusion may be replaced by

nonlinear diffusion (the Patlak–Keller–Segel equation [22]); or a logarithmic attraction

may be used in place of the absolute value in one space dimension (the so-called modified

one-dimensional Keller–Segel equation [34,35]). The latter variant is

∂tρ = ∆ρ+ 2α div(ρ∇ log |·| ∗ ρ) on I × Ω, Ω ⊆ R, (1.11)

where the 2 in front of the α is there only for convenience in some computations. Equation

(1.11) is very interesting since it still enjoys most of the critical behaviour of the two-

dimensional classical Keller–Segel equation just discussed. Indeed, computing again the
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evolution of the second moment, one gets, for a solution ρ to (1.11),

(m2 ◦ ρ)′(t) = 2 (1− α) for all t ∈ I.

Again we see that when α > 1, i.e., the attraction is “strong”, the solution blows up in

finite time and therefore we can only hope for local solutions to exist.

Note that, in some applications of these Keller–Segel models, the kernel K is “ar-

tificially” set to satisfy K(0) = 0 to prevent it from taking the value −∞ and thus

avoid some technical issues. This choice does not affect any of the critical behaviours

aforementioned.

By abuse of language we often call repulsive Newtonian (or Coulombian) kernel, most

of the time omitting the adjective repulsive,

K−(x) =




− 1

2−d |x|2−d for all d 6= 2,

− log |x| for d = 2,

for all x ∈ Rd. Up to multiplicative constants this is the fundamental solution of the

negative Laplace operator. Note that this kernel, up to an approximation near the origin,

is included in the class (1.9) when a > 0 and b = 2− d.

Finally, the effect of V is usually to confine a solution in such a way that it does not

flatten over the whole space; e.g., if we add to the heat equation a potential V (x) = |x|2/2
for all x ∈ Ω, and we take W = 0, we recover the linear Fokker–Planck equation

∂tρ = ∆ρ+ div(ρx) on I × Ω.

By replacing above the linear diffusion by the nonlinear one of the porous medium equa-

tion (i.e., LU (r) = rm, m > 1), we get the nonlinear Fokker–Planck equation.

1.1.2 The gradient flows

An essential feature of the aggregation-diffusion equation is its link to gradient-flow

theory in probability spaces [2–4, 93, 135,145,146]; the reader may refer to Appendix A,

where we summarise rigorously the notions of gradient-flow theory. Formally, given an

energy functional F: P(Ω) → (−∞,∞], a gradient flow for F is a curve ρ : I → P(Ω)

along which the energy F decreases in time according to the gradient, in some sense, of

F. In other words a gradient flow ρ for F is a steepest descent for F; that is, we should

be able to write

ρ′(t) = −∇PF(ρ(t)) for almost every t ∈ I, (1.12)

for some weak notion of time derivative ρ′(t), which, in reality, comes directly from the

weak interpretation of the continuity equation as given in Definition 1.1, and of gradient

∇PF. In fact, the formulation in (1.12) probably reminds the reader of the classical
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notion of steepest descent in Euclidean space:

x′(t) = −∇Fn(x(t)) for almost every t ∈ I,

for some energy Fn : Rn → (−∞,∞] and curve x : I → Rn, with n ∈ N.

The notion of gradient is well-known for functionals acting on Riemannian manifolds,

and, more generally, on Hilbert spaces through the concept of Gâteaux derivative. How-

ever, this is less classical when it comes to functionals defined on probability spaces.

Nevertheless a definition of gradient can be made rigorous for functionals defined on the

so-called Wasserstein spaces and, most interestingly, on the 2-Wasserstein space. The

2-Wasserstein space, denoted W2(Ω), is the metric space consisting of P2(Ω), the set of

probabilities with finite second moment, endowed with the 2-Wasserstein distance d2

whose definition we give in Section 1.3.4. This space has a “weak” Riemannian structure

which allows the definition of the gradient of a functional F: W2(Ω)→ (−∞,∞] by

∇W2F(ρ) = −div(ρ∇F′ρ) (1.13)

for all ρ with F(ρ) <∞ such that the right-hand side makes sense, at least weakly (see

Definition 1.1), where F′ρ is the first variation density of F at point ρ, as defined in

Section 1.3.5. We then say that a curve ρ : I → P2(Ω) is a 2-Wasserstein gradient flow

for F if it satisfies

ρ′(t) = −∇W2F(ρ(t)) for almost every t ∈ I, (1.14)

where ∇W2F is as in (1.13). By abuse of language we sometimes call gradient flow the

equation in (1.14) itself. Formally this shows that a gradient flow for F is a solution to

the continuity equation (1.1) with velocity v = ∇F′ρ. As per the steepest-descent form

of (1.14), when F is regular enough it is a Lyapunov functional for (1.14); that is, if ρ is

a gradient flow for F then F dissipates along ρ:

(F◦ ρ)′(t) 6 0 for almost every t ∈ I;

see Definition 1.10.

A steady state of (1.14) is a time-independent gradient flow for F. As for steady

states of the continuity equation, a steady state ρ∞ of (1.14) with associated velocity

v∞ = ∇F′ρ∞ is characterised by div(ρ∞∇F′ρ∞) = 0. For gradient flows, however, one

can show that the real characterisation is that v∞ = ∇F′ρ∞ = 0 ρ∞-almost everywhere

in Ω; see Theorem A.19.

When we only look for solutions to the aggregation-diffusion equation (1.4) belonging

to P2(Ω) at all times, it is possible to write it as (1.14) for some functional, at least

when the functions U, V and W are regular; see Theorem A.25. One possible choice of
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functional is

E(ρ) = U(ρ) + V(ρ) + W(ρ) for all ρ ∈ P2(Ω), (1.15)

where

U(ρ) =





∫
Ω U(ρ(x)) dx if ρ ∈ P2,ac(Ω),

+∞ otherwise,
(1.16)

and, for all ρ ∈ P2(Ω),

V(ρ) =

∫

Ω
V (x) dρ(x), W(ρ) =

1

2

∫

Ω
W ∗ ρ(x) dρ(x). (1.17)

The terms E, U, V and W are often referred to as total (potential) energy, internal

energy (or entropy), confinement (or external) energy and aggregation (or interaction)

energy, respectively. One can check, under some regularity conditions on U, V and W

(see Proposition A.24), that

E′ρ = U ′ ◦ ρ+ V +W ∗ ρ for all ρ ∈ P2(Ω),

so that, according to (1.13), the aggregation-diffusion equation (1.4) writes




ρ′(t) = −∇W2E(ρ),

E= U+ V+ W,
on I × Ω. (1.18)

The basic hypotheses we need on U, V and W are discussed in Section A.5.4. This

gradient-flow formulation of the aggregation-diffusion equation shows in particular that

a steady state ρ∞ is characterised by the following: for every compact, connected com-

ponent of supp ρ∞ there exists CK ∈ R such that

U ′(ρ∞(x)) + V +W ∗ ρ∞(x) = CK for ρ∞-almost every x ∈ K.

At first sight the concept of gradient flow seems to be a mere reformulation of the

continuity equation. However, the fact that we are able to express a solution of the conti-

nuity equation as the steepest descent for some energy functional allows for extremely rich

geometrical, functional analytical and measure theoretical interpretations. This richness

is what has placed gradient flows in the spotlight of recent research in applied mathemat-

ics, analysis and numerics. Also, one core topic underlying the gradient-flow formulation

of the continuity equation is optimal transport [2, 135, 145, 146]. The reason is that the

Wasserstein metric d2 used to define the gradient operator ∇W2 directly stems from op-

timal transport theory: for any probability measures ρ1 and ρ2 the distance d2(ρ1, ρ2)

measures the smallest possible cost resulting from reshaping ρ1 into ρ2 by transporting

mass according to the square of the Euclidean distance; see Section 1.3.2 for more details.
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1.1.3 Classical and weak formulations

In order to fix ideas for the rest of this general introduction we give now the rigorous

definitions of classical and weak solutions to the continuity equation (1.1).

Definition 1.1 (classical continuity equation). We say that ρ : I × Ω→ [0,∞] is a

classical solution to the continuity equation with measurable velocity v : I×Ω→ [−∞,∞]d

if ρ(t, ·) ∈ Pac(Ω) for all t ∈ I and ρ satisfies (1.1).

As already mentioned, this classical formulation only makes sense when ρ is suffi-

ciently smooth in space and time. Often, however, we wish to consider solutions which

are not functions but measures. Hence the following definition.

Definition 1.2 (weak continuity equation). We call weak, or measure or distribu-

tion, solution to the continuity equation with measurable velocity v : I × Ω → [−∞,∞]d

any curve of probability measures ρ : I → P(Ω) satisfying

∫

I

∫

Ω
∂tϕ(t,x) + 〈vt(x),∇ϕ(t,x)〉 dρt(x) dt = 0 for all ϕ ∈ C∞c (int(I)× Ω),

where vt and ρt are just alternative notations for v(t, ·) and ρ(t), respectively.

Observe that we purposedly choose the test functions ϕ to be zero on the time bound-

ary ∂I. Indeed if we did not do so, then the initial and eventually, if I = [0, T ], the final

probability measures would appear in the definition of the weak formulation via integra-

tion by parts. For instance if I = [0, T ] we could define a weak solution ρ : [0, T ]→ P(Rd)
to the continuity equation as being a curve satisfying

∫ T

0

∫

Ω
∂tϕ(t,x) + 〈vt(x),∇ϕ(t,x)〉 dρt(x) dt

=

∫

Ω
ϕ(T,x) dρT (x)−

∫

Ω
ϕ(0,x) dρ0(x) for all ϕ ∈ C∞c ([0, T ]× Ω).

If I = [0,∞), then their would not be the term
∫

Ω ϕ(T,x) dρT (x) above.

Suppose that Ω is the closure of a bounded, convex, smooth domain, and let nΩ : ∂Ω→
Rd be the unit outward normal to ∂Ω. Then note that Definition 1.2 implicitly—

again via integration by parts—includes no-flux boundary conditions on ∂Ω. Indeed

if ρ : I → Pac(Ω) is a weak solution to the continuity equation according to Definition

1.2, then for almost every t ∈ I we have

〈ρtvt,nΩ〉 = 0 λd−1-almost everywhere on ∂Ω. (1.19)

It is easy to check that if ρ is a classical solution to the continuity equation (satisfying

(1.19) if Ω is compact), then it is also in the weak sense.
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Finally, note that for a probability curve ρ to be a weak solution to the continuity

equation it has to satisfy

∫

I

∫

Ω
〈vt(x),∇ϕ(t,x)〉 dρt(x) dt is finite for all ϕ ∈ C∞c (int(I)× Ω),

which is the case, by the Cauchy–Schwarz inequality, if for instance

∫

I

∫

Ω
|vt(x)|dρt(x) dt <∞, i.e., t 7→ ‖vt‖L1

ρt
(Ω) ∈ L1(I). (1.20)

1.2 Contributions of this thesis

Plan of thesis. This thesis has been mainly dedicated to the study of the gradient-flow

formulation (1.18) and has focused on two different aspects of it:

1. Its variational analysis when U = V = 0, i.e., the study of minimisers of the

aggregation energy W. We have shown existence and regularity of minimisers,

analysed their support dimension and approximated them by sequences of discrete

minimisers; see Sections 1.2.1–1.2.3, Chapters 2–4, and [36,38,48].

2. Its particle approximation, especially when only diffusive effects are present, i.e.,

when the energy is the internal energy U. We have developed a particle method

preserving a gradient-flow structure at the discrete level and converging at least in

dimension one; see Sections 1.2.4–1.2.5, Chapters 5–6, and [52,58].

This thesis is the union of five papers [36,38,48,52,58] resulting from the collaborations

of the author, F. S. Patacchini, with J. A. Cañizo, J. A. Carrillo, A. Figalli, Y. Huang,

P. Sternberg and G. Wolansky. Each one chapter, from 2 to 6, is dedicated to one of

these papers—mostly, each chapter is a slightly amended version of its respective paper.

In this section we formally review these results.

In Chapter 7 we give an outlook on current and possible future work directions to

improve the results contained in this thesis. In Appendix A we summarise rigorously

the main results of gradient-flow theory, in particular in relation to aggregation-diffusion

equations. For the reader’s convenience, in Appendix B we give a very short list of basic

theorems regularly used in this thesis. We shall sometimes refer to these appendices in

the main chapters.

1.2.1 Existence of minimisers for the aggregation energy

A question of interest regarding the pure aggregation equation (1.8) is whether we can give

optimal conditions on the kernel W for steady states to exist. Since W is a Lyapunov

functional for (1.8)—i.e., W decreases in time along solutions to (1.8) (see Definition

1.10)—minimisers of W are natural candidates for being steady states, which led us to

the question of finding sharp conditions on W for global minimisers of W to exist.
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Although W is defined in (1.17) on the space P2(Ω) as it is required for the gradient-

flow formulation of the aggregation equation, it is interesting to look at global minimisers

on all of P(Ω), actually on P(Rd); that is, we consider

W(ρ) =
1

2

∫

Ω
W ∗ ρ(x) dρ(x) for all ρ ∈ P(Rd). (1.21)

We found, as already suggested numerically in [70], that the notion of H-stability of

W plays an essential role in this issue. The condition of H-stability intuitively means

that as the number of particles in an interacting system increases, these cannot collapse

into a bounded domain of Rd; rather, the particles occupy an increasing domain as their

number increases. It is proven that a particle system shows thermodynamic behaviour,

or crystallisation (i.e., the volume occupied by the particles is proportional to their

number, and particles arrange on the vertices of a regular lattice), only if the kernel is

H-stable [130]. The classical notion of H-stability in statistical mechanics is discrete

and we were able to give an analogous definition for continuum systems, which is what

interests us. If W (x)→W∞ ∈ (−∞,+∞] as |x| → ∞, then we say that W is stable if

W(ρ) > 1
2W∞ for all ρ ∈ P(Rd). (1.22)

Our main assumption is that W is actually unstable, which is

W(ρ) < 1
2W∞ for some ρ ∈ P(Rd). (1.23)

Indeed we do not necessarily expect crystallisation as in statistical mechanics, since we

want particles not to get too far apart as their number N grows in order to ensure the

existence of some continuum state in the limit N →∞.

Result 1.3 (existence of minimisers [36]). If W is unstable, radially strictly increas-

ing at infinity and locally integrable, then global minimisers of W exist, and there is a

constant K > 0 such that any such minimiser has support with diameter less than K. If

W is strictly stable, then there are no global minimisers.

By strictly stable we mean that the inequality in (1.22) is strict. This result is in fact

almost optimal since, under the assumption of local integrability of W , the existence of

global minimisers for W is almost equivalent to the instability of W ; the only situation

not covered by the result is the case of equality in (1.23) for which the existence of

minimisers has to be studied case by case.

In the proof of Result 1.3, on the one hand, the assumption of instability implies that

there exist constants r,m > 0 (only depending on W ) such that for any point x in the

support of a global minimiser ρ we have ρ(Br(x)) > m. Thus there cannot be “too little”

mass around each point of the support of a global minimiser. This is the core argument
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that leads to our existence result. On the other hand, the growth assumption at infinity

on W in Result 1.3 leads to the uniform support compactness of minimisers.

The existence part of this result was, simultaneously to us, obtained by the authors

in [138], although their proof is different to ours under slightly different assumptions.

1.2.2 Geometry of minimisers for the aggregation energy

Consider again the energy in (1.21). There are many different shapes that the supports

of minimisers can take depending on the aggregation kernel W we choose. In [8] the

authors showed that if W is mildly repulsive, that is, it is of class C2 and W (x) behaves

like |x|α as |x| → 0 with α > 2, then any component of the support of an∞-Wasserstein

local (and therefore global) minimiser with Hausdorff dimension h has to satisfy h < 1;

in the following we write d∞ the ∞-Wasserstein distance (see Definition 1.21). There is

numerical evidence, however, that in the mildly repulsive case the minimisers’ supports

actually only consist of isolated points [8,17], and so h = 0—we proved this fact rigorously.

Result 1.4 (discreteness of minimisers [48]). If W is mildly repulsive, then any

d∞-local minimiser of W is supported on a set of points. If moreover this minimiser is

global, then this set is finite.

The central argument in the proof of Result 1.4 is a geometrical one: for any two

points in the support of a d∞-local minimiser of W there exists a convex, d-dimensional

set—whose shape does not depend on the given two points—connecting these two points

and in which there cannot be any other support point. Therefore there cannot be a

support point which is not isolated (indeed, by contradiction, any sequence of support

points approaching a nonisolated point has to fall into one of these “forbidden” convex

sets). The convex shape forbidden to extra support points is the greyed area in Figure

1.1 when d = 2 and α = 6.

x
1

x
2

Figure 1.1: The area forbidden to extra support points of a d∞-local
minimiser ρ given x1, x2 ∈ supp ρ, when α = 6.

1.2.3 Convergence of discrete minimisers for the aggregation energy

Numerically, one common way of approximating minimisers of the aggregation energy

(1.21) is by discretising it over sets of finite atomic measures, finding the corresponding

discrete minimisers, and then increasing their number of points. This seems to be a
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natural approach, mainly because it is already proven that steepest descents for WN

below (that is, solutions to X ′(t) = −N∇WN (X(t))) converge in the mean-field sense

to solutions of the aggregation equation (1.8); see [42]. To our knowledge, however, no

rigorous results existed showing that the discrete minimisers of WN indeed converge, in

some sense, to a continuum one of (1.21), which is Result 1.5.

We can discretise the interaction energy W in (1.21) by evaluating it on point masses:

for N ∈ N and particles X = (x1, . . . ,xN ) ∈ RNd, we write the corresponding empirical,

or atomic, measure ρX = (1/N)
∑N

i=1 δxi and we define the discrete aggregation energy

WN : RNd → (−∞,∞] by

WN (X) :=
1

2N2

N∑

i=1

N∑

j=1
j 6=i

W (xi − xj) ' W(ρX), (1.24)

where ' comes from the fact that we neglect the self-interaction terms in the sums, as

it is classically done in Newtonian mechanics; whenever W (0) = 0 this is actually an

equality. We need a definition: roughly we say that W is β-repulsive for some β > 0 if

there exists C > 0 such that

∆W (x) 6 −C|x|−β for all |x| < 1,

whenever the Laplacian exists. We proved that, for β-repulsive kernels with 2 < β < d,

discrete global minimisers exist and converge to continuum ones—which we know exist

under the hypotheses of Result 1.3—as the number of particles increases.

Result 1.5 (convergence of discrete minimisers [38]). If W is β-repulsive with

2 < β < d, then there exists a global minimiser of WN for all N . Furthermore, any

sequence of such minimisers converges weakly to a global minimiser of W as N →∞.

Note that this result still holds if we assume W to be continuous and bounded rather

than β-repulsive, although this is a much easier and less interesting case to prove.

While proving this result we encountered the notion of Morrey measures. A proba-

bility measure ρ is said to belong to the Morrey space Mp(Rd), for some p > 1, if there

exists C > 0 such that, for all x ∈ Rd and r > 0,

ρ(Br(x)) 6 Crd(1−1/p).

As a by-product of Result 1.5 we proved that if W is β-repulsive with 0 < β < d,

then any global (and d∞-local) minimiser of W belongs to Mp(Rd) with p = d/(d− β),

which in particular implies that any component of the support of a global (and d∞-local)

minimiser with Hausdorff dimension h satisfies h > β. This result was already contained

in [8] although the link to Morrey spaces was not observed there.
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Combining this with Result 1.4 yields Table 1.1, in which we give support dimension

estimates for d∞-local minimisers of the aggregation energy if W (x) behaves like |x|2−β
as |x| → 0 with β ∈ (−∞, 0) ∪ (0, d) when d = 2. Indeed, in this case W is β-repulsive

when 0 < β < 2 and is mildly repulsive when β < 0 (with α = 2 − β according to the

notation of Section 1.2.2). We also give some simulations illustrating this result. These

simulations were simply obtained by solving a gradient descent for the interaction energy

W with 225 particles. They illustrate the following facts: when β < 0 (the kernel is

mildly repulsive), minimisers are supported on points; when 0 < β 6 1 (the kernel is

β-repulsive), they can be supported on bits of lines or on two-dimensional sets; when

1 < β < 2 (the kernel is β-repulsive), they can be supported on two-dimensional sets like

annuli. For similar simulations, see [8]. In the case β = 0 we only trivially know that

minimisers may be supported on sets of dimension greater than or equal to 0. The case

β > d is also a limit case for which we do not have a dimension estimate but for which

we expect it to be exactly equal to d.

β < 0 0 < β 6 1 1 < β < 2

h = 0 h > 0 h > 1

β = −1, a = 8 β = 0.5, a = 8 β = 0.5, a = 2.2 β = 1.5, a = 8

Table 1.1: Dimension estimates of any component K ⊂ supp ρ with
dimHK = h for a d∞-local minimiser ρ of the aggregation energy with

W (x) = |x|a/a− |x|2−β/(2− β).

We were also able to define a discrete analogous of Morrey spaces to which all discrete

minimisers of WN belong: we say that ρX = (1/N)
∑N

i=1 δxi belongs to MN
p if there exists

C > 0 such that, for all i ∈ J1, NK and r > 0,

ρX(Br(xi)) 6 Crd(1−1/p) + 1
N .

The term 1/N on the right-hand side comes from the fact that we take away from the

left-hand side the mass of the centre particle xi. This error term appears so that the

definition above still holds when r = 0; indeed, ρX(B0(xi)) = 1/N > 0.

It seems therefore that Morrey spaces could play an important and natural role in

the analysis of steady states of the pure aggregation equation, although this is still to be

verified.
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1.2.4 Convergence of a particle method for diffusive gradient flows

In the same way that we discretise the interaction energy W in (1.24) in order to ap-

proximate minimisers of W or solutions to the interaction equation (1.8), we would like

to discretise the internal energy U in order to approximate solutions to the diffusion

equation (1.5). This is not as easy as for the interaction case since, by definition, U is

infinite on point masses and therefore evaluating U on atomic measures would not give

rise to a proper discretisation. Instead, before plugging point masses into U, we first

“spread” their mass as we explain below.

Consider N > 2 particles X = (x1, . . . ,xN ) ∈ RNd with weights w = (w1, . . . , wN ) ∈
(0, 1)N fixed. As already done in Section 1.2.3 in the special case wi = 1/N for all i, we

can naturally represent the particle configuration X via

ρX =
N∑

i=1

wiδxi . (1.25)

As said above, discretising the internal energy U in (1.16) is not an easy task since

U(ρX) = +∞, so that U(ρX) does not give rise to a proper discretisation as in (1.24).

In order to circumvent this problem we spread uniformly the mass of each particle over

nonoverlapping balls by defining the piecewise constant density

ρ̂X =
N∑

i=1

wiχBi(X)

|Bi(X)| , (1.26)

where |Bi(X)| is the volume of Bi(X), χBi(X) is the characteristic function of Bi(X),

and

Bi(X) =

{
x ∈ Rd | |xi − x| < 1

2 min
j 6=i
|xi − xj |

}
,

i.e., Bi(X) is the open ball of centre xi and radius (1/2) minj 6=i |xi −xj |. The represen-

tation ρ̂X does not involve overlapping of balls but involves gaps between balls whose

sizes are intuitively expected to decrease as N increases if ρ̂X is wanted to approximate

a solution to the diffusion equation (1.5). When U(0) = 0 we then define the discrete

internal energy UN : RNd → (−∞,∞] by

UN (X) := U(ρ̂X) =
N∑

i=1

|Bi(X)|U
(

wi
|Bi(X)|

)
. (1.27)

We can now consider the differential inclusion

X ′(t) ∈ −∂wUN (X(t)) for almost every t ∈ I, (1.28)

where ∂wUN is the weighted subdifferential of UN ; see Definition A.11. The presence of
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the subdifferential rather than the classical gradient is due to the fact that, by construc-

tion, UN is not differentiable whenever a particle has more than one closest neighbour,

due to the minimum function appearing in the definition of the ball Bi(X).

Under suitable conditions on U (in particular U needs to satisfy some convexity) we

proved that, in one dimension, (1.28) has a unique solution, up to the initial datum,

whose empirical measure (1.25) converges in d2 to a solution of the diffusion equation

(1.5). The convergence proof is a direct application of Serfaty’s abstract result on the

convergence of gradient flows [134, 136], since in fact (1.28) is a Euclidean gradient-flow

inclusion for the functional UN .

Result 1.6 (convergence of the particle method [58]). Let d = 1, wi = 1/N for all

i ∈ J1, NK and assume that Ω is a compact interval of R. Also, apply no-flux boundary

conditions on Ω. Under well-preparedness of the initial data the empirical measure of the

unique solution to (1.28) converges in d2 to a solution of (1.5).

The well-preparedness assumption is required to make sure that the initial datum

of (1.28) and its discrete energy converge to that of (1.5) and its continuum energy,

respectively, as the number of particles goes to infinity. This is automatically imposed

by the condition that (UN )N>2 Γ-converges to U; see Definition 1.11.

The difficulties arising in higher dimensions are the facts that UN might not be convex

and that computing the subdifferential ∂wUN may be impossible explicitly.

As a particle method this discretisation is mesh-free and therefore different from finite

volume schemes developed for equations of the form (1.4) in, for example, [20,40]. It also

preserves the gradient-flow and variational structure of the pure diffusion equation at the

discrete level, and thus offers a deterministic way of approaching diffusive phenomena,

which is in contrast commonly done using stochastic processes. An early deterministic

particle method for linear diffusion is given in [131], and another is derived for collisional

kinetic equations in [132]; these methods, however, are not purely variational as ours.

1.2.5 Numerical study of a particle method for gradient flows

By running numerical simulations we validated the convergence of the method presented

in Section 1.2.4. We tested it for the heat and porous medium equations (1.6) and (1.7),

for which we obtained error plots and numerical convergence (see the first part of Result

1.7 below), and we also tested it for various equations additionally involving confinement

and aggregation; see [65] for a particle method on aggregation equations. Indeed, one

strong point of this method is that it allows simultaneously for an easy treatment of

diffusion and of confinement and aggregation. The reason is that we can approximate

the diffusion term in (1.15) via the representation (1.26), which gives rise to (1.27), and

the confinement and aggregation terms via the representation (1.25) to get the discrete

energy

EN (X) := UN (X) + VN (X) + WN (X) for all X ∈ RNd,
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where UN is given in (1.27), and

VN (X) := V (ρX) =
N∑

i=1

wiV (xi), WN (X) :=
1

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW (xi − xj).

The approximation WN is now slightly different from that given in (1.24) since it allows

for general weights not necessarily all equal to 1/N . The corresponding discrete gradient-

flow inclusion is now

X ′(t) ∈ −∂w (UN + VN + WN ) (X(t)) for almost every t ∈ I. (1.29)

The time discretisation we chose to solve (1.29) numerically is the explicit Euler scheme,

whose use we justify via the JKO scheme [93] in Chapter 6; see also A.5.5.

We ran a numerical test which supports the fact that solutions to (1.29) may still

converge to solutions of the aggregation-diffusion equation (1.4) as N →∞ when V,W 6=
0, although this we did not prove. One interesting such test is provided by the Keller–

Segel equation (1.10). Indeed it would be a strong validation if the existence of the

critical parameter αc = 8π could be recovered at the discrete level. The Keller–Segel

equation (1.10), however, is two-dimensional in space and we wanted to run an “easy”

one-dimensional test case. We decided to run our particle method on the modified one-

dimensional Keller–Segel equation (1.11), that is, U(r) = r log r, V = 0 and W (x) =

2α log |x|. As said earlier the modified one-dimensional Keller–Segel equation enjoys the

same critical property as its two-dimensional version, and the critical parameter is in

this case αc = 1. We found that, after an appropriate regularisation of UN , solutions to

the discrete modified Keller–Segel equation (1.29) blow up in finite time if α is above a

numerical critical value which converges to αc = 1 as N →∞. This is contained in the

second part of the result below.

Result 1.7 (Numerics for the particle method [52]). Let d = 1. For the heat and

porous medium equations the method converges numerically with order 1/N (with respect

to d2). For the modified one-dimensional Keller–Segel equation the method conserves

attraction criticality at the discrete level, up to some error depending on N . More pre-

cisely, if α > 1+1/(N −1) = αc +1/(N −1), then the discrete gradient flow (1.29) blows

up in finite time.

In Figure 1.2a we show the change of the 2-Wasserstein error with N on a logarithmic

plot for the heat equation, whereas in Figure 1.2b we can see the particles’ trajectories in

the supercritical regime α > 1 + 1/(N − 1) and the formation of the finite-time blow-up

for the modified one-dimensional Keller–Segel equation.

The values of the numerical parameters used to obtain the plots in Figure 1.2 can be

found in Chapter 6.
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Figure 1.2: Numerical results: the heat and Keller–Segel equations.

1.3 Preliminaries

In this section we give some preliminary notions and results which shall be useful through-

out the whole thesis. All the following notions and results can be found, for example, in

the references [2–4,21,111,135,145,146].

1.3.1 Basics on functionals

Let (M,dM ) be a metric space. Let us give a few definitions.

Definition 1.8 (domain and properness). If F: M → [−∞,∞] the ( effective) do-

main of F is given by

dom F= {x ∈M | |F(x)| <∞} .

We say that F is proper if F> −∞ and dom F 6= ∅.
Definition 1.9 (minimiser). Let F: M → [−∞,∞]. We say that x∗ ∈ M is a global

minimiser of F if F(x∗) 6 F(x) for all x ∈ M . We say that x∗ ∈ M is a dM -local

minimiser of F if there exists ε > 0 such that, for all x ∈ M with dM (x∗, x) < ε, we

have F(x∗) 6 F(x). For A ⊂M we say that x∗ ∈ A is a global (or dM -local) minimiser

of F on A if it is so of the restriction F|A.

Definition 1.10 (Lyapunov functional). A functional L: M → [−∞,∞] is said to

be a Lyapunov functional for a given time-dependent equation if, for any solution γ to

this equation, we have

(L◦ γ)′(t) 6 0 for almost every t ∈ I.

One central notion of convergence of functionals is that of Γ-convergence; see [25,67]

for a detailed introduction to it. It is a very important concept underlying the theory
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of convergence of gradient flows [120, 134, 136], and characterising the convergence of

minimisers of functionals.

Definition 1.11 (Γ-convergence). Let F: M → [−∞,∞]. Also let (Mk)k be a se-

quence of subsets of M and (Fk)k be a sequence of functionals with Fk : Mk → [−∞,∞]

for all k. We say that (Fk)k Γ-converges (with respect to dM ) to F if for all x ∈M the

following conditions hold.

(i) ( liminf inequality) Any (xk)k with xk ∈Mk for all k and dM (xk, x)→ 0 as k →∞
satisfies lim infk→∞Fk(xk) > F(x).

(ii) ( limsup inequality) There exists (xk)k with xk ∈ Mk for all k and dM (xk, x) → 0

as k →∞ such that F(x) > lim supk→∞Fk(xk). Such a sequence (xk)k is called a

recovery sequence for x.

The terminology “recovery sequence” stems from the fact that if (xk)k is a recovery

sequence for x and (Fk)k Γ-converges to F, then Fk(xk)→ F(x) as k →∞.

Another central concept is that of semiconvex functionals. We give here the Euclidean

definition; see Definition 1.26 for its probability counterpart. In the rest of this section,

n ∈ N and (Rn, 〈·, ·〉∗) is the Euclidean space equipped with some arbitrary inner product

〈·, ·〉∗ and norm |·|∗.
Definition 1.12 (semiconvexity). Let X ⊆ Rn be a convex subset of Rn. We say that

F: X → [−∞,∞] is semiconvex if there exists λ ∈ R such that F is λ-convex, i.e., for

all x0,x1 ∈ X,

F(x(t)) 6 (1− t)F(x0) + tF(x1)− λ(1− t)t
2

|x0 − x1|2∗ for all t ∈ [0, 1],

where x : [0, 1]→ X, defined by x(t) = (1− t)x0 + tx1 for all t ∈ [0, 1], is the constant-

speed geodesic connecting x0 to x1. When λ = 0 we simply say that F is convex.

We now introduce the notion of variations in Euclidean space; see Section 1.3.5 for

an extension to probability space.

Variations in Euclidean space. Let X ⊆ Rn, and let F: X → [−∞,∞]. For a given

x ∈ dom Fwe define

Ax = {v ∈ Rn \ {0} | ∃ τ > 0, ∀ t ∈ [0, τ ], x+ tv ∈ dom F},

the set of admissible directions for x. If Ax = ∅ we say that x is an isolated point of

dom F. It is easy to check that Ax = Rn \ {0} if x ∈ int(dom F).

Let x ∈ dom F be not isolated. The first variation of F at x in a direction v ∈ Ax
is defined by

δFx(v) = lim
t→0

F(x+ tv)−F(x)

t
,
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whenever it exists (possibly infinite). We say that x is a critical point of F if δFx(v) = 0

for all v ∈ Ax. If δFx(v) ∈ R for all v ∈ Ax and there exists a unique vector ∇∗F(x) ∈
Rn such that

δFx(v) = 〈∇∗F(x),v〉∗ for all v ∈ Ax,

then ∇∗F(x) is called the gradient of F at x (with respect to all admissible directions).

Clearly, when (Rn, 〈·, ·〉∗) = (Rd, 〈·, ·〉) or (Rn, 〈·, ·〉∗) = RNdw for some N ∈ N and weights

w ∈ (0, 1]N , ∇∗ = ∇ or ∇∗ = ∇w are the classical or w-weighted Euclidean gradients.

If x is a global (or local) minimiser of F, then any condition that the first variation

density has to verify is called an Euler–Lagrange, or first-order, condition.

Suppose δFx(v) is finite for some v ∈ Ax; we define the second variation of F at x

in the direction v by

δ2Fx(v) = 2 lim
t→0

F(x+ tv)−F(x)− tδFx(v)

t2
,

whenever it exists (possibly infinite). If x is a critical point of F and δ2Fx(v) > 0 for all

v ∈ Ax, then we say that x is stable.

Let us remark that these variational notions can be very easily generalised to separable

Hilbert spaces, rather than Euclidean spaces.

Below we summarise some key elements of probability and measure theory which are

useful to the understanding of the main chapters of this thesis. Mainly we discuss the

topological structure of probability spaces and its relation to optimal transport, and the

resulting Wasserstein distances.

In the rest of this general introduction let X ∈ B(Rn) for some n ∈ N.

1.3.2 Optimal transport

Let ρ1, ρ2 be two probability measures on X and assume that one wants to transport and

rearrange the mass distributed according to ρ1 into a shape prescribed by ρ2. Also assume

that moving a unit mass from position x1 ∈ supp ρ1 to x2 ∈ supp ρ2 costs c(x1,x2) for

some proper, lower semicontinuous and symmetric cost function c : X × X → [0,∞].

Given such a cost function the problem of optimal transport is to find the least costly

way of tranporting ρ1 to ρ2. In the original formulation of this problem [116] a particle

at x1 ∈ supp ρ1 can only be sent entirely to a destination x2 ∈ supp ρ2, that is, its

mass cannot be split and sent to different destinations in the support of ρ2. Therefore

minimising the cost of transporting ρ1 to ρ2 means finding a measurable map T : X → X

that minimises the total cost
∫
X c(x,T (x)) dρ1(x). Any admissible map T has to satisfy

T#ρ1 = ρ2, which translates the fact that we want to obtain ρ2 from ρ1. Let us write

M(ρ1, ρ2) the set of such (admissible) transport maps, i.e.,

M(ρ1, ρ2) = {T : X → X measurable | T#ρ1 = ρ2} .
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We can thus formulate the Monge’s optimal transport problem:

Given ρ1, ρ2 ∈ P(X), minimise

∫

X
c(x,T (x)) dρ1(x) over T ∈M(ρ1, ρ2). (1.30)

If one wants to generalise this formulation so as to include splitting of mass then one

has to extend the set of transport maps to the set of transport plans [96]. The set of

transport plans is defined as

Π(ρ1, ρ2) =
{
π ∈ P(X ×X) | p1#π = ρ1, p2#π = ρ2

}
,

where p1,p2 : X ×X → X are the projections of X ×X onto the first and second copy

of X, respectively. For any given A,B ∈ B(X) and a transport plan π ∈ Π(ρ1, ρ2)

the quantity π(A × B) represents the total mass that from A is transported to B. The

projection constraints in the definition of Π(ρ1, ρ2) ensures that ρ1 is indeed reshaped

into ρ2. We formulate the Kantorovich’s optimal transport problem:

Given ρ1, ρ2 ∈ P(X), minimise

∫

X×X
c(x,y) dπ(x,y) over π ∈ Π(ρ1, ρ2). (1.31)

Kantorovich’s formulation is more general than Monge’s since if T is a transport map

from ρ1 to ρ2, then (id,T )#ρ1 is a transport plan from ρ1 to ρ2, where (id,T ) : x ∈ X 7→
(x,T (x)) ∈ X ×X. Kantorovich’s problem is easier to solve than Monge’s; see Theorem

1.13. Note that if an optimal transport plan π∗ can be written as π∗ = (id,T∗)#ρ1 with

T∗ ∈ M(ρ1, ρ2), then T∗ is a solution to Monge’s problem. This is for example the case

when either ρ1 or ρ2 are absolutely continuous.

The following well-known theorem gives the existence and uniqueness of optimal

transport plans and maps.

Theorem 1.13. Let c : X×X → [0,∞] be a proper, lower semicontinuous and symmetric

cost function. Then, for any ρ1, ρ2 ∈ P(X), Kantorovich’s problem (1.31) admits a

solution. If c(x,y) = |x − y|2 for all x,y ∈ X and if ρ1, ρ2 ∈ P2(X), and either ρ1

or ρ2 is absolutely continuous, then Kantorovich’s problem admits a unique solution π∗.

Moreover

π∗ = (id,T∗)#ρ1,

where T∗ is the unique (up to ρ1-negligible sets) solution of Monge’s problem (1.30), and

T∗ = ∇ϕ∗ for some convex function ϕ∗.

1.3.3 Narrow topology

We can equip the space of finite sigend measures M(X) with a topology.
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Definition 1.14 (narrow convergence). Let ν ∈M(X) and (νk)k a sequence of mea-

sures in M(X). We say that (νk)k converges narrowly to ν as k →∞ if

∫

X
f(x) dνk(x)→

∫

X
f(x) dν(x) as k →∞ for all f ∈ Cb(X), (1.32)

in which case we write νk ⇀ ν as k →∞.

Since in our case X is locally compact we can also define wide, or weak-∗, convergence

by requiring in (1.32) that f be in Cc(X), rather than Cb(X). Furthermore, given that X

has the Hausdorff property, when restricting to the space of probability measures P(X)

these notions of convergence are equivalent, and are sometimes altogether referred to as

weak convergence. This is part of the Portmanteau theorem.

Theorem 1.15 (Portmanteau theorem). Let ρ ∈ P(X) and (ρk)k be a sequence in

P(X). The following items are equivalent.

(i) (ρk)k converges narrowly to ρ.

(ii) The limit in (1.32) holds with f ∈ Cc(X)

(iii) The limit in (1.32) holds with f ∈ Lip ∩L∞(X).

(iv) lim supk→∞
∫
X f dρk 6

∫
X f dρ for all f ∈ Usc(X) bounded from above.

(v) lim infk→∞
∫
X f dρk >

∫
X f dρ for all f ∈ Lsc(X) bounded from below.

(vi) lim supk→∞ ρk(F ) 6 ρ(F ) for any closed set F ⊂ X.

(vii) lim infk→∞ ρk(G) > ρ(G) for any open set G ⊂ X.

(viii) ρk(A)→ ρ(A) as k →∞ for any A ⊂ B(X) with ρ(∂A) = 0.

The Portmanteau theorem is a very useful tool when it comes to proving narrow lower

semicontinuity of functionals defined on P(X).

We give now a criterion to find whether a sequence of probability measures is compact

in the narrow topology. First we need the definition of tight set of measures.

Definition 1.16 (tight set of measures). We say that a set A ⊂M(X) is tight if for

every ε > 0 there exists a compact set Kε ⊂ X such that

|ν|(Kε) 6 ε for all ν ∈ A.

Theorem 1.17 (Prokhorov’s theorem). Let A ⊂ P(X). Then A is tight if and only

if it is relatively narrowly compact.

Let us state a useful proposition which gives a criterion for tightness to hold.

Proposition 1.18. A sequence (ρk)k in P(X) is tight if and only if there exists a mea-

surable function f : X → [0,∞) such that

f(x)→ +∞ as |x| → ∞ and supk
∫
X f dρk <∞.
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Importantly this proposition tells us that if the pth moment with p > 1 of ρk is

uniformly bounded, then (ρk)k is tight.

The narrow topology of Definition 1.14 on P(X) is metrisable by several metrics;

that is, narrow convergence is equivalent to convergence in those metrics. We give two

examples.

Definition 1.19 (narrow metrics). Let ρ1, ρ2 ∈ P(X). We define the Lévy–Prokhorov

distance by

dLP(ρ1, ρ2) = inf{ε > 0 | ∀A ∈ B(X), ∀ i, j ∈ {1, 2}, ρi(A) 6 ρj(A+ ε) + ε},

where A+ ε = {x ∈ X | dist({x}, A) < ε}, and the bounded Lipschitz distance by

dbL(ρ1, ρ2) = sup

{∫

X
ϕdρ1 −

∫

X
ϕdρ2 | ϕ ∈ W1,∞(X), ‖ϕ‖W1,∞(X) 6 1

}
.

We write d0 any of the two distances above.

Below we introduce a stronger metrisation of the narrow topology, given by the

Wasserstein distances, which links convergence of measures to optimal transport.

1.3.4 Wasserstein spaces

An interesting case of cost function is the pth power of the Euclidean distance dRn , i.e.,

c : (x,y) 7→ dRn(x,y)p = |x− y|p, for any p ∈ N. In this case we know by Theorem 1.13

that Kantorovich’s problem admits a solution and the definition below makes sense.

Definition 1.20 (Wasserstein distances). Let p ∈ N and ρ1, ρ2 ∈ P(X). We define

the p-Wasserstein, or p-transport, distance dp(ρ1, ρ2) between ρ1 and ρ2 by

dp(ρ1, ρ2) = min
π∈Π(ρ1,ρ2)

(∫

X×X
|x− y|p dπ(x,y)

)1/p

= min
π∈Π(ρ1,ρ2)

‖dRn‖Lpπ(X×X) .

It can be shown that dp is a distance on P(X) (possibly nonfinite) and is finite on

Pp(X), the space of probability measures with finite pth moment. By Hölder’s inequality

one can check that (dp(ρ1, ρ2))p∈N is an increasing sequence, and we naturally give the

following definition.

Definition 1.21 (∞-Wasserstein distance). Let ρ1, ρ2 ∈ P(X). We define the ∞-

Wasserstein, or ∞-transport, distance d∞(ρ1, ρ2) between ρ1 and ρ2 by

d∞(ρ1, ρ2) = inf
π∈Π(ρ1,ρ2)

sup
(x,y)∈suppπ

|x− y| = inf
π∈Π(ρ1,ρ2)

‖dRn‖L∞π .
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It can also be shown that d∞ is a distance on P(X) and is finite on P∞(X), the

space of compactly supported probability measures. For any p ∈ N ∪ {+∞} we write

Wp(X) = (Pp(X),dp),

the p-Wasserstein space; it is a complete and separable metric space.

Up to convergence of the moments, convergence in the p-Wasserstein topology (p <

∞) is equivalent to convergence in the narrow topology, as shown below.

Proposition 1.22. Let p ∈ N and let (ρk)k be a sequence in Pp(X) and ρ ∈ P(X). The

following items are equivalent.

(i) dp(ρk, ρ)→ 0 as k →∞.

(ii) (ρk)k converges narrowly to ρ and mp(ρk)→ mp(ρ) as n→∞.

(iii) For all f ∈ C(X) such that |f(x)| 6 C(1 + |x|p) for all x ∈ X, we have

∫

X
f(x) dρk(x)→

∫

X
f(x) dρ(x) as k →∞.

It follows in fact that if X is bounded, then narrow convergence and convergence in

dp (p <∞) are equivalent.

The following proposition summarises basic properties of the Wasserstein distances.

Proposition 1.23. Let p ∈ N ∪ {+∞}.

(i) Let ρ1, ρ2 ∈ Pp(X). Then, for all q > p,

dp(ρ1, ρ2) 6 dq(ρ1, ρ2) 6 (diamX)(q−1)/qd1(ρ1, ρ2)1/q,

and dq(ρ1, ρ2)→ d∞(ρ1, ρ2) as q →∞.

(ii) Let (ρ1
k)k and (ρ2

k)k be sequences in P(X) converging narrowly to ρ1 ∈ P(X) and

ρ2 ∈ P(X), respectively. Then

dp(ρ1, ρ2) 6 lim inf
n→∞

dp(ρ
1
k, ρ

2
k).

(iii) Let ρ ∈ P(X). If p <∞, then

dp
p(ρ, δ0) = mp(ρ).

(iv) Let ϕ ∈ C∞(X) with
∫
X ϕ = 1 and, for all ε > 0, write ϕε = ε−nϕ(·/ε). If p <∞,

then, for all ρ ∈ Pp(X),

dp
p(ρ, ϕε ∗ ρ) 6 εpmp(ρ).
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(v) Let ρ0, ρ1, ρ̃0, ρ̃1 ∈ Pp(X). If p <∞, then, for all t ∈ [0, 1],

dp
p((1− t)ρ0 + tρ1, (1− t)ρ̃0 + tρ̃1) 6 (1− t)dp

p(ρ0, ρ̃0) + tdp
p(ρ1, ρ̃1).

The 1-Wasserstein distance is often called the Kantorovich–Rubinstein distance, and

we have, for all ρ1, ρ2 ∈ P1(X), the duality formula

d1(ρ1, ρ2) = sup

{∫

X
ϕdρ1 −

∫

X
ϕdρ2 | ϕ ∈ Lip(X), ‖ϕ‖Lip(X) 6 1

}
,

so that in particular dbL(ρ1, ρ2) 6 d1(ρ1, ρ2), where dbL is as in Definition 1.19.

Suppose now that n = 1, so that X ∈ B(R). We can generalise the notion of inverse

of a function to injective (but not necessarily surjective) functions.

Definition 1.24 (pseudoinverse). Let F : X → [0, 1] be nondecreasing and right-

continuous. We define its pseudoinverse, or generalised inverse, Φ: [0, 1]→ X∪{−∞,∞}
by

Φ(η) = inf{x ∈ X | F (x) > η} for all η ∈ [0, 1), Φ(1) = lim
η→1−

Φ(η),

which is also nondecreasing and right-continuous.

We have Φ ◦ F (x) > x and F ◦ Φ(η) > η for all x ∈ X and η ∈ [0, 1]. When F is

bijective then the pseudoinverse Φ of F is simply the classical inverse of F , i.e., Φ = F−1.

For any ρ ∈ P(X) its cumulative distribution function is F : X → [0, 1] given by

F (x) = ρ((−∞, x]) for all x ∈ X;

it is nondecreasing and right-continuous. We can express the p-Wasserstein distance

between two probability measures as the Lp distance of between the pseudoinverses of

the respective cumulative distribution functions.

Proposition 1.25. Let p ∈ N ∪ {+∞}. For any ρ1, ρ2 ∈ P(X) we have

dp(ρ1, ρ2) = ‖Φ1 − Φ2‖Lp([0,1]),

where Φ1 and Φ2 are the pseudoinverses of the cumulative distribution functions of ρ1

and ρ2, respectively.

One can show that ρ ∈ Pp(X) if and only if the pseudoinverse of its cumulative

distribution function belongs to Lp([0, 1]).

1.3.5 Convexity and variations in probability spaces

We extend the notion of semiconvexity in Euclidean space given in Definition 1.12 to the

2-Wasserstein space.
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Definition 1.26 (semiconvexity along geodesics). Let X be convex. We say that

F: W2(X) → [−∞,∞] is semiconvex along geodesics if there is λ ∈ R such that F is

λ-convex along geodesics, i.e., for all ρ0, ρ1 ∈ P2(X) there exists π∗ ∈ Π(ρ0, ρ1), an

optimal plan in the Kantorovich’s problem with quadratic Euclidean cost, such that

F(ρ(t)) 6 (1− t)F(ρ0) + tF(ρ1)− λ(1− t)t
2

d2
2(ρ0, ρ1) for all t ∈ [0, 1],

where ρ : [0, 1]→ P2(X), defined by

ρ(t) = ((1− t)p1 + tp2)#π∗ for all t ∈ [0, 1],

is a constant-speed geodesic connecting ρ0 to ρ1. If π∗ is induced by a map T∗, then

ρ(t) = ((1− t)id + tT∗)#ρ0.

In this case ρ is called McCann’s interpolation [111] and F is said to be displacement

semiconvex, or λ-displacement convex. When λ = 0 we simply say that F is convex

along geodesics or displacement convex.

Let us now extend the concept of variations explained in Section 1.3.1 in Euclidean

space to probability spaces.

Variations in probability spaces. Let F: (Pp(X),dp) → [−∞,∞] for some p ∈
N0 ∪ {+∞}. We write ν ∈M0 ⊂M(X) if

ν(X) = 0, ν � λn, ν ∈ L∞(X), and supp ν ⊂ K for some compact set K ⊂ X.

For a given ρ ∈ dom Fwe define

Aρ = {ν ∈M0 \ {0} | ∃ τ > 0, ∀ t ∈ [0, τ ], ρ+ tν ∈ dom F},

the set of admissible directions for ρ. If Aρ = ∅, then ρ is an isolated point of dom F.

Let ρ ∈ dom F be not isolated. The first variation of F at ρ in a direction ν ∈ Aρ is

defined by

δFρ(ν) = lim
t→0

F(ρ+ tν)−F(ρ)

t
, (1.33)

whenever it exists (possibly infinite). If δFρ(ν) = 0 for all ν ∈ Aρ, then ρ is said to be

a critical point of F. If δFρ(ν) ∈ R for all ν ∈ Aρ and there exists a unique measurable

function F′ρ : X → [−∞,∞] such that

δFρ(ν) =

∫

X
F′ρ(x) dν(x) for all ν ∈ Aρ,
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then F′ρ is called the first variation density of F at ρ (with respect to all admissible

directions). In this case, if p = 2, we write

∇W2F(ρ) = −div(ρ∇F′ρ)

whenever this makes sense, and we call it the 2-Wasserstein gradient of F at ρ. If ρ is

a global (or dp-local) minimiser of F, then any condition that the first variation density

has to verify is called an Euler–Lagrange, or first-order, condition.

Suppose δFρ(ν) is finite for some ν ∈ Aρ; we define the second variation of F at ρ in

the direction ν by

δ2Fρ(ν) = 2 lim
t→0

F(ρ+ tν)−F(ρ)− tδFρ(ν)

t2
,

whenever it exists (possibly infinite). If ρ is a critical point of F and δ2Fρ(ν) > 0 for all

ν ∈ Aρ, then we say that ρ is stable.
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2 Existence of compactly supported global

minimisers for the aggregation energy

Abstract of chapter. The existence of compactly supported global minimisers for

continuum models of particles interacting through a potential is shown under almost

optimal hypotheses. The main assumption on the potential is that it is catastrophic,

or not H-stable, which is the complementary assumption to that in classical results on

thermodynamic limits in statistical mechanics. The proof is based on a uniform control

on the local mass around each point of the support of a global minimiser, together with

an estimate on the size of the “gaps” it may have. The class of potentials for which we

prove existence of global minimisers includes power-law potentials and, for some range

of parameters, Morse potentials, widely used in applications. We also show that the

support of local minimisers is compact under suitable assumptions. (See [36]; DOI:

10.1007/s00205-015-0852-3.)

2.1 Introduction

The analysis of configurations minimising nonlocal aggregation energies is an ubiquitous

question in mathematics with applications ranging from physics and engineering problems

to mathematical biology and game theory in economic and social sciences. Understanding

the balance of the effects of interactions between the “particles” in applications such as

inelastic particles in granular flows [14, 55, 56, 104], molecules in self-assembly materials

and virus structures [71, 90, 129, 149], animals in flock patterns in biological swarms [50,

51, 147, 148], and individuals’ strategies in pedestrian dynamics or strategic preferences

[23,68], is of paramount importance.

The function W : Rd → (−∞,∞] is a measurable aggregation (or interaction) poten-

tial which is allowed to take the value +∞, and whose gradient models the interaction

force between two particles located at a distance x ∈ Rd. More precisely we regard

−∇W (y − x) as the force that a particle at x exerts on a particle at y, and accord-

ingly we say that W is attractive at x ∈ Rd when 〈∇W (x),x〉 > 0 and repulsive when

〈∇W (x),x〉 6 0. Given N particles with positions X = (x1, . . . ,xN ) ∈ RNd we can

http://dx.doi.org/10.1007/s00205-015-0852-3
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define their energy as

WN (X) =
1

2N2

N∑

i=1

N∑

j=1
j 6=i

W (xi − xj).

The typical potentials that we have in mind are repulsive at short distances (i.e., for

|x| < r for some r > 0) and attractive at large ones, and it is the interplay of these

two effects that allows for the existence of minimisers with interesting properties. The

minimisers of the discrete energy should realise the most stable balance between the

possible attractive and repulsive effects encoded in the interaction potential W . The

normalisation of the discrete energy is done in such a way that it is kept of order one as

N →∞. Finding global (and local in some topology) minimisers of this discrete energy

WN is a question of major interest in crystallisation, where self-interaction is avoided,

i.e., W (0) = 0 (see [140] for example), but also for less singular potentials where the

normalised discrete minima may converge towards some integrable density or nonatomic

probability measure when N →∞.

It is therefore more suitable to relax the variational problem and look for global

minimisers of the aggregation (or interaction) energy functional W: P(Rd)→ (−∞,∞]

defined on the set P(Rd) of probability measures on Rd by

W(ρ) =
1

2

∫

Rd

∫

Rd
W (x− y) dρ(y) dρ(x) for all ρ ∈ P(Rd). (2.1)

If one considers ρ as a given mass distribution, then (2.1) is its total potential energy

when individual particles only interact through a pair potential W (i.e., the potential

energy of two particles with unit mass, one at x ∈ Rd and one at y ∈ Rd, is W (x− y)).

More precisely in the following, if ρ ∈ P(Rd) satisfies W(ρ) 6 W(ρ̃) for all ρ̃ ∈ P(Rd) we

say that ρ is a ground state or global minimiser of W (and sometimes simply minimiser).

Analogously, we talk of minimisers on a subset A ⊆ P(Rd) if the inequality holds in A.

Let us mention that the set of global (and local) minimisers of the total potential

energy for not too singular potentials can be very rich in terms of their qualitative

properties depending on the behaviour of the potential at the origin. Actually, there are

plenty of works reporting on the qualitative properties of critical points of the discrete

energy in the context of collective behaviour; see [70, 147, 148]. For instance, Morse

potentials were considered in [70], that is, potentials of the form

W (x) = Cre
−|x|/`r − Cae

−|x|/`a , x ∈ Rd, (2.2)

with Cr, Ca measuring the strengths of the repulsive and the attractive part, respectively,

and `r, `a being the typical lengths scales for repulsion and attraction, respectively. The

authors’ detailed numerical study indicates that these potentials lead to patterns cor-

responding to minimisers of the energy as N → ∞ only in the range of parameters
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corresponding to `r < `a and Cr/Ca < (`a/`r)
d. Furthermore, they noted that these

conditions are intimately related to the classical notion of H-stability in statistical me-

chanics.

Before discussing further this connection, we now introduce the set of hypotheses

on the aggregation potential needed to state our main results in full rigour. We always

assume, without loss of generality, that

Hypothesis 1. W is bounded from below by a finite constant Wmin < 0.

This ensures that (2.1) is well defined (possibly equal to +∞) for all ρ ∈ P(Rd).
Actually, in order for W to be finite on “nice” probability measures ρ (say, uniformly

distributed on a ball), we also assume

Hypothesis 2. W is locally integrable (i.e.,
∫
B |W | < +∞ for any open ball B ⊂ Rd).

In particular, Hypothesis 2 implies that the potential W cannot be equal to +∞ on

sets with positive Lebesgue measure. This assumption rules out aggregation potentials

which are too singular at the origin as those used in the analysis of the crystallisation

phenomena [72,140]; see further comments before Hypothesis 4 below.

Since we think of W as a potential as explained above, it is natural to assume addi-

tionally that

Hypothesis 3. W is symmetric (i.e., W (x) = W (−x) for all x ∈ Rd).

It is also quite natural to assume that the potential W is radially symmetric, but

since we do not need that in the following we avoid making the assumption.

The problem of finding global minimisers of (2.1) has two fundamental invariances.

First, W is invariant under translations: for all ρ ∈ P(Rd) and z ∈ Rd we have W(ρ) =

W(Tz#ρ), where Tz : Rd → Rd, x 7→ x − z is the z-translation. In particular, any

translation of a minimiser is also a minimiser, and uniqueness (if it holds) can only be

expected up to translations. Second, if we add an arbitrary constant D ∈ R to W , then

the energy W is shifted by D/2, and hence the minimisation problem does not change

(note that this is consistent with the interpretation of W as a potential, which is arbitrary

up to a constant).

Our main motivation for studying these minimisers has mainly come from the recent

interest in the field of collective behaviour regarding the steady states of the aggregation

(or interaction) equation

∂tρ = div(ρ∇W ∗ ρ) on [0,∞)× Rd, (2.3)

where ρ = ρt(x) is a time-dependent classical or weak solution defined for t ∈ [0,∞) and

x ∈ Rd. Since W is a Lyapunov functional for (2.3) (in fact, for regular enough potentials,

(2.3) is the gradient flow for W with respect to the 2-Wasserstein distance [46, 55, 56] if

we restrict to probabilities with finite second moment) its minimisers (if they exist) are
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natural candidates for being steady states of (2.3), and they are also natural candidates

for representing the typical asymptotic behaviour of (2.3) as t → ∞. Equations of the

form (2.3) appear in granular flow [55, 56, 104] and in swarming models (see [15, 16, 100]

for instance) as mentioned before.

It can be checked that if a minimiser ρ happens to be regular enough, then it must

satisfy the corresponding Euler–Lagrange equation, namely

W ∗ ρ = C on supp ρ, (2.4)

for some C ∈ R; see Lemma 2.7 and Remark 2.8 for a more precise statement. Conse-

quently it must be a stationary state of (2.3), again assuming that ρ is regular enough

for the right-hand side of (2.3) to be meaningful. Equation (2.4) also appears as a con-

dition satisfied by special solutions in a variety of models (for example, flock solutions

in [1, 50,51,70]), and it is interesting in itself.

As already mentioned, the authors in [70] analysed numerically a discrete collective

behaviour model based on the Morse potentials of the form (2.2), and it was noticed that

its large-time asymptotics seemed to depend on whether the potential satisfied a classical

condition known as stability or H-stability in classical statistical mechanics [82,130]:

Definition 2.1 (stability). Take a potential W : Rd → (−∞,∞] satisfying Hypotheses

1 and 2, and assume that its limit at∞ exists (being possibly equal to +∞). Let us define

W∞ := lim
|x|→∞

W (x). (2.5)

We say that W is stable if

W(ρ) > 1
2W∞ for all ρ ∈ P(Rd). (2.6)

Otherwise we say that W is unstable. In a similar way, we define the concept of stabil-

ity/instability on a subset A ⊆ P(Rd) by restricting (2.6) to all ρ ∈ A.

The term catastrophic instead of unstable is also used in part of the statistical me-

chanics literature, where a common assumption is that W (x) → 0 as |x| → ∞; in that

case (2.6) translates to W(ρ) > 0 for all ρ ∈ P(Rd), which is the definition often given

classically; see for example [12, Equation (23)]. The notion of stability given in Definition

2.1 implies the classical notion of stability if the potential is such that W (0) is finite; see

for example [130, Sections 3.1 and 3.2]. In statistical mechanics the classical condition of

stability is motivated by the fact that, when combined with that of temperedness, it is

sufficient to show the thermodynamic behaviour of a system of particles interacting via

a pairwise potential; see [130, Theorem 3.3.12]. Indeed the former condition avoids that

infinitely many particles collapse in a bounded region and the latter avoids significant

interaction between distant particles.
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Last but not least, the crystallisation phenomena discussed in [72,140] (see [6,83] for

other related work) are closely linked to the problem we consider, though the energy there

is minimised among configurations of a finite number of particles, and does not include

their self-interaction. The results in these references give more detailed information about

the behaviour of the minimisers for large number of particles in particular stable cases.

Essentially, the minimisers form regular lattices which spread and fill the whole space

as the number of particles tends to infinity. In other words, if we insist in normalising

the minimisers as probability measures, these Dirac delta minimisers tend to zero weakly

(as measures) as the number of particles tends to infinity. In fact, the infimum of the

interaction energy (modified as mentioned above to exclude self-interactions) over linear

combinations of Dirac deltas is zero but is not attained.

By contrast, in our setting we need to assume that W is unstable in order to show

the existence of a minimiser:

Hypothesis 4. The limit (2.5) exists and W is unstable.

We also assume the following more technical hypotheses, though some of our results

do not require Hypothesis 6.

Hypothesis 5. W is lower semicontinuous.

Hypothesis 6. There isR > 0 such that W is strictly increasing on Rn−1×[R,∞)×Rd−n
as a function of its nth variable, for all n ∈ J1, dK.

The notation J1, dK stands for {1, 2, . . . , d}. Notice that any potential which is radially

strictly increasing outside some ball (i.e., for someR > 0 we haveW (x) > W (y) whenever

|x| > |y| >R) satisfies Hypothesis 6.

Hypothesis 6 is unnecessary in order to show existence of global minimisers; see the

related results in [138]. However, some growth condition such as Hypothesis 6 seems to

be necessary to show the uniform compactness part of Theorem 2.2 below; see Remark

2.4. An example of growth condition which we could use here that is less restrictive (but

also less intuitive) than Hypothesis 6 is given in Remark 2.12.

Our main result is the following one.

Theorem 2.2 (main theorem). Assume that W : Rd → (∞,∞] satisfies Hypotheses

1–6. Then there exists a global minimiser ρ ∈ P(Rd) of the energy W. In addition, there

exists K > 0 (depending only on W and the dimension d) such that every minimiser of

W has compact support with diameter at most K.

We point out that an explicit estimate on the size of the support can be recovered

from the proof of the above theorem in Section 2.2, though we do not expect it to be

sharp.

Our proof of Theorem 2.2 rests on two key apriori estimates on minimisers. First, in

Lemma 2.10 we show that any point in the support of a minimiser needs to have at least

a fixed amount m > 0 of mass which is not further away than a fixed distance r > 0. The
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intuitive reason for this is that the potential energy W ∗ρ has to be constant at ρ-almost

every point of the support of a minimiser ρ (see Lemma 2.7 and [8, Theorem 4(i)]), and

that potential energy has to be strictly less than the “potential at infinity” W∞ due to

the instability assumption in Hypothesis 4. Hence some mass has to be close to any

given point x in the support, since mass being too far away would mean that W ∗ ρ(x)

is too close to W∞. Secondly, Lemma 2.11 uses Hypothesis 6 to show that the support

of a minimiser cannot have arbitrarily large “gaps”. Otherwise one could bring closer

the two parts of the minimiser separated by the gap and obtain a mass distribution with

a smaller energy. This, together with the first estimate, shows that a minimiser has to

consist of at most d1/me pieces, each with mass at least m, not too far apart from each

other, where d·e is the ceiling function. An apriori estimate on the size of the support is

then easily obtained.

The proof of Theorem 2.2 is then completed by a usual approximation argument: we

consider minimisers ρR among the set of measures supported in BR, the closed ball of

centre 0 and radius some R > 0, and show that these estimates hold uniformly for them,

which allows us to pass to the limit as R→∞ to obtain a global minimiser.

We have recently learnt that in [138] the authors independently proved a similar

result by a different method based on Lions’ concentration compactness principle while

this work was being prepared. Their method does not give any estimate on the support

or properties of the minimisers; on the other hand, their conditions for existence of

minimisers are slightly sharper than the ones in Theorem 2.2. To complement their result

we give a corollary which derives directly from the structure of our proof of Theorem 2.2.

It is proved in Section 2.2.4 below.

Corollary 2.3. Assume that W : Rd → (−∞,∞] satisfies Hypotheses 1–5. Suppose

moreover that there exists a global minimiser ρ ∈ P(Rd) of the energy (2.1). Then ρ is

compactly supported.

Note that the hypotheses in the corollary above are satisfied by any potential consid-

ered in [138] as long as it is unstable in our sense.

Remark 2.4. We emphasise that Corollary 2.3 does not require Hypothesis 6 on the

growth at ∞ of the potential W . Hence global minimisers for potentials which, for in-

stance, decrease to 0 at∞ and satisfy Hypotheses 1—5, have to be compactly supported.

Note that our statement in this case does not show the existence of any uniform bound

K on the size of the support of a global minimiser (unlike Theorem 2.2).

Local minimisers of the energy (2.1) with respect to several transport distances (i.e.,

minimisers in a small ball around them) were studied in [8], where bounds on the di-

mension of their support were given under some assumptions controlling the strength of

the repulsion at the origin. Moreover, Euler–Lagrange conditions for local minimisers in

several transport distances were also obtained. These results (see [8, Theorem 4]) apply
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to our case since a global minimiser is of course a local one in particular. Note that, in

Section 2.2.5 below, we derive a generalisation of Corollary 2.3 to d2-local minimisers,

where d2 is the quadratic Wasserstein distance. Let us mention that the rich structure

of global and local minimisers of the aggregation energy was shown for several potentials

and by different numerical methods in [1, 8–10,41,51,78,79,147].

Let us review some of the known rigorous results on the existence, uniqueness, and

other properties of these minimisers in some remarkable cases. An often studied case is

that in which the potential W is a sum of powers:

W (x) =
|x|a
a
− |x|

b

b
, x ∈ Rd,

for some a, b ∈ R with −d < b < a, and the understanding that |x|0/0 ≡ log |x|. Here

the term |x|a/a is the attractive one (being an increasing function of |x|, regardless of

the sign of a), and |x|b/b is the repulsive one (since it is a decreasing function of |x|).
For b = 2 − d the repulsive term is called the Newtonian potential. It is not difficult to

check that this class of potentials satisfies our hypotheses; see Section 2.3.

The case a = 2 simplifies the problem a lot since the attractive part of the interaction

can be reduced to an external quadratic confinement by expanding the square. The case

b = 2− d, a = 2 is actually relatively well-known among probabilists: up to translations,

the unique global minimiser is the characteristic of a ball with an appropriate radius. A

closely related result with a compact confinement is proved in [84], and the 2-dimensional

case can be found for example in [133, Theorem 6.1, page 245]. The extension to higher

dimensions can be found in [106, Proposition 2.13]. The interest in this problem on these

references comes from its links to the capacity of sets and applications to random matrix

theory; see [61] for example.

A modified minimisation problem for power-law potentials with a > −d was recently

studied in [63], where the authors showed that there exists a minimiser ρM in the class

of radially symmetric functions with a fixed L∞ bound M . They also showed that for

−d < a < 0 the condition of radial symmetry is not needed, so that in that case a

minimiser exists in the class of functions with a given L∞ bound.

The case a = 2, b = 2s − d for 0 < s < 1 was studied in [31] in relation to the

asymptotic behaviour of (2.3), referred to as the fractional porous medium equation. The

authors there showed that there is a unique steady state (up to translations) to (2.3),

which they called a modified Barenblatt profile. Since the uniqueness was shown via the

associated obstacle problem and the Euler–Lagrange conditions in [8, Theorem 4] show

that global minimisers are regular solutions of the obstacle problem (see also [44]), then

their uniqueness result implies uniqueness of global minimisers. Finally, all cases with

−d < b 6 2 − d and a > 0 were recently treated in [44] showing the regularity of local

minimisers using the connection to classical obstacle problems, by methods that can treat
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more general potentials than power laws: results in [44] apply to potentials behaving like

− |·|b /b at zero in the range −d < b 6 2− d with a regular enough attractive part of the

potential.

Also there have been many works devoted to the study of the steady states and

long-time behaviour of (2.3); see [8–10, 46, 47, 76–79, 128]. Steady states for the case

b = 2 − d, a > 0 were studied in [78, 79], where it was proved that there exists a

unique radially symmetric, compactly supported steady state (up to translations). The

asymptotic behaviour of (2.3) in the case b = 2 − d, a = 2 was studied in [18, 79], and

the case −d < b < 2− d, a = 2, as already remarked, was considered in [30,31].

Finally, other particular interesting potentials are Morse-like potentials [10,15,50,54,

70] (treated in Section 2.3), for which there is a huge numerical evidence of the existence

of compactly supported global minimisers. To our knowledge, a proof of this existence

was not previously available.

Plan of chapter. In Section 2.2 we prove Theorem 2.2. We split the proof of the

existence part into three main steps: first we show existence of global minimisers on each

set of probability measures supported on a given ball, second we prove that the support

diameters of such minimisers are uniformly bounded, and third we show existence on the

whole space P(Rd). At the end of this section we give the generalisation of Corollary

2.3 to local minimisers with respect to the quadratic Wasserstein topology. In Section

2.3 we give examples of potentials satisfying the hypotheses of Theorem 2.2, as well as

conditions for the nonexistence of global minimisers which show that Hypothesis 4 in

Theorem 2.2 is almost sharp.

2.2 Existence of minimisers

2.2.1 Minimisers on a given ball

Let us define for all R > 0 the set

QR(Rd) :=
{
ρ ∈ P(Rd) | supp ρ ⊂BR

}
.

This is the set of all probability measures with support included in the closed ballBR of

radius R and centre 0. For every R > 0, we want to show existence of global minimisers

on QR(Rd).
Let us first show the lemma below.

Lemma 2.5. Let W be a potential satisfying Hypotheses 1 and 5. Then the energy (2.1)

is narrowly lower semicontinuous, i.e., for any sequence (ρk)k converging narrowly to ρ

in P(Rd) we have W(ρ) 6 lim infk→∞ W(ρk).

Proof. By Hypotheses 1 and 5 we know that there exists a nondecreasing sequence (ϕl)l of
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continuous and bounded functions such that ϕl →W pointwise as l→∞; see [11, Lemma

A.1.3]. Let us consider a bound from below for ϕ1, and denote it by c. Then (ϕl − c)l
is nonnegative, nondecreasing and with pointwise limit W − c. Suppose that (ρk)k is a

sequence narrowly converging to ρ in P(Rd). Then, applying the Lebesgue monotone

convergence theorem, we obtain

∫

Rd

∫

Rd
(ϕl(x− y)− c) dρ(y) dρ(x) −−−→

l→∞

∫

Rd

∫

Rd
(W (x− y)− c) dρ(y) dρ(x).

Therefore, we infer

∫

Rd

∫

Rd
ϕl(x− y) dρ(y) dρ(x) −−−→

l→∞

∫

Rd

∫

Rd
W (x− y) dρ(y) dρ(x).

Furthermore, since (ϕl)l is nondecreasing, we have for all k, l ∈ N,

∫

Rd

∫

Rd
ϕl(x− y) dρk(y) dρk(x) 6

∫

Rd

∫

Rd
W (x− y) dρk(y) dρk(x).

Hence, by definition of narrow convergence and passing to the limits k, l → ∞ in this

order just above, we get

∫

Rd

∫

Rd
W (x− y) dρ(y) dρ(x) 6 lim inf

n→∞

∫

Rd

∫

Rd
W (x− y) dρk(y) dρk(x),

thus proving the desired result.

Note that Lemma 2.5 can also be proved using the Portmanteau theorem (see for

example [21, Theorem 2.1] or Theorem 1.15) on the product space P(Rd) × P(Rd);
see [138, Lemma 2.2] for the proof.

We can now state an existence result for global minimisers of the energy (2.1) on

QR(Rd) for any R > 0.

Lemma 2.6. Suppose that the potential W satisfies Hypotheses 1 and 5. Then for all

R > 0 there is a global minimiser ρR on QR(Rd) of the energy (2.1).

Proof. Let us fix R > 0. It holds that QR(Rd) is a tight and narrowly closed subset

of P(Rd). Therefore, by Prokhorov’s theorem (see Theorem 1.17), QR(Rd) is narrowly

compact. By the narrow lower semicontinuity of W proven in Lemma 2.5, the direct

method of calculus of variations (see Theorem B.2) gives that the restriction of W to

QR(Rd) admits a global minimiser.

2.2.2 Uniform bound on the support of minimisers

We now show the existence of a bound for the diameter of the support of global minimisers

in QR(Rd) for any R > 0, which is uniform in R.
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In [8, Theorem 4(i)] it was proved that a global minimiser ρ satisfies W ∗ ρ = 2W(ρ)

ρ-almost everywhere. We adapt this result for minimisers on QR(Rd) for any R > 0:

Lemma 2.7. Assume that the potential W satisfies Hypotheses 1–3 and 5. Take R >

0 and let ρR be a global minimiser on QR(Rd). Then W ∗ ρR = 2W(ρR) ρR-almost

everywhere.

Proof. Let ϕ ∈ C∞b (Rd) and define, for all A ∈ B(Rd) (B(Rd) being the Borel sets of

Rd),

ν(A) =

∫

A
ϕ(x) dρR(x)− ρR(A)

∫

Rd
ϕ(x) dρR(x).

We have ν ∈ M(Rd) with ν(Rd) = 0 and supp ν ⊂BR. Also let ρε = ρR + εν for ε > 0.

Then

ρε(Rd) = ρR(Rd) + εν(Rd) = 1.

Moreover one can check that

ϕ(x)−
∫

Rd
ϕ(y) dρR(y) > −2 ‖ϕ‖L∞(Rd) ,

so that, for any A ∈ B(Rd), ν(A) > −2 ‖ϕ‖L∞(Rd) ρR(A) and

ρε(A) >
(

1− 2ε ‖ϕ‖L∞(Rd)

)
ρR(A).

Therefore, since ρR ∈ P(Rd),

ρε(A) > 0 if ε 6
(

2 ‖ϕ‖L∞(Rd)

)−1
.

Let us take such an ε, which ensures that ρε ∈ P(Rd). Furthermore, we have supp ρε ⊂
BR, so that ρε ∈ QR(Rd). We know that ρR is a global minimiser of W on QR(Rd), and

thus W(ρε) > W(ρR). In addition, by Hypotheses 1 and 2 the energy generated by ρR

is bounded. Then

W(ρε)− W(ρR)

ε
=

∫

Rd

∫

Rd
W (x− y) dν(y) dρR(x)

+
ε

2

∫

Rd

∫

Rd
W (x− y) dν(y) dν(x) > 0.

Hence, letting ε→ 0 and since the last integral is finite, we get

∫

Rd

∫

Rd
W (x− y) dν(y) dρR(x) > 0,
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or equivalently, by plugging the definition of ν inside the integral,

∫

Rd
(W ∗ ρR(x)− 2W(ρR))ϕ(x) dρR(x) > 0.

This result being true for all ϕ ∈ C∞b (Rd), we have that W ∗ ρR(x) − 2W(ρR) = 0

ρR-almost everywhere.

Remark 2.8. By following the same argument one can see that Lemma 2.7 is also true

for a global minimiser ρ on the whole space P(Rd) (this is the content of [8, Theorem

4(i)]).

To show that, under the instability condition in Hypothesis 4, the diameter of the

support of a global minimiser ρR on QR(Rd) is independent of R, we first notice that an

unstable potential is also unstable on QS(Rd) for some finite S.

Lemma 2.9. Assume Hypotheses 1, 2 and 4 for the potential W . Then there exists

S > 0 such that W is unstable on QS(Rd) (and hence on QR(Rd) for all R > S).

Proof. Let ρ ∈ P(Rd) be such that W(ρ) < W∞/2. Define, for every k ∈ N large enough

so that ρ(Bk) > 0, the sequence of truncated probabilities

ρk =
χBkρ

ρ(Bk)
,

where χA denotes the characteristic function of a set A. Clearly, for every such k, we

have ρk ∈ Qk(Rd). It is easy to see that W(ρk) → W(ρ) as k → ∞, and hence there

exists N ∈ N large enough such that W(ρN ) < W∞/2; see the proof of Lemma 2.14 for

a similar calculation. This proves the lemma with S = N .

Below we always consider S > 0 to be a radius obtained from Lemma 2.9; that is, a

number such that W is unstable on QS(Rd).
The following two lemmas are fundamental in the proof of our main result. The first

one shows that if, for some R, a point is in the support of a minimiser ρR on QR(Rd),
then there has to be at least some mass not far from it. The quantification of “some”

and “not far” are independent of R and the point one chooses, so that this is a uniform

estimate for all minimisers and all points.

Lemma 2.10. Suppose that the potential W satisfies Hypotheses 1–5. Then there are

constants r,m > 0 (depending only on W ) such that for all R > S and all global min-

imisers ρR of the energy (2.1) on QR(Rd) we have

∫

Br(x0)
dρR(x) > m for all x0 ∈ supp ρR.
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Proof. We proceed in two steps: we first prove the result ρR-almost everywhere, and

then everywhere in supp ρR.

Step 1: ρR-almost everywhere. Call WR the minimum of the energy on QR(Rd); that

is, WR := min
{
W(ρ) | ρ ∈ QR(Rd)

}
. (We know this minimum exists due to Lemma

2.6.) Clearly WR is nonincreasing in R and WR 6 WS < W∞/2 for all R > S by our

choice of S; see Lemma 2.9. If we consider a global minimiser ρR on QR(Rd), we know

by Lemma 2.7 that for ρR-almost all z ∈ supp ρR we have

1

2

∫

Rd
W (z − x) dρR(x) = W(ρR) = WR 6WS <

1

2
W∞.

Note that WS is independent of R and of the choice of the global minimiser ρR. Choose

c ∈ R with WS < c < W∞/2. Since by definition we have lim|x|→∞W (x) = W∞, we can

choose r′ > 0 with W (x) > 2c for all x ∈ Rd such that |x| > r′. (Notice that both c and

r′ are independent of R.) Then for ρR-almost every z we have

2WR =

∫

Rd
W (z − x) dρR(x)

=

∫

Br′ (z)
W (z − x) dρR(x) +

∫

Rd\Br′ (z)
W (z − x) dρR(x)

>Wmin

∫

Br′ (z)
dρR(x) + 2c

∫

Rd\Br′ (z)
dρR(x)

= (Wmin − 2c)

∫

Br′ (z)
dρR(x) + 2c,

where we have used that ρR is a probability measure. Rearranging terms and noticing

that Wmin − 2c < Wmin − 2WS < 0 and 2WS > 2WR,

∫

Br′ (z)
dρR(x) >

c−WS

c−Wmin/2
=: m. (2.7)

This finishes this step, since the right-hand side depends only on W .

Step 2: everywhere. Take δ > 0, call r := r′ + δ and let x0 ∈ supp ρR. Then we get

ρR(Bδ(x0)) > 0 by definition of the support of ρR. Suppose first that ρR(Bδ(x0)\{x0}) =

0. Then ρR({x0}) > 0 and therefore (2.7) has to be satisfied at x0, so

∫

Br(x0)
dρR(x) >

∫

Br′ (x0)
dρR(x) > m.

Suppose now that ρR(Bδ(x0) \ {x0}) > 0. Then there is y0 ∈ Bδ(x0) \ {x0} such that

(2.7) has to be satisfied at y0. Thus, since Br′(y0) ⊂ Br(x0),

∫

Br(x0)
dρR(x) >

∫

Br′ (y0)
dρR(x) > m.
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Hence the result holds for all x0 ∈ supp ρR as r depends only on W .

The following lemma is in some sense complementary to the previous one: we show

that if a minimiser ρR on QR(Rd) has a “gap” in one of the coordinates, then it cannot

be very big, with the quantification of “very big” being again independent of R and the

position of the gap. It is interesting to note that this is the only part in the chapter

where Hypothesis 6 is explicitly used: all later dependence on this hypothesis is through

this lemma.

In order to state this precisely let us denote by pn : Rd → R the nth coordinate

projection, for n ∈ J1, dK.

Lemma 2.11. Assume that the potential W satisfies Hypotheses 1–3 and 6. Let R > 0

and suppose that ρR is a global minimiser of the energy (2.1) on QR(Rd). Then the support

of ρR cannot have “gaps” larger than 2R in each coordinate (whereR is the constant from

Hypothesis 6): if n ∈ J1, dK and an ∈ R is such that p−1
n ([an−R, an+R]) ⊆ Rd \ supp ρR,

then either p−1
n ((−∞, an −R]) ⊆ Rd \ supp ρR or p−1

n ([an +R,∞)) ⊆ Rd \ supp ρR.

Proof. Let us porceed by contradiction by assume that the conclusion of the lemma does

not hold. Take n ∈ J1, dK and an ∈ R with p−1
n ([an −R, an +R]) ⊆ Rd \ supp ρR, and

such that the support of ρR intersects both the “left” part

HL := p−1
n ((−∞, an −R])

and the “right” part

HR := p−1
n ([an +R,∞)).

Take 0 < εn 6R and ε = (0, . . . , 0, εn, 0, . . . , 0) ∈ Rd with nth coordinate εn, and consider

ρ̃R := ρR|HL
+ Tε#(ρR|HR

),

where µ|A denotes the restriction of a measure µ to a Borel set A, and we recall that Tε

is the ε-translation Tε : x 7→ x − ε. Clearly ρ̃R ∈ QR(Rd) and it is the result of slightly

moving to the “left” the part of ρR in the nth coordinate which is to the “right” of an+R.

By Hypotheses 3 and 6, ρ̃R has lower energy than ρR:

W(ρ̃R) = W
(
ρR|HL

)
+ W

(
Tε#(ρR|HR

)
)

+

∫

Rd

∫

Rd
W (x− y) dρR|HL

(y) dTε#(ρR|HR
)(x)

= W
(
ρR|HL

)
+ W

(
ρR|HR

)
+

∫

Rd

∫

Rd
W (x− y − ε) dρR|HL

(y) dρR|HR
(x)

< W
(
ρR|HL

)
+ W

(
ρR|HR

)
+

∫

Rd

∫

Rd
W (x− y) dρR|HL

(y) dρR|HR
(x)

= W(ρR).
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Notice that we use here the translation invariance of the energy W and the fact

ρR = ρR|HL
+ ρR|HR

.

The strict inequality is due to W being strictly increasing in the nth coordinate on

Rn−1× [2R− εn,∞)×Rd−n and to our assumption that the support of ρR intersects both

HL and HR. This contradicts the fact that ρR is a global minimiser on QR(Rd).

Remark 2.12. Notice that the proof of Lemma 2.11 still works if instead of Hypothesis

6 we suppose the following, less restrictive, growth assumption: for every n ∈ J1, dK
there exists 0 < εn 6 R such that if x = (x1, . . . , xd) ∈ Rd is with xn > R, then

W (x + ε) > W (x), where ε = (0, . . . , 0, εn, 0, . . . , 0) ∈ Rd with nth coordinate εn. This

implies that all our results using Hypothesis 6 stay true by relaxing it to this growth

assumption (in particular Theorem 2.2).

Next we are able to give a uniform bound on the diameter of a minimiser ρR on

QR(Rd) which is independent of R. This already contains the main part of the proof of

existence of a global minimiser, since it could be used, for example, to show the tightness

of a minimising sequence. It is the main ingredient in Lemma 2.14, which is the existence

part of Theorem 2.2.

Lemma 2.13. Assume that the potential W satisfies Hypotheses 1–6. There exists K > 0

(depending only on W and d) such that for all R > 0 and global minimiser ρR of the

energy (2.1) on QR(Rd), the diameter of the support of ρR is bounded by K.

Proof. Let S be a radius given by Lemma 2.9 (i.e., such that W is unstable on QR(Rd)
for all R > S). Since S depends only on W , it is clearly enough to show the lemma for

R > S.

Take any x0 ∈ supp ρR. We recursively define N + 1 points {x0, . . . ,xN}, for some

N > 0, as follows:

1. If supp ρR \
⋃k−1
i=0 B2r(xi), with r the constant in Lemma 2.10 and n is the number

of already selected points, is not empty, then take any xk in that set.

2. If the above set is empty, then xk−1 is the last term of the sequence (i.e., N = k−1).

We notice that this process must end after at most d1/me steps; this is, N + 1 6 d1/me,
where m is the constant in Lemma 2.10 and d·e is the ceiling function. The reason for

this is that, for each i ∈ J0, NK, the ball Br(xi) contains at least a fixed amount m of

mass (see Lemma 2.10), and this mass is not in any of the other balls. Also, it is clear

that the support of ρR is contained in
⋃N
i=0B2r(xi).

We write xi = (x
(1)
i , . . . , x

(d)
i ) for all i ∈ J0, NK, and for any n ∈ J1, dK we relabel the

points so that x
(n)
0 < · · · < x

(n)
N . Then, if N > 0, we have

x
(n)
i+1 − x

(n)
i 6 4r + 2R
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for all i ∈ J0, N − 1K, due to Lemma 2.11 (otherwise the support of ρR would have a gap

larger than 2R in the nth coordinate). From this we deduce that

x
(n)
N − x

(n)
0 6 N(4r + 2R) 6 (d1/me − 1)(4r + 2R).

Note that this inequality still holds if N = 0, as in this case m must be 1. Since k is

arbitrary, we have that the diameter of the support of ρR in each coordinate k is bounded

by 4r+ (d1/me − 1)(4r+ 2R). Therefore the diameter of the support of ρR with respect

to the 2-Euclidean norm satisfies

diam (supp ρR) 6
√
d(4r + (d1/me − 1)(4r + 2R)) =: K.

Note that K does not depend on R or on the choice of ρR.

2.2.3 Minimisers on the whole set of probability measures

We now finish the proof of the existence part of Theorem 2.2:

Lemma 2.14. Assume that the potential W satisfies Hypotheses 1–6. Then there exists

a global minimiser for the energy (2.1) on P(Rd).

Proof. Let K be the bound on the diameter of minimisers on QR(Rd) for all R > 0 given

by Lemma 2.13, and consider ρ′ a global minimiser on QK(Rd). We show below that ρ′

is in fact a global minimiser in all of P(Rd).
Given ρ ∈ P(Rd) with compact support, there exists R > 0 such that ρ ∈ QR(Rd).

Let us take ρR a global minimiser of W on QR(Rd). Then, we have W(ρR) 6 W(ρ). Due

to translation invariance of W, it is clear that W(ρ′) 6 W(ρR) for any R > 0 since the

support of ρ must have diameter less than K, and then it can be translated to a measure

in QK(Rd). Therefore, we conclude that W(ρ′) 6 W(ρ) for all ρ ∈ P(Rd) with compact

support.

We want now to show that ρ′ is in fact a global minimiser on P(Rd). Take any

ρ ∈ P(Rd). For k large enough such that Mk := ρ(Bk) > 0, let us define the sequence

(ρk)k by

ρk =
χBkρ

Mk
.

Then

W(ρk)−
Wmin

2
=

1

2

∫

Rd

∫

Rd
(W (x− y)−Wmin) dρk(y) dρk(x)

=
1

2M2
k

∫

Rd

∫

Rd
χBk×Bk(x,y)(W (x− y)−Wmin) dρ(y) dρ(x).
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Applying the Lebesgue monotone convergence theorem, we get

W(ρk) −−−→
k→∞

1

2

∫

Rd

∫

Rd
W (x− y) dρ(y) dρ(x) = W(ρ).

Moreover, since ρk ∈ Qk(Rd) for all n large enough has compact support, we have by

above that W(ρk) > W(ρ′). Hence W(ρ) > W(ρ′). Therefore ρ′ is a global minimiser on

P(Rd).

2.2.4 Support compactness of minimisers

The previous section shows the existence of a compactly supported global minimiser

among all probability measures. However, this does not exclude existence of a global

minimiser without compact support. Corollary 2.3 shows that any global minimiser on

P(Rd) is actually compactly supported (and, due to Lemma 2.13, has support with

diameter less than or equal to K), thus finishing the proof of Theorem 2.2. Its proof is

based on very similar reasonings used in Lemma 2.10.

Proof of Corollary 2.3. By Remark 2.8 and Hypothesis 4 we have that W ∗ ρ = 2W(ρ)

ρ-almost everywhere and we can take c′ such that W(ρ) < c′ < W∞/2. Then, similarly

to the proof of Lemma 2.10, we show that for all x0 ∈ supp ρ,

∫

Br′′ (x0)
dρ(x) >

c′ − W(ρ)

c′ −Wmin/2
=: m′ > 0,

where r′′ can be found as in the proof of Lemma 2.10. The result follows immediately

from a contradiction argument. Indeed, suppose that ρ is not compactly supported. Then

we can choose a sequence of d1/m′e + 1 points in its support, where d·e is the ceiling

function, such that the balls with centres these points and radii r′′ do not intersect. By

the inequality above this implies that the total mass of ρ is greater than 1, contradicting

the fact that ρ is a probability measure.

2.2.5 Corollary for local minimisers

Under Hypotheses 1 to 6, Theorem 2.2 trivially ensures existence of compactly supported

local minimisers in any topology. However, it is not sufficient to show that any local

minimiser must have compact support. Let us restrict ourselves to local minimisers

with respect to the quadratic Wasserstein distance d2; for a definition see [8, Section

2] for example. We know by [8, Theorem 4(i)] that, under Hypotheses 1 to 3 and 5, if

ρ ∈ P(Rd) is a d2-local minimiser with W(ρ) < +∞, then it satisfies W ∗ ρ = 2W(ρ) ρ-

almost everywhere: that is, Lemma 2.7 (and Remark 2.8) is true for d2-local minimisers

on P(Rd). We give here a generalisation of Corollary 2.3 by restricting the instability

condition of Theorem 2.2 to the subset of d2-local minimisers:
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Corollary 2.15. Assume that W : Rd → (−∞,∞] satisfies Hypotheses 1–3 and 5, and is

such that W∞ := lim|x|→∞W (x) exists (being possibly equal to +∞). Suppose moreover

that there exists a d2-local minimiser ρ ∈ P(Rd) of the energy (2.1) with W(ρ) < W∞/2.

Then ρ is compactly supported.

Proof. The proof is direct by following the arguments of the proof of Corollary 2.3 given

in Section 2.2.4, and using the result [8, Theorem 4(i)] for d2-local minimisers and the

fact that W(ρ) < W∞/2.

For potentials with lim|x|→∞W (x) = +∞, the instability condition of Corollary 2.15

is automatically verified by any nontrivial d2-local minimiser (that is a local minimiser

with finite energy). This is the case, for instance, of the power-law potential given in

Proposition 2.17(i) when a > 0.

2.3 Examples and nonexistence of minimisers

2.3.1 Examples of potentials with minimisers

We want to give explicit examples of potentials W satisfying the hypotheses of Theorem

2.2. To this end we first state a lemma which gives sufficient conditions for a potential

to be unstable, and therefore for Hypothesis 4 to hold. A similar result can be found

in [130, Section 3.2], where alternative conditions are also given for a potential to be

unstable. In the following the subscripts + and − stand for positive and negative part,

respectively.

Lemma 2.16. Let W be a potential satisfying Hypotheses 1 and 2, and assume further-

more that W∞ := lim|x|→∞W (x) exists (being possibly equal to +∞).

(i) If W∞ = +∞, then W is unstable.

(ii) If W∞ < +∞, call W̃ := W −W∞. If W̃+ is integrable and
∫
Rd W̃ < 0 (being

possibly equal to −∞), then W is unstable.

Proof. (i). This case is trivial since, by Hypothesis 2, any uniform distribution on a given

ball has finite energy.

(ii). Let us define, for all R > 0, the probability measure

ρR =
χBR
|BR|

.

Then compute easily

W(ρR)− 1
2W∞ =

1

2|BR|

∫

Rd
fR(x)W̃ (x) dx,
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where fR := (χBR/|BR|) ∗ χBR . Remark that fR 6 1 for all R > 0 and (fRW̃ )R>0

converges pointwise to W̃ on Rd as R→∞. Assume first that W̃− is integrable, i.e., by

our hypothesis on W̃+, W̃ is integrable. Then, by the Lebesgue dominated convergence

theorem we get ∫

Rd
fR(x)W̃ (x) dx −−−−→

R→∞

∫

Rd
W̃ (x) dx < 0.

Thus there exists R large enough such that W(ρR) < W∞/2, which shows the results.

Now assume that W̃− is not integrable, i.e.,
∫
Rd W̃ = −∞. By above,

W(ρR)− 1
2W∞ =

1

2|BR|

(∫

Rd
fR(x)W̃+(x) dx−

∫

Rd
fR(x)W̃−(x) dx

)

6
1

2|BR|

(∫

Rd
W̃+(x) dx−

∫

Rd
fR(x)W̃−(x) dx

)
.

Since (fRW̃−)R>0 is nondecreasing, nonnegative and converges pointwise to W̃− on Rd

as R→∞, the Lebesgue monotone convergence theorem yields

∫

Rd
fR(x)W̃−(x) dx −−−−→

R→∞

∫

Rd
W̃−(x) dx = +∞.

Therefore, since
∫
Rd W̃+ is finite, there exists R large enough such that W(ρR) < W∞/2,

which ends the proof.

In the following proposition we use the result above to find explicit potentials satis-

fying all Hypotheses 1 to 6, and therefore for which Theorem 2.2 is applicable.

Proposition 2.17. Consider the following potentials for Ca, Cr, `a, `r > 0 and for all

x ∈ Rd.

(i) ( Power-law potential) W (x) = |x|a
a −

|x|b
b with −d < b < a,

(ii) ( Morse potential) W (x) = Cre
−|x|/`r − Cae

−|x|/`a with `r < `a and Cr/Ca <

(`a/`r)
d,

with the convention |·|0 /0 = log |·|. These potentials satisfy Hypotheses 1–6.

Proof. (i). Hypotheses 3 and 5 are trivially respected, as well as Hypotheses 2 and 6

since −d < b < a. Furthermore, since a > b, we have that W satisfies Hypothesis 1. We

are only left to show Hypothesis 4. Let us first assume a > 0. Then W (x)→ +∞ =: W∞

as |x| → ∞. Therefore, by Lemma 2.16(i) we have that W satisfies Hypothesis 4. On the

other hand, in the case a < 0 we have W (x) → 0 =: W∞ as |x| → ∞. Since a > b, W

is asymptotic to −|x|b/b as |x| → ∞, while W+ is integrable since −d < a. This shows

that
∫
RdW = −∞, so Lemma 2.16(ii) applies to show that W satisfies Hypothesis 4.

(ii). Hypotheses 2, 3 and 5 are trivially respected, as well as Hypotheses 1 and 6 by

our assumptions on the parameters. Furthermore W (x) → 0 =: W∞ as |x| → ∞, and
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one may check that ∫

Rd
W (x) dx = C ′Γ(d)(Cr`

d
r − Ca`

d
a),

where C ′ > 0 is a constant coming from a spherical change of variables and Γ is the

Gamma-function. Therefore
∫
RdW < 0 for the given range of parameters, and by Lemma

2.16(ii) we obtain that W satisfies Hypothesis 4.

2.3.2 Nonexistence of minimisers

In [138] conditions are given for the nonexistence of minimisers of the aggregation energy.

Here, for completeness, we rewrite their result in Theorem 2.18 adapting it to our hy-

potheses and using a slightly different language. Let us consider the following assumption

on the potential.

Hypothesis 7. The limit (2.5) exists and W is such that there is ρ ∈ P(Rd) with

W(ρ) 6W∞/2.

This is a formulation of Hypothesis 4 generalised to the equality case. Our main

result, as given in Theorem 2.2, can now be extended to the following result.

Theorem 2.18. Suppose that the potential W satisfies Hypotheses 1–3, 5 and 6. Also

assume it is such that the limit (2.5) exists and the positive part of W̃ := W −W∞ is

integrable if W∞ < +∞. Then W admits a global minimiser if and only if W satisfies

Hypothesis 7.

Proof. Sufficiency. The sufficiency is almost direct by Theorem 2.2. However we still

need to cover the equality case. By contradiction, suppose that there is ρ ∈ P(Rd) with

W(ρ) = W∞/2 and that there exists no global minimiser of the energy. Then there

must be a probability measure ρ′ such that W(ρ′) < W(ρ) = W∞/2. Now we can apply

Theorem 2.2 to get that there exists a global minimiser for E, which contradicts the

nonexistence assumption.

Necessity. Suppose that there exists a global minimiser ρ′ ∈ P(Rd) for the energy

(2.1). If W∞ = +∞, then the result is trivial. Assume that W∞ < +∞. By definition of

W∞, we have lim|x|→∞ W̃ (x) = 0. Then, since W satisfies Hypothesis 6, we know there

exists r > 0 large enough such that W̃ (x) 6 0 for all x ∈ Rd such that |x| > r. Thus we

know that
∫
Rd W̃ 6= +∞ by Hypothesis 2. Now, since W̃+ is integrable, by proceeding

as in the proof of Lemma 2.16 and using the same notation, we have two cases: either∫
Rd W̃ is finite and therefore W(ρR)→W∞/2 as R→∞, or

∫
Rd W̃ = −∞ and therefore

there is R large enough such that W(ρR) < W∞/2. In both cases we get W(ρ′) 6W∞/2.

Hence result.

Theorem 2.18 shows that, under its hypotheses, the only stable potentials for which

global minimisers exist are those such that the equality case in the stability definition

holds, i.e., those such that one can find ρ ∈ P(Rd) with W(ρ) = W∞/2. For radially



Chapter 2. Existence of minimisers for the aggregation energy 67

symmetric potentials this is also true without Hypothesis 6, as proven in [138]. An

example of such potential is

W (x) = |x|2e−|x|2 , x ∈ Rd.

Indeed W is radially symmetric and satisfies all the hypotheses of Theorem 2.18 but

Hypothesis 6, and is stable with obviously W(δ0) = W (0)/2 = 0 = W∞/2, where δ0 is

the Dirac measure centred at the origin.



68

3 Geometry of minimisers for the aggregation

energy

Abstract of chapter. We show that the support of any local minimiser of the aggrega-

tion energy consists of isolated points whenever the aggregation potential is of class C2

and mildly repulsive at the origin; moreover, if the minimiser is global, then its support is

finite. In addition, for some class of potentials we prove the validity of a uniform upper

bound on the support cardinal of a global minimiser. Finally, in the one-dimensional

case, we give quantitative bounds. (See [48]; DOI: 10.1016/j.anihpc.2016.10.004.)

3.1 Introduction

Consider the aggregation (or interaction) energy W: P(Rd)→ (−∞,∞], defined on the

set of Borel probability measures P(Rd) by

W(ρ) =
1

2

∫

Rd

∫

Rd
W (x− y) dρ(y) dρ(x) for all ρ ∈ P(Rd), (3.1)

where W : Rd → (−∞,∞] is a measurable aggregation (or interaction) potential. The

study of local and global minimisers of energies of the form (3.1) has in recent years been

in the spotlight of applied mathematics, in particular in the context of the variational

approach to partial differential equations. The main reason for this interest is that W is

a Lyapunov functional for the continuity equation

∂tρ = div(ρ∇W ∗ ρ) on [0,∞)× Rd,

called the aggregation (or interaction) equation, where ρ is the unknown time-dependent

probability measure. This equation describes the continuum behaviour of agents in-

teracting via the potential W , and are at the core of many applications ranging from

mathematical biology to granular media and economics; see [23, 92, 115, 141, 142] for ex-

ample. They can also be obtained as dissipative limits of hydrodynamic equations for

collective behaviour [102].

http://dx.doi.org/10.1016/j.anihpc.2016.10.004
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Typically, aggregation potentials are repulsive towards the origin and attractive to-

wards infinity; this reproduces the “social”, or natural, behaviour of the agents that are

usually considered in applications. In [8] the authors showed that the dimension of the

support of a minimiser of W is directly related to the repulsiveness of the potential at

the origin, i.e., to the strength of the repulsion of two very close particles. More precisely,

the stronger the repulsion (up to Newtonian), the higher the dimension of the support.

In particular, in the case of mild repulsion—when the potential behaves like a power of

order α, with α > 2, near the origin—the Hausdorff dimension of each smooth enough

component of the support has to be zero; see [8, Theorem 2]. The smoothness assump-

tion on the connected components of the support was essential in the proof, hence several

open problems immediately arise: Is it possible to have minimisers whose supports lie

on sets of noninteger Hausdorff dimension? Or can the support have integer dimension

but nonsmooth components? And, assuming one can prove that it is of zero dimension,

is the support discrete?

In this work we give a conclusive answer to all these questions. Let us first mention

that extensive simulations [1, 8, 17, 49, 70, 101] showed that fractal supports were not

numerically observed and, moreover, these numerical simulations were consistently giving

minimisers supported on finite numbers of points. This is precisely the rigorous result

we show in this work under suitable assumptions on the repulsive-attractive potential

W . In the rest of this chapter we always assume that

W ∈ C2(Rd) and W is radially symmetric.

Also we suppose that

W (0) = 0, and

there exists R > 0 such that

W (x) < 0 if 0 < |x| < R, and W (x) > 0 if |x| > R.

(3.2)

Let us write w(|x|) := W (x) for all x ∈ Rd. Remark that, by convention, w being

repulsive (respectively attractive) at r > 0 means w′(r) < 0 (respectively w′(r) > 0). We

suppose that W is mildly repulsive, that is,

there exist α > 2 and C > 0 such that w′(r)r1−α → −C as r → 0. (3.3)

Note that, since w(0) = 0, (3.3) implies that w(r)r−α → −C/α as r → 0.

When we refer to minimisers of the energy (3.1), we either refer to global minimisers,

in which case no underlying topology is required, or to local minimisers, in which case

we need to specify the topology. In [8] it was proven that a natural topology to obtain

suitable Euler–Lagrange conditions is that induced by the ∞-Wasserstein distance. We
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define the ∞-Wasserstein distance between two probability measures ρ1 and ρ1 by

d∞(ρ1, ρ2) = inf
π∈Π(ρ1,ρ2)

sup
(x,y)∈suppπ

|x− y|, (3.4)

where Π(ρ1, ρ2) is the space of probability measures on Rd × Rd with first marginal ρ1

and second marginal ρ2. We therefore say that ρ ∈ P(Rd) is a d∞-local minimiser of W

if there exists ε > 0 such that W(ρ) 6 W(ρ̃) for all ρ̃ ∈ P(Rd) with d∞(ρ, ρ̃) < ε. We

refer to [8, 44, 145] for a good account on the properties of this distance and its relation

to more classical metrics in optimal transport.

The Euler–Lagrange conditions for d∞-local minimisers of Wwere used to give nec-

essary and sufficient conditions on repulsive-attractive potentials to have existence of

global minimisers [36,138] (see Chapter 2 of this thesis), and to analyse the regularity of

the d∞-local minimisers for potentials which are as repulsive as, or more singular than,

the Newtonian potential [44]. In both cases, d∞-local minimisers are solutions of some

related obstacle problems for Laplacian or nonlocal Laplacian operators, implying that

they are bounded and smooth in their supports, or even continuous up to the bound-

ary [44, 60]. Similar Euler–Lagrange equations were also used for nonlinear versions of

the Keller–Segel model in order to characterise minimisers of related functionals [39].

Our main theorem in this work is the following.

Theorem 3.1 (main theorem). Let ρ ∈ P(Rd) be a d∞-local minimiser of the in-

teraction energy with W(ρ) < ∞. Then every point in the support of ρ is isolated. If

moreover ρ is a global minimiser, then its support consists of finitely many points.

Plan of chapter. In Section 3.2 we show some preliminary results concerning minimis-

ers that are needed for the proof of Theorem 3.1, which we give in Section 3.3. In Section

3.4 we prove upper estimates on the cardinal of the support of a global minimiser.

3.2 Preliminary results

We give in this section the preliminary results needed to prove Theorem 3.1. For every

ρ ∈ P(Rd), let us write

Wρ(x) := W ∗ ρ(x) =

∫

Rd
W (x− y) dρ(y) for all x ∈ Rd,

the potential generated by ρ and W . By the continuity and boundedness from below of W

it can be checked that, for any ρ ∈ P(Rd), Wρ : Rd → (∞,+∞] is lower semicontinuous

and bounded from below. From [8, Proposition 2] we have the following lemma.

Lemma 3.2. Let ρ be a d∞-local minimiser of the interaction energy with W(ρ) < ∞.

Then there exists ε > 0 such that any point x0 ∈ supp ρ is a local minimiser of Wρ for

the radius ε, that is, Wρ(x0) 6Wρ(x) for every x ∈ Bε(x0).
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The ε in the definition of a d∞-local minimiser (see below (3.4)) and that in Lemma

3.2 are the same. This is a direct consequence of the proofs of [8, Propositions 1 and 2].

By [8, Remark 3, Theorem 4] and the continuity of W we get the result below.

Lemma 3.3. Let ρ be a d∞-local minimiser with W(ρ) < ∞. Let K ⊂ supp ρ be a

compact, connected set. There exists CK ∈ R such that the Euler–Lagrange condition

writes

Wρ(x) = CK for all x ∈ K.

If moreover ρ is a global minimiser, then we know that CK = 2W(ρ), which is independent

of K, and we have 


Wρ(x) = 2W(ρ) for all x ∈ supp ρ,

Wρ(x) > 2W(ρ) for all x ∈ Rd.
(3.5)

We now give the computation of a second variation condition on minimisers of W,

which is a crucial point of the proof of Theorem 3.1.

Lemma 3.4. Let ρ be a d∞-local minimiser of the interaction energy with W(ρ) < ∞.

There exists δ > 0 such that for all x0 ∈ supp ρ we have

∫

Rd

∫

Rd
W (x− y) dν(y) dν(x) > 0 (3.6)

for any ν ∈M(Rd), finite signed measure on Rd, verifying supp ν ⊂ supp ρ∩Bδ(x0) and

ν(Rd) = 0.

Proof. Let ε > 0 be the constant of Lemma 3.2 for the local minimiser ρ, and take

δ < ε/2. Let x0 ∈ supp ρ. In this proof we write

W(ν) =
1

2

∫

Rd
W ∗ ν(x) dν(x) and Q(ρ, ν) =

1

2

∫

Rd
W ∗ ρ(x) dν(x)

for any ν ∈M(Rd) for which the right-hand sides make sense.

We first prove the result for any ν which is a finite sum of Dirac measures. Take

{x1, . . . ,xk} ⊂ supp ρ ∩Bδ(x0) for some k ∈ N, and let

ν =

k∑

i=1

aiδxi , (3.7)

with ai ∈ R for all i ∈ J1, kK := {1, 2, . . . , k} and a1 + · · · + ak = 0. Now we can define,

for every η ∈ (0, δ) and A a Borel set of Rd,

νη(A) :=
k∑

i=1

ai
ρ(Bη(xi) ∩A)

ρ(Bη(xi))
.
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Clearly νη ∈M(Rd) with νη(Rd) = 0, and supp νη ⊂ supp ρ ∩B4δ(x0). Also

|νη|(A) 6 ρ(A)

k∑

i=1

|ai|
ρ(Bη(xi))

=
ρ(A)

tη
,

where

tη =

(
k∑

i=1

|ai|
ρ(Bη(xi))

)−1

.

Therefore ρ+ tνη and ρ− tνη belong to P(Rd) for all t 6 tη. For η small enough we have

d∞(ρ, ρ+ tνη) < ε and d∞(ρ, ρ− tνη) < ε, so that

0 6
W(ρ+ tνη)− W(ρ)

t
= 2Q(ρ, νη) + tW(νη),

and

0 6
W(ρ− tνη)− W(ρ)

t
= −2Q(ρ, νη) + tW(νη),

where, by support compactness of νη and continuity of W , W(νη) ∈ R. Therefore by

sending t→ 0 in the two equations above one gets Q(ρ, νη) = 0, and so W(νη) > 0. One

can check that νη ⇀ ν narrowly as η → 0, and thus, by continuity of W and since ν is

compactly supported and supp νη is uniformly compact in η, we obtain

0 6 W(νη) −−−→
η→0

W(ν), (3.8)

which is (3.6) in the case ν has the form (3.7).

Take now any ν ∈ M(Rd) such that ν(Rd) = 0 and supp ν ⊂ supp ρ ∩ Bδ(x0). One

can narrowly approximate ν by a sequence (ν̃k)k of measures satisfying (3.7). Then,

by (3.8), continuity of W and since ν and ν̃k are supported in Bδ(x0) for all k, we get

0 6 W(ν̃k)→ W(ν) as k →∞, which ends the proof.

Remark 3.5. In Lemma 3.4 if ρ is a global minimiser of the interaction energy, then the

result is slightly stronger. Indeed, in this case, for all δ > 0 and all x0 ∈ supp ρ we have

∫

Rd

∫

Rd
W (x− y) dν(y) dν(x) > 0 (3.9)

for any ν ∈ M(Rd) verifying supp ν ⊂ supp ρ ∩ Bδ(x0) and ν(Rd) = 0. This can be

seen simply by adapting the proof of Lemma 3.4 to global minimisers. Actually in this

case, by Lemma 3.6 below, the inequality in (3.9) still holds for any ν ∈M(Rd) verifying

supp ν ⊂ supp ρ and ν(Rd) = 0, independently of x0 ∈ supp ρ and δ > 0.

The first part of Remark 3.5 yields the following lemma.
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Lemma 3.6. Let ρ be a global minimiser of the interaction energy. Then ρ is compactly

supported with diam(supp ρ) 6 R.

Proof. Let x,y ∈ supp ρ. Take ν = δx − δy in (3.9) and get that W (x− y) 6 0. Hence

the result follows from the assumption (3.2).

3.3 Proof of the main theorem: minimisers are discrete

In this section we prove Theorem 3.1.

Suppose that ρ is a d∞-local minimiser of the interaction energy, and let y0 ∈ supp ρ.

Then, given δ > 0 smaller than the one in Lemma 3.4, either there are two different points

y1,y2 ∈ supp ρ ∩Bδ(y0), or there is nothing to prove.

Step 1: geometric constraint

We show that there is a geometric constraint for the points in the support of ρ stemming

from the minimality condition of Lemma 3.4. For convenience, let us write y0 = 0,

y1 = x1 and y2 = −x2, and consider the measure

νλ = −δ0 + λδx1 + (1− λ)δ−x2 for any λ ∈ [0, 1].

By plugging νλ in (3.6) in place of ν we get

λ(1− λ)W (x1 + x2) > λW (x1) + (1− λ)W (x2).

By the assumption in (3.2), we can choose δ small enough such that W (x1),W (x2) and

W (x1+x2) are negative. Then, set a := W (x1)/W (x1+x2) and b := W (x2)/W (x1+x2),

so that the above inequality is equivalent to

λ(1− λ) 6 λa+ (1− λ)b ∀λ ∈ [0, 1]. (3.10)

and implies √
a+
√
b > 1. (3.11)

To see this, assume |b − a| 6 1 (otherwise the inequality is trivial since a, b > 0 and

therefore either a or b would be larger than 1). Then, choosing λ = (1 + b − a)/2, the

inequality (3.10) becomes, after some rearrangement,

(1− a)2 − 2(1 + a)b+ b2 6 0.

This implies in particular that

b > 1 + a− 2
√
a = (1−√a)2,
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which is the desired inequality (3.11). Now, recalling the definition of a and b, we get,

from (3.11), √
−W (x1) +

√
−W (x2) >

√
−W (x1 + x2).

Assume, by homogeneity, that x1 + x2 = pe1, where e1 is the first unit vector of the

orthonormal basis of Rd, and p > 0 is a small rescaling parameter. Then the above

inequality becomes

√
−W (x1) +

√
−W (pe1 − x1) >

√
−W (pe1).

Write x1 = p(te1 + y), where y ∈ Rd has zero first coordinate, and, by homogeneity,

t ∈ [0, 1]. Then, using that |x1| 6 pt + p|y| and |pe1 − x1| 6 p(1 − t) + p|y|, and that,

for p small enough, x 7→
√
−W (px) is radially nondecreasing in B1+|y|, we get

√
−w(p(t+ |y|)) +

√
−w(p(1− t+ |y|)) >

√
−w(p).

Write wp(r) := w(pr)p−α for any r > 0. Then, dividing the inequality above by pα/2

yields √
−wp(t+ |y|) +

√
−wp(1− t+ |y|) >

√
−wp(1). (3.12)

Observe that since the inequality above is invariant under the transformation t↔ 1−t, we

could have assumed t ∈ [0, 1/2] without loss of generality when writing x1 = p(te1 + y).

Define, for all s ∈ [0, 1] and z ∈ Rd, and for p > 0 small,

σp(s, z) =
√
−wp(s+ |z|) +

√
−wp(1− s+ |z|)−

√
−wp(1).

For any two v,v′ ∈ Rd distinct we define the open set

Sp(v,v
′) :=

{
u ∈ Rd | ∃ t ∈ [0, 1], p(u) = (1− t)v + tv′, σp (t,u− p(u)) < 0

}
,

where p : Rd → Rd denotes the orthogonal projection on the line (v,v′). Since the point

y0, taken above to be the origin, can be an arbitrary point of the support of ρ, we just

proved in (3.12) the validity of the following geometric constraint: for any y0,y1 ∈ supp ρ

such that |y0 − y1| = p with p small, we have

supp ρ ∩ Sp(y0,y1) = ∅.

Step 2: asymptotic geometric constraint

Define, for all s ∈ [0, 1] and z ∈ Rd,

σ0,α(s, z) = (s+ |z|)α/2 + (1− s+ |z|)α/2 − 1. (3.13)
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For any two v,v′ ∈ Rd distinct we define the open set

S0,α(v,v′) :=
{
u ∈ Rd | ∃ t ∈ [0, 1], p(u) = (1− t)v + tv′, σ0,α (t,u− p(u)) < 0

}
.

By the assumption given in (3.3), and assuming with no loss of generality that C = α,

we have wp(r)→ −rα and w′p(r)→ −αrα−1 as p→ 0, and

σp → σ0,α, ∇σp →∇σ0,α pointwise as p→ 0. (3.14)

This shows that, for any y0,y1 ∈ supp ρ asymptotically close, we have

supp ρ ∩ S0,α(y0,y1) = ∅ (3.15)

The boundary {(s, z) ∈ [0, 1]×Rd | σ0,α(s, z) = 0} is represented in Figure 3.1 for d = 2

and different values of α. It is important to keep in mind that this shape only depends

on α and not on the choice of the minimiser ρ.

0 0.2 0.4 0.6 0.8 1

s

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

z

α = 3

α = 4

α = 5

α = 6

Figure 3.1: The boundary {(s, z) ∈ [0, 1]×Rd | σ0,α(s, z) = 0} for d = 2
and different values of α.

Step 3: understanding the geometric constraint

Given v,v′ ∈ Rd distinct we define the open “double cone” with opening τ > 0 by

Cτ (v,v′)



Chapter 3. Geometry of minimisers for the aggregation energy 76

:=

{
u ∈ Rd | ∃ t ∈ [0, 1], p(u) = (1− t)v + tv′,

|u− p(u)|
|v′ − v| < τ min(1− t, t)

}
.

Since α > 2, then S0,α(v,v′) is nonempty for any v,v′ ∈ Rd distinct and r 7→ rα/2 is a

strictly convex function on [0,∞), which implies that S0,α(v,v′) is a convex set. Thus,

if we set

γα := sup{τ > 0 : Cτ (v,v′) ⊂ S0,α(v,v′)},

we see that γα can be computed using that |z| = γαs when s = 1/2 and σ0,α(s, z) = 0 in

(3.13), and therefore we get

γα = 21−2/α − 1.

Note that γα only depends on α (and not on the choice of v and v′). Therefore, for any

y0,y1 ∈ supp ρ asymptotically close, (3.15) gives

supp ρ ∩ Cγα(y0,y1) = ∅.

Moreover, ∂sσ0,α(0,0) = −α/2 and |∇σ0,α(0,0)| = α/
√

2, so that no tangent plane to

S0,α(v,v′) at s = 0 and z = 0 contains v′ − v. By symmetry, this also holds at s = 1

and z = 0.

This, along with the convexity of S0,α(v,v′) for any distinct v,v′ ∈ Rd and (3.14),

gives us the final form of the geometric constraint needed in order to conclude: there

exist p′ > 0 and τp′ < γα such that, for all p < p′ and y0,y1 ∈ supp ρ with |y0− y1| = p,

we have Cτp′ (y0,y1) ⊂ Sp(y0,y1).

Step 4: conclusion

We now proceed by contradiction. Let us assume that y0 is an accumulation point in

supp ρ. Then there exist a sequence (xk)k ⊂ supp ρ converging to y0 and a unit direction

e such that
xk − y0

|xk − y0|
→ e as k →∞.

This implies that if we fix k̂ large enough so that |xk̂−y0| is sufficiently small and xk̂−y0

is almost parallel to e, then for k/k̂ sufficiently large the point xk belongs to the cone

Cτp′ (y0,xk̂), a contradiction to Steps 2 and 3.

This proves that every point y0 ∈ supp ρ is isolated. Finally, when ρ is a global

minimiser, we know from Lemma 3.6 that supp ρ is compact, hence supp ρ must be

finite, and the proof of Theorem 3.1 is concluded.

Let us make an observation. If d = 2, then ∇σ0,α → α(−1/2,±1/2) at the origin,

meaning that the angle that tangent planes to the shape S0,α(x,y) make with the base

of the shape at s = 0 and z = 0) is π/4. By symmetry, this is also true at s = 1 and

z = 0.
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3.4 Estimates on the cardinal of the support of a global minimiser

We give here upper estimates on the cardinal of the support of a global minimiser of

the aggregation energy. We obtain a nonquantitative bound in any dimension, and a

quantitative one in the one-dimensional case.

For any m ∈ N and unit direction e, we write

Dm
e W (x) :=

dm

dεm

∣∣∣
ε=0

W (x+ εe) for all x ∈ Rd,

whenever the right-hand side exists. Note that, for every unit direction e, Lemma 3.2

implies that for any d∞-local minimiser ρ,




D1
eWρ(x) = D1

eW ∗ ρ(x) = 0,

D2
eWρ(x) = D2

eW ∗ ρ(x) > 0,
for all x ∈ supp ρ. (3.16)

3.4.1 Nonquantitative estimate in arbitrary dimension

Consider the assumption below.

W is locally of class C4 on Rd \ {0}, W satisfies (3.3) with α < 4, and

for any r > 0 there exists Mr > 0 such that, for any unit direction e,

D4
eW (x) 6Mr for all x ∈ Br \ {0}.

(3.17)

We give below an example of aggregation potential satisfying (3.17).

Example 3.7. Assume that there exists ψ ∈ C4(Rd) such that

W (x) = −|x|α/α+ ψ(x) for all x ∈ Rd, with 3 6 α < 4. (3.18)

We claim that W satisfies (3.17). For this, compute, for all x ∈ Rd and unit direction e,

D4
eW (x)

= −(α− 2)
(

3|x|α−4 + 6(α− 4) 〈x, e〉2 |x|α−6 + (α− 4)(α− 6) 〈x, e〉4 |x|α−8
)

+D4
eψ(x).

Therefore W is of class C4 on Rd\{0} and D4
eW blows up at the origin (since α < 4). We

thus want the term within parentheses to be nonnegative. By dilation, we can assume

|x| = 1. Then, since 〈x, e〉2 ∈ [0, 1], it is necessary and sufficient to show that

f(ξ) := 3− 6βξ + β(β + 2)ξ2 > 0 for all ξ ∈ [0, 1], (3.19)

where β := 4 − α ∈ (0, 1]. Now, one can check that the minimum of f is reached at
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ξ∗ = 1 and f(ξ∗) = (β − 3)(β − 1) > 0, which proves the claim. We can also show that

the condition 3 6 α in (3.18) is sharp. Indeed, let 2 < α < 3; then β ∈ (1, 2), and the

minimum of f is reached at ξ∗ = 3/(β + 2) ∈ (3/4, 1) and f(ξ∗) = 6(1− β)/(β + 2) < 0,

which violates (3.19).

Lemma 3.8. Suppose that W satisfies (3.17) and let ρ ∈ P(Rd) be a global minimiser

of the interaction energy. Then D2
eWρ(x) > 0 for all x ∈ supp ρ and unit direction e.

Proof. By Theorem 3.1 we know that the support of ρ is discrete. Also, by the minimality

conditions (3.16) we know that the Hessian of Wρ is positive semidefinite on the support

of ρ. Let {xk}k := supp ρ and denote by mk the mass of particle xk for any k > 1.

Without loss of generality, assume by contradiction that D2
eWρ(x1) = 0. We want to

build a probability measure with smaller energy than ρ. Define, for all ε > 0,

ρε =
∑

i>2

miδxi +
m1

2
δyε +

m1

2
δzε ,

where yε and zε are distinct points belonging to the boundary of Bε/2(x1) such that

xε − x1 and yε − x1 are collinear to e, and which we can suppose to be different from

xk for all k > 2. Clearly ρε is the probability measure resulting from splitting the mass

present at x1 under ρ and moving it evenly to two opposite points in the direction e at

a distance ε/2 from x1. Then,

W(ρε) =
1

2

∑

i>2

mi

(∑

j>2
j 6=i

mjW (xi − xj) +m1W (xi − yε) +m1W (xi − zε)
)

+
m2

1

4
W (yε − zε)

= W(ρ) +
m1

2

∑

i>2

mi (W (xi − yε) +W (xi − zε)− 2W (xi − x1)) +
m2

1

4
w(ε).

Note that, by (3.2), (3.3) and (3.17), D2
eW (0) = 0. Hence, using the upper boundedness

of D4
eW (see (3.17)) and the bound on the diameter of supp ρ (see Lemma 3.6), a Taylor

expansion yields

W(ρε) 6 W(ρ) +
m1

8

∑

i>2

miD
2
eW (xi − x1)ε2 +

m2
1

4
w(ε) + C ′ε4

= W(ρ) +
m1

8
D2
eWρ(x1)ε2 − m1

8
D2
eW (0)ε2 +

m2
1

4
w(ε) + C ′ε4

= W(ρ) +
m2

1

4
w(ε) + C ′ε4,
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for some constant C ′ ∈ R depending on MR. Then

W(ρε) 6 W(ρ)− m2
1

4
(C/α)εα + C ′ε4,

where C is as in (3.3). Since α < 4 we get W(ρε) < W(ρ) for ε small enough, which

contradicts the fact that ρ is a global minimiser of W.

Theorem 3.9. Let (Wk)k be a sequence of interaction potentials, compact in C2(Rd),
and satisfying the assumptions in (3.2) and (3.17) with uniform constants. Then there

exists N ∈ N such that any global minimiser ρk ∈ P(Rd) of the interaction energy for

Wk satisfies card(supp ρk) 6 N .

Proof. We proceed by contradiction. Since {Wk}k is compact in C2(Rd) and satisfies the

assumptions in (3.2) and (3.17) with uniform constants, it has a limit W satisfying (3.2)

and (3.17). Let ρk ∈ P(Rd) be global minimisers of the aggregation energy associated to

Wk, and assume by contradiction that card(supp ρk)→∞ as k →∞. By Lemma 3.6, up

to a translation, supp ρk ⊂ BR for all k ∈ N. Thus, up to a subsequence, (ρk)k converges

narrowly to some ρ ∈ P(Rd) as k → ∞, which, by narrow lower semicontinuity of the

energy (since W is bounded from below and lower semicontinuous; see [36, Lemma 2.1]

or Lemma 2.5), is a global minimiser associated to W . We can pick xk,yk ∈ supp ρk

for all k ∈ N such that the sequences (xk)k and (yk)k converge to some x ∈ supp ρ as

k → ∞. Let ek := (xk − yk)/|xk − yk| for all k ∈ N, and, up to a subsequence, define

e := limk→∞ ek. Thanks to the first line of (3.16) and the C2 regularity of W ,

0 =
D1
ek
Wρk(xk)−D1

ek
Wρk(yk)

|xk − yk|
=

∫ 1

0
D2
ek
Wρk(xk + t(yk − xk)) dt −−−→

k→∞
D2
eWρ(x).

However, Lemma 3.8 gives D2
eWρ(x) > 0, which leads to the wanted contradiction.

3.4.2 Quantitative estimate in one dimension

We fix d = 1. Consider the assumption below.

There exists r ∈ (0, R] such that
√−w is strictly convex on (0, r). (3.20)

Lemma 3.10. Suppose that W satisfies (3.20). Let ρ be a global minimiser of the inter-

action energy. Then any interval of length strictly less that r contains at most two points

of supp ρ.

Proof. Without loss of generality, we take three distinct points 0, x1,−x2 ∈ supp ρ with

−x2 < 0 < x1. By applying the reasoning in the proof of Theorem 3.1 to a global

minimiser, we get √
−w(x1) +

√
−w(x2) >

√
−w(x1 + x2). (3.21)
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By contradiction, suppose that x1 + x2 ∈ (0, r). Then, since
√−w is strictly convex on

(0, r), √
−w(x1) <

x1

x1 + x2

√
−w(x1 + x2) +

x2

x1 + x2

√
−w(0),

which, since w(0) = 0, yields

√
−w(x1) <

x1

x1 + x2

√
−w(x1 + x2).

Similarly, for −x2, √
−w(x2) <

x2

x1 + x2

√
−w(x1 + x2).

Thus, by adding up the last two inequalities,

√
−w(x1) +

√
−w(x2) <

√
−w(x1 + x2),

which contradicts (3.21). Therefore x1 + x2 > r, which is the desired result.

As a direct consequence of Lemmas 3.6 and 3.10, we get the theorem below.

Theorem 3.11. Suppose that W satisfies (3.20). Let ρ ∈ P(R) be a global minimiser of

the interaction energy. Then card(supp ρ) 6 2dR/re + 1, where d·e denotes the ceiling

function.

We give now an example of potential for which we can apply the result above to

estimate the number of points in the support of a global minimiser.

Example 3.12. Consider the power-law potential

W (x) =
|x|a
a
− |x|

b

b
for all x ∈ R with 2 < b < a. (3.22)

We want to use Theorem 3.11 to estimate the number of points in the support of a

global minimiser ρ for the potential (3.22) as a function of a and b. Clearly, W satisfies

the assumptions in (3.2), with R = R(a, b) = (a/b)1/(a−b), and in (3.3). After some

computation, we get that the condition in (3.20) is fulfilled for r = r(a, b), where

r(a, b)

=


a(a− 1) + b(b− 1)− ab

b(a− 2)
−
√(

a(a− 1) + b(b− 1)− ab
b(a− 2)

)2

− a(b− 2)

b(a− 2)




1/(a−b)
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Then, Theorem 3.11 gives us an upper estimate on card(supp ρ). To make it simpler, let

us assume that a = 2b. By injecting this into the above equation, we obtain

r(a, b) = r(b) =

(
3

2
− 1

2

√
5b− 1

b− 1

)1/b

.

Since now R(a, b) = R(b) = 21/b, Theorem 3.11 gives

card(supp ρ) 6 2

⌈(
4
√
b− 1

3
√
b− 1−

√
5b− 1

)1/b
⌉

+ 1.

Note that the right-hand side of the formula is infinity for the limit case b = 2. When

b → ∞, however, the right-hand side of the above formula gives an upper bound of 5

points in the support.

Let us end with an observation. When W is a power-law potential as in (3.22) with

even powers, we can estimate the number of points in the support of a global minimiser

as follows: if a > b > 0 are even integers and ρ is a global minimiser, then Wρ is a

polynomial of degree a. Since (3.5) implies that every point in supp ρ is a double root of

such polynomial, this cannot happen more than a/2 times, so that card(supp ρ) 6 a/2.

Note that this estimate, unlike the one of Theorem 3.11, is independent of b and is thus

valid also for the limit case b = 2.
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4 Convergence of discrete minimisers to

continuum minimisers for the aggregation

energy

Abstract of chapter. Under suitable technical conditions we show that minimisers of

the discrete aggregation energy for attractive-repulsive potentials converge to minimisers

of the corresponding continuum energy as the number of particles goes to infinity. We

prove that the discrete aggregation energy Γ-converges in the narrow topology to the

continuum aggregation energy. As an important part of the proof we study support and

regularity properties of discrete minimisers: we show that continuum minimisers belong

to suitable Morrey spaces and we introduce the set of empirical Morrey measures as a

natural discrete analogue containing all the discrete minimisers. (See [38]; ArXiv link:

1612.09233.)

4.1 Introduction

Consider a finite set of N > 2 classical particles in Euclidean space Rd interacting through

a pair potential W : Rd → (−∞,∞]. If the particles are placed at points x1, . . . ,xN ∈ Rd

and have equal masses 1/N , then their aggregation (or interaction) energy is given by

WN (X) :=
1

2N2

N∑

i=1

N∑

j=1
j 6=i

W (xi − xj), (4.1)

where X = (x1, . . . ,xN ). We often refer to a set of positions (x1, . . . ,xN ) ∈ RNd as a

configuration, and call WN the discrete aggregation (or interaction) energy. The gradient

of W models the interaction force between two particles: −mxmy∇W (x − y) is the

force that a particle at x with mass mx exerts on a particle at y with mass my, and

accordingly we say that W is attractive at x ∈ Rd when 〈∇W (x),x〉 > 0 and repulsive

when 〈∇W (x),x〉 6 0. The choice of masses equal to 1/N is of course a convenient

normalisation so that the set of N particles has total mass 1. Notice that W can be

http://arxiv.org/abs/1612.09233
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assumed to be symmetric, i.e., W (−x) = W (x) for all x ∈ Rd, without loss of generality

since symmetrising the potential does not change the energy (4.1). The sum in (4.1)

is therefore halved since pairs of particles are counted twice; more importantly, self-

interactions are not present in the sum, in agreement with classical physics.

A natural question regards the existence and shape of minimisers of this aggregation

energy among all possible particle configurations; that is, particle configurations whose

aggregation energy is the smallest possible. We also refer to these configurations as

ground states or discrete minimisers, and in this chapter we are mainly concerned with

their shape and size as N → ∞. As we rigorously show, for large N these minimisers

are closely related to minimisers of the continuum aggregation (or interaction) energy W

defined by

W(ρ) =
1

2

∫

Rd

∫

Rd
W (x− y) dρ(y) dρ(x) (4.2)

for any ρ ∈ P(Rd), where P(Rd) is the set of Borel probability measures on Rd. This

expression makes sense whenever W is bounded from below and measurable, in which

case the value of W(ρ) is a number in (−∞,∞]. A probability measure ρ minimising

(4.2) on P(Rd) is called a continuum minimiser. These continuum minimisers have been

the subject of several works [8,10,36,63,138] and in particular their existence, under some

technical assumptions, is almost equivalent to the instability of the potential W [36,138]

(see Chapter 2 of this thesis):

Definition 4.1 (instability). Let W : Rd → (−∞,∞] be a measurable function which

is bounded from below and such that there exists

W∞ := lim
|x|→∞

W (x) ∈ (−∞,∞].

We say that W is unstable if there exists ρ ∈ P(Rd) such that

W(ρ) < 1
2W∞.

We say that W is stable if it is not unstable, i.e., if for all ρ ∈ P(Rd) we have W(ρ) >

W∞/2; we say that W is strictly stable if the inequality is strict.

This concept of stability is very close to the classical concept of H-stability as given

for example in [130]; see Definition 4.24. For continuous potentials it was proved in [138]

that they are indeed equivalent, and for potentials with a mild singularity at the origin

we show in Section 4.5.1 that H-instability is implied by instability as given in the above

definition. We refer the reader to Section 4.5.1 for further details and a brief background

of these concepts. In [36, 138] (see Chapter 2) it was proved that under some technical

assumptions (for example, under Hypotheses 8 and 9 in the next section) continuum

minimisers exist if and only if there exists a probability measure ρ with W(ρ) 6W∞/2;
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that is, if and only if W is unstable or there is ρ with W(ρ) = W∞/2. It is then

natural to find that the same concept of instability plays a crucial role in the behaviour

of discrete minimisers for large N—this constitutes the main result of our work: for

unstable potentials, discrete minimisers approach the set of continuum minimisers as

N → ∞; while for strictly stable potentials, discrete minimisers grow in size without

bound as N →∞.

In order to state the main result precisely we need a few definitions. The diameter of

a particle configuration X = (x1, . . . ,xN ) ∈ RNd, denoted diamX, is just the diameter

of the set {x1, . . . ,xN} ⊂ Rd and the empirical measure associated to X is

ρX :=
1

N

N∑

i=1

δxi ,

with δx the Dirac delta measure at a point x ∈ Rd. We endow the set P(Rd) with the

narrow topology, obtained by duality with the space of bounded continuous functions on

Rd, in accordance with the terminology in [3]; we discuss more the narrow topology in

Section 4.6. We often identify X ∈ RNd with its empirical measure ρX , and accordingly

we use on X concepts that really apply to ρX . For example, we say that a sequence

(XN )N>2, with XN ∈ RNd for all N > 2, converges to ρ (narrowly) if ρXN
converges to

ρ in the narrow topology. Postponing the precise hypotheses to Section 4.2, the following

is our main result.

Theorem 4.2 (main theorem). Assume that W satisfies Hypotheses 8–10 in Section

4.2. For any N > 2 the discrete energy WN has a minimiser on RNd, and for any

sequence (XN )N>2 of such minimisers the following statements hold.

1. If W is unstable, then the diameter of XN is uniformly bounded for all N and

(XN )N>2 has a subsequence which converges in the narrow sense, up to transla-

tions, to a minimiser of the continuum energy W as N →∞.

2. If W is strictly stable, then the diameter of XN tends to ∞ as N →∞.

The case in which infρ∈P(Rd) W(ρ) = minρ∈P(Rd) W(ρ) = (1/2) lim|x|→∞W (x), that

is, the case in which W is stable but not strictly stable, is not included in our main result.

Indeed this is a critical case for which our approach is not conclusive; discrete minimisers

may still exist for every N but we cannot get a uniform bound on their diameter, which

prevents us from proving convergence to a continuum minimiser. The precise hypotheses

on W are given in Section 4.2 but we already point out that the power-law potentials

W (x) =
|x|a
a
− |x|

b

b
with





0 < b < a when d ∈ {1, 2},
2− d < b < a, b 6= 0, when d > 3,

(4.3)



Chapter 4. Convergence of discrete minimisers for the aggregation energy 85

satisfy all assumptions in the main theorem and are unstable (and thus their associated

discrete minimisers behave as Theorem 4.2(1)). The Morse potentials

W (x) = Cr exp(−|x|/`r)− Ca exp(−|x|/`a), (4.4)

for some positive constants Cr, `r, Ca and `a, also satisfy all assumptions and are unstable

if `r < `a and Cr/Ca < (`a/`r)
d; see [36, Proposition 3.2] (or Proposition 2.17).

Theorem 4.2 gives a natural link between the discrete energy (4.1) and the continuum

one (4.2). In the same way as [36, 138] (see Chapter 2) showed that strict stability is

the property of the potential that determines existence or not of continuum minimisers,

Theorem 4.2 shows that it also determines the existence or not of a limit of the family of

discrete minimisers as N →∞. In fact our proof follows “discrete versions” of arguments

in [36]. Regularity results for continuum minimisers in [8] are also crucial and our proof

contains discrete analogues of these. Let us now give some background motivation for

the problem we are considering and then let us sketch the strategy of our proof.

Previous results and motivation. Discrete minimisers represent the natural minimal

energy configurations of N particles under the given potential in the absence of any

external forces and without thermal fluctuations (in other words, these are classical

ground states at temperature 0). Understanding the shape of these ground states (and

those of related energy functionals) when the number N of particles is very large is

of obvious interest in statistical mechanics [126, 137, 140], with direct implications in

materials science [87,107,108,117]. For physically relevant potentials such as the Lennard-

Jones potential W (x) = |x|−12 − |x|−6 the conjectured behaviour is that crystallisation

takes place as N →∞. That is: minimisers have particles placed almost at the vertices

of a regular triangular lattice, approaching the lattice as N increases. This has been

rigorously proved for certain potentials similar to Lennard-Jones in dimensions 1 and

2 [86, 140] and for some other very specific potentials [107, 108], but is in general an

unsolved problem; for results in this direction, see also [126] for some interaction energies

with an external confining potential and [137] for systems with Coulomb interactions and

their links to other mathematical problems. Even if showing a crystallisation property

is remarkably hard, one can make a weaker observation: for certain potentials, including

Lennard-Jones, the diameter of ground states seems to increase without bound as N →
∞, while for others the diameter seems to tend to a fixed value. This is part of the content

of Theorem 4.2, whose main restriction in this setting is that it essentially requires the

potential W to be less singular than |x|2−d at x = 0 (such as for example (4.3)). When

the singularity is stronger, between |x|−d and |x|2−d, we expect our main result still to

be true, although we are unable to show it since potentials in this case do not satisfy

Hypothesis 10. Hence our statement does not say anything about the Lennard-Jones

case, but does show that minimisers grow in diameter without bound for a range of
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stable potentials with a possible singularity at x = 0.

In addition to their relevance in statistical mechanics, an important more recent mo-

tivation for our results comes from the field of collective behaviour, where shapes of

self-organised structures in some individual-based models exhibit very interesting phe-

nomena and are closely related to those of discrete minimisers [1,17,51,70,101,148]; see

the survey on emergent behaviour [100]. In this context, models aim at capturing the

behaviour of a large number of individuals, with applications to fish, cattle, birds, ants,

and crowds of people. In very simplified models, interaction through a potential reflects

a tendency of individuals to avoid close contact while keeping a tendency to stay close to

the group. The study of these models has led to different questions regarding the min-

imisers of (4.1), mainly since the potentials involved are not determined by physics but

by phenomenological considerations in each particular model. This has sparked interest

in the shape of minimisers for potentials which are very different from those found in

physics, including potentials with a mild or no singularity at 0 or which tend to infinity

at large distances. The paper [70] is the first example we know of where the link was

made between the stability properties of the potential and the size of stationary states for

a potential interaction. In it, a particular time-dependent interaction model was consid-

ered with the Morse potential (4.4) and its asymptotic states were numerically studied.

It was observed that their size increases with N for stable potentials while it does not

for unstable ones. This is precisely the behaviour which Theorem 4.2 aims at justifying

rigorously.

Minimisers of the continuum energy (4.2) are also of interest in collective behaviour

models [41, 78, 79], in the theory of nonlocal partial differential equations [29–31], and

again in connection to statistical mechanics [12]. They display interesting effects such

as a link between the repulsive singularity of the potential and smoothness of min-

imisers [8, 29, 76, 77]; they are connected to solutions to obstacle problems in certain

cases [44,60]; and for specific potentials W they are also linked to the theory of random

matrices [61]. These continuum minimisers are often studied by numerically solving an

N -particle approximation, with the assumption that stationary states for large N are

good approximations to the continuum ones. As far as we know, our present results are

the first where a justification of this is given. Of course, in order to make the results

practical for numerical simulation it would be very useful to estimate the rate of conver-

gence to continuum minimisers as N →∞ in Theorem 4.2; this seems a worthwhile but

difficult question, since even the uniqueness of minimisers is unclear (except for specific

potentials W [30, 78]).

Let us mention as well that the connection between the discrete and continuum

energies is a hard question in mean-field limit results for dynamical problems [37,40,43,

46,91], especially for potentials which have a singularity at x = 0. Roughly speaking, the

main difficulty is to show that the unbounded forces between particles resulting from the
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singularity are in fact negligible for large N if one only cares about the overall particle

density. Unsurprisingly, our proof is much more delicate for singular potentials and yields

more interesting estimates at the discrete level in that case.

Strategy of proof. Our general strategy is based on drawing a parallel discrete version

of several results which have been recently obtained for continuum minimisers. A first

one is the regularity of continuum minimisers, studied in [8, 29, 44]. We describe this

informally now and we refer the reader to Section 4.3 for full details. If the potential

W behaves like −|x|b/b close to x = 0 for some 2 − d < b < 2, then it was proved

in [8] that the dimension of the support of continuum minimisers is at least 2 − b. In

fact, a stronger regularity result is a direct consequence of the arguments in [8], though

it was not explicitly remarked there: it holds that |x|b−2 ∗ ρ is a bounded function for

any minimiser ρ and hence one obtains (see Section 4.3) that ρ is in the Morrey space of

measures which satisfy

ρ(Br(x)) 6 Cr2−b

for any ball Br(x) of radius r > 0 and centre x ∈ Rd, and some C > 0 independent

of the ball Br. Now, an analogue of this regularity is needed for discrete minimisers

X = (x1, . . . ,xN ) ∈ RNd, with the difficulty that the empirical measure

ρX :=
1

N

N∑

i=1

δxi

cannot satisfy the same bound, being a sum of Dirac delta functions. Instead of this, we

prove the following variation: the total mass of particles inside a ball of radius r centred

at one of the particles is less than a constant times r2−b if one does not count the particle

at the center. In other words, there exists a universal constant C > 0 depending only on

W such that

ρX(Br(xi)) 6 Cr2−b + 1
N for i ∈ J1, NK (4.5)

for any discrete minimiser X = (x1, . . . ,xN ) ∈ RNd (always under the assumption that

W (x) ∼ −|x|b/b for x ∼ 0), where J1, NK stands for {1, 2, . . . , N}. This motivates an

interesting definition of “empirical Morrey measures” which serves as a discrete version

of the Morrey spaces; see Sections 4.3 and 4.4 for details.

Another important basic property of continuum minimisers is that they satisfy the

following conditions, as proved in [8] (and informally noticed in [12] without a rigorous

proof): if a probability measure ρ minimises (4.2) then




W ∗ ρ(x) = 2W(ρ) for ρ-almost every x ∈ Rd,

W ∗ ρ(x) > 2W(ρ) for almost every x ∈ Rd.
(4.6)
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The quantity W ∗ ρ(x) represents the potential created by the mass distribution ρ at

the point x ∈ Rd; the above statement says in particular that it is almost everywhere

constant in the support of ρ. We refer to the condition in the first line as the Euler–

Lagrange equation. The quantity corresponding to W ∗ ρ(x) in the discrete case, for a

particle distribution X ∈ RNd, is

Pi(X) :=
1

N

N∑

j=1
j 6=i

W (xi − xj) for all i ∈ J1, NK,

which is the potential at position xi created by all particles but that at xi. Interestingly,

for a discrete minimiser this does not seem to be constant at all sites i, but we show a

bound on its variation across sites which decays asymptotically as N → ∞: there exist

A > 0 and 0 < k 6 1 such that

|Pi(X)− Pj(X)| 6 AN−k for all i, j ∈ J1, NK (4.7)

for any discrete minimiser X ∈ RNd. The constants A and k are independent of N

(and are constructive) and thus this shows that for large N the potential at two different

particles cannot differ by a large amount.

Finally, continuum minimisers are known to be compactly supported ifW is increasing

at long range, with a constructive bound as proved in [36] (see Chapter 2). Analogously,

in Section 4.4.4 we give a uniform bound on the diameter of discrete minimisers, which

can be understood as a discrete version of the argument in [36], using the approximate

Euler–Lagrange property (4.7) and the “discrete Morrey regularity” (4.5). We point out

that the latter is needed only for potentials which are unbounded at x = 0, which are

the main difficulty in our result.

We also phrase some of our results using the terminology of Γ-convergence in Section

4.6. Our proof of convergence of minimisers contains the fact that the discrete energy

(4.1) Γ-converges to the continuum energy (4.2) in the narrow topology, which depends

on the singularity of the potential W . We remark that there is a previous related result

in [66], where the Γ-convergence of the regularised continuum energy (associated to a

mollified potential Wε) to the energy (4.2) (associated to W ) was studied as the regu-

larisation parameter ε tends to 0. Hence this latter result is concerned with convergence

of the continuum energy (4.2) for different potentials, while in the present chapter we

study the convergence of the discrete energy (4.1) as N →∞ for a fixed potential W .

Plan of chapter. In Section 4.2 we gather some necessary definitions and state precisely

our hypotheses. Sections 4.3 contains some simple observations on the regularity of

continuum minimisers, directly deduced from [8]. Section 4.4 gathers several properties
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of discrete minimisers, including existence, “discrete regularity” (a discrete version of the

continuum one) and an approximate Euler–Lagrange property. Finally, in Section 4.5

the proof of our main result is completed, showing that discrete minimisers approach the

set of continuum ones as the number of particles goes to infinity. In Section 4.6 we prove

a technical result that is needed in earlier proofs: the discrete energy Γ-converges to the

continuum one; essentially, we show that one may approximate a probability measure ρ

by a discrete distribution in such a way that the aggregation energy is also approximated

if ρ has a suitable Morrey regularity.

4.2 Preliminaries and hypotheses

In order to state the full assumptions in our results we need to introduce a couple of

definitions. The first is the concept of β-repulsivity, taken from [8]. For any R > 0

and z ∈ Rd we denote by BR(z) the open ball of radius R and centre z; in the case

z = 0 we simply write BR. Analogously, we writeBR(z), orBR, for the closed ball. The

integral −
∫
A denotes the averaged integral over a Borel region A, that is,

∫
A divided by

the Lebesgue measure of A.

Definition 4.3 (approximate and generalised Laplacians). Let W : Rd → (−∞,∞]

be a locally integrable function. The approximate Laplacian of W is defined, for all ε > 0,

by

∆εW (x) =
2(d+ 2)

ε2

(
−
∫

Bε

W (x+ y) dy −W (x)

)
for all x ∈ Rd,

and the generalised Laplacian of W is defined by

∆0W (x) = lim inf
ε→0

∆εW (x) for all x ∈ Rd.

Note that ∆εW makes sense as a number in (−∞,∞], and ∆0W may be a number

in [−∞,∞]. Also, if the classical Laplacian of W exists at some x ∈ Rd, then ∆W (x) =

∆0W (x).

Definition 4.4 (β-repulsivity). Let β > 0 and W : Rd → (−∞,∞]. We say that W is

β-repulsive at the origin if it is locally integrable and there exist δ > 0 and C > 0 such

that

−∆0W (x)




> C|x|−β for all x ∈ Rd with 0 < |x| < δ,

= +∞ for x = 0.
(4.8)

Notice that the notion of β-repulsivity is sensitive to the value of W at x = 0, so

it does not hold if we arbitrarily set W (0) := W0 ∈ R when W is lower semicontinuous

(the second line of (4.8) would not be satisfied). Typically, potentials with a singularity

equal to or stronger than the Newtonian are generally not β-repulsive for any β > 0.

Indeed, if W (x) := −|x|b/b for b 6= 2− d (with the understanding that |x|0/0 = log |x|),
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one can easily check that ∆W (x) = (2 − b − d)|x|b−2 for all x 6= 0, which leads to a

violation of the first line of (4.8) if b < 2− d. If b = 2− d, then ∆W is a multiple of the

Dirac measure at the origin and (4.8) again cannot be satisfied; the Newtonian potential

is therefore not β-repulsive, for any β > 0. On the opposite, if 2 − d < b < 2, that is,

if W has a milder singularity than the Newtonian potential, then it is β-repulsive with

β = 2− b.
Our first assumption on W is the most basic, ensuring that the aggregation energies

we use are well defined and have suitable lower semicontinuity properties:

Hypothesis 8. W : Rd → (−∞,∞] is lower semicontinuous, bounded from below by a

finite constant Wmin ∈ R, and locally integrable.

In order to prove existence of discrete minimisers we need to add the assumption

below, whose main point is to ensure that W is attractive at long distances.

Hypothesis 9. There exists lim|x|→∞W (x) =: W∞ ∈ (−∞,∞], W is symmetric, and

there is R > 0 such that W is radially strictly increasing on Rd \BR.

As mentioned in the introduction, the condition on the symmetry of W implies no

loss of generality since nonsymmetric potentials can be symmetrised without changing

the value of the interaction energy. Finally, in order to show a uniform bound on the

support of discrete minimisers we need to assume a specific behaviour of the potential at

the origin:

Hypothesis 10. One of the two following properties holds.

(a) W is bounded from above and upper semicontinuous.

(b) W is β-repulsive for some 2 < β < d, it is of class C1 on Rd \ {0}, and for some

CW > 0 we have

∆0W (x) 6 CW for all x ∈ Rd,

W (x) 6 CW |x|2−β for all |x| 6 1,

|∇W (x)| 6 CW |x|1−β for all |x| 6 1.

Notice that Hypothesis 10(a) and the lower semicontinuity and boundedness from

below of Hypothesis 8 imply that W ∈ C(Rd). Hypothesis 10(a) tells us that W (0)

is bounded, whereas Hypothesis 10(b) includes unbounded potentials with a specific

repulsive behaviour at the origin. The radius 1 in the bounds of W and |∇W | is not

fundamentaland all proofs work with minor modifications if these bounds hold for |x| < r0

for a given positive r0. Since we must require that W satisfies Hypotheses 8–10, we obtain

our results for singularities up to, and not including, that of the Newtonian potential

|x|2−d/(d−2) (or− log |x| when d = 2), with the main restriction coming from Hypothesis

10(b).



Chapter 4. Convergence of discrete minimisers for the aggregation energy 91

Typically, the potentials of interest are attractive at long ranges and repulsive at short

ones, and are smooth away from 0 with a possible singularity at the origin. As already

mentioned, a class of potentials satisfying Hypotheses 8–10 consists of the power-law

combinations (4.3), where we set W (0) = +∞ if b < 0. Notice that Hypothesis 10(a)

covers the cases with b > 0, while Hypothesis 10(b) covers the cases with b < 0. When

d ∈ {1, 2} all power-law potentials of the type (4.3) fall in the case of Hypothesis 10(a)

due to the condition 0 < b; in dimensions 1 and 2 the functions |x|b are not β-repulsive

(for any β) if b 6 0.

Let us finally make a note of the terminology used. As it is clear from the introduction,

we refer in this chapter to global minimisers (of the continuum or discrete energy) simply

as minimisers. This is because we are not concerned with local minimisers, except on

some limited occasions where we clearly mention it as well as the underlying topology in

the continuum case. Also, we say that ρ ∈ A ⊂ P(Rd) is a minimiser of the continuum

energy on the set A if it minimises the energy among all elements of A; this holds in the

discrete setting too.

4.3 Regularity of continuum minimisers

We make a short observation on the regularity of continuum minimisers which is essen-

tially contained in the results of [8], but is not mentioned there explicitly. Later, in

Section 4.4.2, we carry out a discrete version of these arguments. Our main result on

continuum minimisers states that they are bounded in a specific Morrey space of mea-

sures for β-repulsive potentials. We always denote by M(Rd) the space of finite signed

Borel measures on Rd.

Definition 4.5 (Morrey space). Let p ∈ [1,∞] and ν ∈M(Rd). We say that ν belongs

to the p-Morrey space Mp(Rd) if there exists a constant M > 0 such that, for all r > 0

and x ∈ Rd,
|ν|(Br(x)) 6Mrd/q,

where q is the conjugate exponent of p and |ν|(A) is the total variation of ν in a Borel

set A ⊂ Rd. For any ν ∈Mp(Rd) we define its p-Morrey norm by

‖ν‖Mp(Rd) = sup
{
r−d/q|ν|(Br(x)) | (r,x) ∈ (0,∞)× Rd

}
.

Observe that for p = 1 we have q = +∞ and the above definition just states that ν is

finite, so M1(Rd) is just M(Rd) with the total variation norm. Similarly, for p = ∞ we

have q = 1 and M∞(Rd) can be identified with L∞(Rd).

Theorem 4.6. Assume that W satisfies Hypothesis 8, it is β-repulsive for some 0 < β <

d and ∆0W 6 CW for some CW > 0. If ρ ∈ P(Rd) is a minimiser of the continuum
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interaction energy W, then ρ ∈ Mp(Rd) with p = d/(d − β) and ‖ρ‖Mp(Rd) 6 2βC ′ for

some C ′ > 0 only depending on W .

Note that if ν ∈Mp(Rd) the Hausdorff dimension of the support of ν is bounded from

below by d/q by Frostman’s lemma [110]; Theorem 4.6 thus tells us that the dimension

of the support of a continuum minimiser is at least β. This dimensionality property

is one of the main results in [8] and our observation is that almost the same argument

used in [8] actually reaches the stronger conclusion that a minimiser ρ belongs to Mp(Rd).
Theorem 4.6 is directly deduced from the next three lemmas. The first one can be readily

found in [8, Corollary 1]. The second one states that a minimiser can be convolved with

|·|−β to give a bounded function, and is proved by following and adapting the proof

of [8, Proposition 3]. The third one comes from potential theory and states that a

probability measure ρ whose convolution with |·|−β is bounded is p-Morrey regular for

p = d/(d− β); it can be found for example in [110, Section 8]).

Lemma 4.7 (see [8, Corollary 1]). Let W satify Hypothesis 8 and suppose that ∆0W 6

CW for some CW > 0. If ρ is a minimiser of W, then ∆0W ∗ρ(x) > 0 for all x ∈ supp ρ.

Lemma 4.8. Let W be as in Theorem 4.6 and let ρ ∈ P(Rd) be a minimiser of the

continuum energy. There exists a constant C ′ > 0 (depending only on W ) such that

∫

Rd
|x− y|−β dρ(y) 6 C ′ for all x ∈ supp ρ.

Proof. Choose x0 ∈ supp ρ and write ρ = ρ0 + ρ1, with ρ0 and ρ1 two nonnegative

measures such that supp ρ0 ⊂ Bδ(x0) and supp ρ1 ⊂ Rd \ Bδ(x0), where δ is as in

Definition 4.4, and such that neither ρ0 nor ρ1 are zero measures. Now compute

C

∫

Rd
|x0 − y|−β dρ0(y) 6 −

∫

Rd
∆0W (x0 − y) dρ0(y)

= −
∫

Rd
∆0W (x0 − y) dρ(y) +

∫

Rd
∆0W (x0 − y) dρ1(y)

= −∆0W ∗ ρ(x0) +

∫

Rd
∆0W (x0 − y) dρ1(y)

6
∫

Rd
∆0W (x0 − y) dρ1(y) 6 CW ,

using the β-repulsivity of W with C as in Definition 4.4, the fact that ∆0W ∗ ρ(x) > 0

for all x ∈ supp ρ by Lemma 4.7, ∆0W 6 CW , and ρ1(Rd) 6 1. Therefore

∫

Rd
|x0 − y|−β dρ(y) 6

CW
C

+

∫

Rd
|x0 − y|−β dρ1(y)

6
CW
C

+

∫

Rd\Bδ(x0)
|x0 − y|−β dρ1(y) 6

CW
C

+ δ−β =: C ′,
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using that β > 0 and ρ1(Rd \ Bδ(x0)) 6 1. Notice that the constant C ′ is independent

of x0. Thus, since the choice of x0 ∈ supp ρ is arbitrary, we get the desired result.

Lemma 4.9. Let 0 < β < d and ρ ∈ P(Rd). Suppose that there is a constant C ′ > 0

with ∫

Rd
|x− y|−β dρ(y) 6 C ′ for all x ∈ supp ρ.

Then ρ ∈Mp(Rd) with p = d/(d− β) and ‖ρ‖Mp(Rd) 6 2βC ′.

Proof. Let r > 0. Then, for all x ∈ supp ρ,

r−βρ(Br(x)) 6
∫

Br(x)
|x− y|−β dρ(y) 6

∫

Rd
|x− y|−β dρ(y) 6 C ′,

since β > 0. Now suppose that x 6∈ supp ρ. Then, either ρ(Br(x)) = 0 or ρ(Br(x)) > 0.

In the former case, we get r−βρ(Br(x)) 6 C ′ trivially. In the latter, we know that there

exists z ∈ supp ρ ∩ Br(x) with ρ(Br(x)) 6 ρ(B2r(z)). Hence, by the inequality above

applied to z and 2r,

r−βρ(Br(x)) 6 r−βρ(B2r(z)) 6 2β(2r)−βρ(B2r(z)) 6 2βC ′.

Therefore, writing M := 2βC ′, we have the result:

ρ(Br(x)) 6Mrβ = Mrd(1−1/p) for all x ∈ Rd.

The previous three lemmas easily imply Theorem 4.6. For later use we give the

following additional lemma, which is almost a converse of Lemma 4.9. It involves a

relatively well-known argument, and can be found for example in [85, Lemma 2.1].

Lemma 4.10. Let p > 1, q = p/(p − 1) and 0 < β < d/q. For all r > 0, there exists

Cr > 0 (depending only on β, r, q and d) such that Cr → 0 as r → 0 and, for all

ρ ∈Mp(Rd) ∩P(Rd),
∫

Br(x)
|x− y|−β dρ(y) 6 Cr ‖ρ‖Mp(Rd) for all x ∈ Rd.

Proof. Let r > 0 and x ∈ Rd, and write Di(x) :=
{
y ∈ Rd | 2−i−1r 6 |x− y| 6 2−ir

}

for all i ∈ {0, 1, 2, . . . }. Compute

∫

Br(x)
|x− y|−β dρ(y) =

∞∑

i=0

∫

Di(x)
|x− y|−β dρ(y) 6

∞∑

i=0

2(i+1)βr−β
∫

Di(x)
dρ(y)

6
∞∑

i=0

2(i+1)βr−β
∫

{y∈Rd | 06|x−y|62−ir}
dρ(y)
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=
∞∑

i=0

2(i+1)βr−βρ(B2−ir(x))

6
∞∑

i=0

2(i+1)βr−β ‖ρ‖Mp(Rd) 2−id/qrd/q

= 2βrd/q−β
∞∑

i=0

2i(β−d/q) ‖ρ‖Mp(Rd) .

Since β < d/q we know
∑∞

i=0 2i(β−d/q) is finite. Setting Cr := 2βrd/q−β
∑∞

i=0 2i(β−d/q)

therefore gives the result.

Let us remark that Theorem 4.6 actually holds when ρ ∈ P(Rd) has finite energy and

it is a local minimiser of the continuum energy with respect to the Wasserstein distance

of any finite or infinite order, since Lemma 4.7 stays true in this case; see [8, Corollary

1], and [3,146] for an account on transport distances. Wasserstein local minimisers of the

continuum energy are therefore Morrey regular under the assumptions on W of Theorem

4.6.

4.4 Properties of discrete minimisers

4.4.1 Existence

Let us prove the first part of the main result, Theorem 4.2, regarding the existence of

minimisers of the discrete interaction energy:

Theorem 4.11. Assume Hypotheses 8 and 9. For any N > 2 the discrete energy WN

has a minimiser on RNd. Furthermore, the diameter of any such minimiser is less than

KN := 2
√
d(N − 1)R (which only depends on N and W ).

Theorem 4.11 is proved by considering minimisers in (BR)N for some R > 0, and by

showing a uniform bound on their diameter, independently of R. This is stated in the

lemma below.

Lemma 4.12. Suppose that W satisfies Hypotheses 8 and 9, and let R > 0. There exists

a minimiser of WN on (BR)N . If X is any such minimiser, then

diamX 6 2
√
d(N − 1)R =: KN .

Observe that our control of the support of the minimiser given by Lemma 4.12 depends

on N . This is an easy estimate which holds under weak conditions on W ; later, in

Theorem 4.22, we show that in fact, when W is unstable, the size of the support of

N -particle minimisers stays uniformly bounded in N , and that constitutes one of the

central arguments in this chapter.
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Proof of Lemma 4.12. The fact that a minimiser exists is straightforward by compactness

of (BR)N and lower semicontinuity of WN (since W is lower semicontinuous). Let then

X be a minimiser of WN on (BR)N .

Denote by pk : Rd → R the projection on the kth axis. We want to prove the following

claim. In each coordinate there cannot be “gaps” greater that 2R among any particles of

X: if k ∈ J1, dK and ak ∈ R is so that xi 6∈ p−1
k ([ak −R, ak +R]) for all i ∈ J1, NK, then

either xi 6∈ p−1
k ((−∞, ak−R]) for all i ∈ J1, NK or xi 6∈ p−1

k ([ak+R,∞]) for all i ∈ J1, NK.
Without loss of generality we prove the claim for k = 1. We proceed by contradiction:

assume that there is a1 ∈ R such that IL := {i ∈ J1, NK | xi ∈ p−1
1 ((−∞, a1 −R])} 6= ∅,

IR := {i ∈ J1, NK | xi ∈ p−1
1 ([a1+R,∞))} 6= ∅ and J1, NK\(IL∪IR) = ∅. By renaming the

particles we may assume that IL = J1, NLK and IR = JNL + 1, NK for some 1 6 NL < N .

Let 0 < ε1 6R and ε = (ε1, 0, . . . , 0) ∈ Rd, and define the “left-shifted” particles

X ′ = (x′1, . . . , x
′
N ) := (x1, . . . ,xNL

,xNL+1 − ε, . . . ,xN − ε) ∈ (BR)N .

Let us compute the discrete energy of X ′.

N2 WN (X ′) =
1

2

∑

i∈IL

∑

j∈IL
j 6=i

W (x′i − x′j) +
1

2

∑

i∈IR

∑

j∈IR
j 6=i

W (x′i − x′j)

+
∑

i∈IL

∑

j∈IR

W (x′i − x′j)

=
1

2

∑

i∈IL

∑

j∈IL
j 6=i

W (xi − xj) +
1

2

∑

i∈IR

∑

j∈IR
j 6=i

W (xi − ε− (xj − ε))

+
∑

i∈IL

∑

j∈IR

W (xi − xj + ε).

Let xi,1 := p1(xi) for any i ∈ J1, NK. Since clearly xi,1 − xj,1 + ε1 6 −2R + ε1 6 −R for

all (i, j) ∈ IL × IR, Hypothesis 9 gives

N2 WN (X ′) <
1

2

∑

i∈IL

∑

j∈IL
j 6=i

W (xi − xj) +
1

2

∑

i∈IR

∑

j∈IR
j 6=i

W (xi − xj)

+
∑

i∈IL

∑

j∈IR

W (xi − xj)

= N2 WN (X),

which is a contradiction of X being a minimiser on (BR)N , which shows the claim.

To complete the proof of the lemma note that the above claim implies that the

diameter of the kth projection of the set {x1, . . . ,xN} is less than 2(N − 1)R. Since this

is true of all projections, we deduce that diam{x1, . . . ,xN} 6 2
√
d(N − 1)R, which ends
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the proof.

We can now prove Theorem 4.11.

Proof of Theorem 4.11. By Lemma 4.12 we know that there is a minimiser of WN on

(BKN )N , say X. We want to prove that X is actually a minimiser on all of RNd. Let

X ′ ∈ RNd. Necessarily, there exists R > 0 such that X ′ ∈ (BR)N . By Lemma 4.12 take

a minimiser on (BR)N , say Y . We know that the diameter of Y is less than or equal to

KN , so by possibly translating Y (and by translation invariance of WN ) we may assume

that Y ∈ (BKN )N without loss of generality. Therefore WN (X) 6 WN (Y ) 6 WN (X ′),

which shows, by the arbitrariness of the choice of X ′, that X is a minimiser of WN . This

proves the first part of Theorem 4.11. The second part is straightforward: if X ∈ RNd

is a minimiser of WN , then X ∈ (BR)N for some R > 0, and so, by Lemma 4.12, its

diameter is less than or equal to KN .

4.4.2 Morrey-type regularity

This section is the discrete analogue of Section 4.3. As explained in the introduction, we

define a discrete counterpart of the classical Morrey spaces of Definition 4.5.

Definition 4.13 (empirical Morrey measure). Let p ∈ [1,∞] and X ∈ RNd. We

say that ρX is an empirical (or discrete) p-Morrey measure if there exists M > 0 such

that, for all r > 0 and i ∈ J1, NK,

mi,r(X) := ρX(Br(xi))− 1
N 6Mrd/q, (4.9)

where q is the conjugate exponent of p. In this case we write ρX ∈ MN
p , or simply

X ∈MN
p . We also write

[ρX ]MN
p

= [X]MN
p

:= sup
{
r−d/qmi,r(X) | (r, i) ∈ (0,∞)× J1, NK

}
.

Given a configuration X = (x1, . . . ,xN ) ∈ RNd, throughout this chapter we denote

by mi,r(X) the total mass in the open ball of radius r centred at xi, not counting the ith

particle, as defined in (4.9). Note that, unlike ‖·‖Mp(Rd), [·]MN
p

does not define a norm;

MN
p is not a Banach space or even a linear vector space.

We prove the following discrete regularity, an analogue of Theorem 4.6.

Theorem 4.14. Suppose that W satisfies Hypothesis 8, it is β-repulsive with 0 < β < d

and ∆0W 6 CW for some CW > 0. If X ∈ RNd is a minimiser of the discrete interaction

energy WN , then X ∈ MN
p with p = d/(d − β) and [X]MN

p
6 C ′ for some C ′ > 0 only

depending on W .

The proof of Theorem 4.14 consists of the following three lemmas. The reader can

follow the parallel with Section 4.3. The following notation is used throughout this
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chapter: for any r > 0, X ∈ RNd and i ∈ J1, NK, we write Si,r(X) to denote the set of

indices of particles different from i which are at distance less than r from xi, i.e.,

Si,r(X) := {j ∈ J1, NK | j 6= i, |xi − xj | < r} (4.10)

and by Ti,r(X) its complement, still removing i, that is,

Ti,r(X) := {j ∈ J1, NK | |xi − xj | > r}. (4.11)

Lemma 4.15. Assume that W satisfies Hypothesis 8, and let X ∈ RNd be a minimiser

of WN . Then
N∑

i=1
i 6=j

∆0W (xi − xj) > 0 for all j ∈ J1, NK. (4.12)

Proof. We write the minimiser X = (x1, . . . ,xN ). For all j ∈ J1, NK define

pj(x) :=
1

N

N∑

i=1
i 6=j

W (xi − x) for all x ∈ Rd.

Consider f1 : x 7→ NWN (x,x2, . . . ,xN ) and compute

f1(x) =
1

N

N∑

i=2

W (xi − x) +
1

2N

N∑

j=2

N∑

i=2
i 6=j

W (xi − xj) = p1(x) +
1

2N

N∑

i=2

N∑

i=2
i 6=j

W (xi − xj).

By the optimality of X we know that x1 is a minimiser of f1 on Rd. The very last term

of the above computation is independent of x and therefore x1 is also a minimiser of p1

on Rd. Hence ∆0p1(x1) > 0. By repeating the above argument for all j > 2 we finally

get ∆0pj(xj) > 0 for all j ∈ J1, NK, which is the result.

Lemma 4.16. Let W be as in Theorem 4.14 and let X ∈ RNd be a minimiser of the

discrete energy. There exists a constant C ′ > 0 (depending only on W ) such that

1

N

N∑

i=1
i 6=j

|xi − xj |−β 6 C ′ for all j ∈ J1, NK.

Proof. We prove it for j = 1 without loss of generality. Let δ and C be the constants

appearing in the definition of β-repulsivity. In (4.12) we can separate the terms where
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the singularity of ∆0W is important to obtain

0 6
N∑

i=2

∆0W (xi − x1) 6 −C
∑

i∈S1,δ(X)

|xi − x1|−β +
∑

i∈T1,δ(X)

∆0W (xi − x1)

6 −C
∑

i∈S1,δ(X)

|xi − x1|−β + CWN,

with the notation given in (4.10) and (4.11). This implies that
∑

i∈S1,δ(X) |xi − x1|−β 6

(CW /C)N , and consequently

1

N

N∑

i=2

|xi − x1|−β =
1

N

∑

i∈S1,δ(X)

|xi − x1|−β +
1

N

∑

i∈T1,δ(X)

|xi − x1|−β 6
CW
C

+ δ−β,

which yields the result with C ′ := CW /C + δ−β.

Lemma 4.17. Let 0 < β < d and X ∈ RNd. Suppose that there is a constant C ′ > 0

with

1

N

N∑

i=1
i 6=j

|xi − xj |−β 6 C ′ for all j ∈ J1, NK

Then X ∈MN
p for p = d/(d− β) and [X]MN

p
6 C ′.

Proof. We want to prove that mj,r(X) > C ′rβ for all r > 0 and j ∈ J1, NK, with the

notation in (4.9). Without loss of generality, assume j = 1. We have

r−βm1,r(X) 6
1

N

∑

i∈S1,r(X)

|xi − x1|−β 6
1

N

N∑

i=2

|xi − x1|−β 6 C ′,

since β > 0, which is the result.

We give an additional lemma whose proof is analogous to that of Lemma 4.10 and

we omit:

Lemma 4.18. Let p > 1, q = p/(p − 1) and 0 < β < d/q. For all r > 0, there exists

Cr > 0 (depending only on β, r, q and d) such that Cr → 0 as r → ∞ and, for all

X ∈MN
p ,

1

N

∑

i∈Sj,r

|xi − xj |−β 6 Cr[X]MN
p

for all j ∈ J1, NK,

where we refer the reader to the notation in (4.10).

Observe that, as for the continuum case in Section 4.3, Theorem 4.14 actually holds

when X ∈ RNd has finite energy and it is a local minimiser of the discrete energy since

one can easily check that Lemma 4.15 stays true in this case. Local minimisers of the
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discrete energy are therefore discretely Morrey regular under the assumptions on W of

Theorem 4.14.

4.4.3 Euler–Lagrange estimate

We prove an Euler–Lagrange estimate at the discrete level, as discussed in the introduc-

tion. It is the discrete analogue of the Euler–Lagrange equation given in the first line of

(4.6). Recall that for every X ∈ RNd we write

Pi(X) :=
1

N

N∑

j=1
j 6=i

W (xi − xj) for all i ∈ J1, NK.

Note that Pi(X) = pi(xi), where pi already appeared in the proof of Lemma 4.15.

Theorem 4.19. Suppose that W satisfies Hypothesis 8–10 and let X ∈ RNd be a min-

imiser of WN . If W satisfies Hypothesis 10(a), then

|Pi(X)− 2WN (X)| 6 W (0)−Wmin

N
for all i ∈ J1, NK. (4.13)

If W satisfies Hypothesis 10(b), then there exist A > 1 and k ∈ (0, 1] independent of N

and X) such that

|Pi(X)− 2WN (X)| 6 AN−k for all i ∈ J1, NK.

One can take k = 2/((β − 1)β).

Proof. First suppose that W satisfies Hypothesis 10(a). We first prove

|Pi(X)− Pj(X)| 6 W (0)−Wmin

N
for all i, j ∈ J1, NK. (4.14)

To this end we proceed by contradiction by assuming that the result is not true. We move

one particle of the minimiser at the exact location of another particle of the minimiser

and show that the resulting energy is lower. With no loss of generality, suppose that

N(P1(X)− P2(X)) > W (0)−Wmin, and that we move x1 at the location of x2. Write

X ′ := (x2,x2,x3, . . . ,xN ) and compute

N2
(
WN (X)− WN (X ′)

)
=

N∑

i=2

W (x1 − xi)−
N∑

i=2

W (x2 − xi)

= N(P1(X)− P2(X))−W (0) +W (x1 − x2)

> W (0)−Wmin −W (0) +Wmin = 0,
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which is a contradiction to the fact that X is a minimiser of WN , and shows (4.14).

Averaging (4.14) over j = 1, . . . , N gives, for all i ∈ J1, NK,

W (0)−Wmin

N
>

1

N

N∑

j=1

|Pi(X)− Pj(X)|

>

∣∣∣∣∣∣
Pi(X)− 1

N

N∑

j=1

Pj(X)

∣∣∣∣∣∣
= |Pi(X)− 2WN (X)| ,

which shows (4.13).

Suppose now that W satisfies Hypothesis 10(b). We first want to prove that, for some

A > 1 and k ∈ (0, 1],

|Pi(X)− Pj(X)| 6 AN−k for all i, j ∈ J1, NK. (4.15)

To this end we intend to reach a contradiction by assuming that

P1(X)− P2(X) > AN−k

for some N > 2 arbitrarily large, and for some A > 1 and k ∈ (0, 1] to be chosen

appropriately later. We intend to reach a contradiction for certain values of A and k.

We move the first particle of the minimiser, located at x1, to a point x′2 close to the

second particle, located at x2. We want to show that, with an appropriate choice of x′2,

the resulting energy is lower. Write X ′ := (x′2,x2,x3, . . . ,xN ) and compute

2N2
(
WN (X)− WN (X ′)

)
=

N∑

i=2

W (x1 − xi)−
N∑

i=2

W (x′2 − xi)

= N(P1(X)− P2(X))

+
N∑

i=3

(
W (x2 − xi)−W (x′2 − xi)

)

−W (x′2 − x2) +W (x2 − x1),

which shows that

2N2
(
WN (X)− WN (X ′)

)

> AN1−k +
N∑

i=3

(
W (x2 − xi)−W (x′2 − xi)

)
−W (x′2 − x2) +Wmin.

(4.16)

We need to bound from below the remaining terms involving W and show that they are

strictly greater than −AN1−k. To this end, x′2 needs to be chosen carefully. We know
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by Lemma 4.16 that

1

N

N∑

i=1
i 6=2

|xi − x2|−β 6 C ′, (4.17)

and in particular

|xi − x2| > (C ′N)−1/β = C1N
−1/β for all i 6= 2,

where C1 := (C ′)−1/β. Thus there are no other particles in a radius C1N
−1/β around x2.

We pick x′2 at less than half that distance to make sure that we stay away from other

particles: we take

α > 1/β, (4.18)

to be chosen later, and pick x′2 so that

2|x′2 − x2| = C1N
−α 6 C1N

−1/β 6 |xi − x2| for all i 6= 2. (4.19)

Let us then bound the terms in (4.16) directly involving W . We have, by Hypothesis

10(b) and since N is large enough so that C1N
−1/β/2 6 1,

W (x′2 − x2) 6 CW |x′2 − x2|2−β = CW

(
C1N

−α

2

)2−β
= C2N

α(β−2),

where C2 := CW (C1/2)2−β. Since we need this to be smaller than AN1−k, we impose

k = 1− α(β − 2), so that

W (x′2 − x2) 6 C2N
1−k. (4.20)

For the other term, pick a cut-off distance ` = `(N) < 1/3, to be chosen later, and let

S := S2,`(X) \ {1},

where we refer the reader to the notation given in (4.10). We write

∣∣∣∣∣
N∑

i=3

(
W (x2 − xi)−W (x′2 − xi)

)
∣∣∣∣∣ 6

N∑

i=3
i/∈S

∣∣W (x2 − xi)−W (x′2 − xi)
∣∣

+
∑

i∈S
|W (x2 − xi)|

+
∑

i∈S

∣∣W (x′2 − xi)
∣∣ .

(4.21)
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The next-to-last term can be estimated, using (4.17) and Hypothesis 10(b), as

1

N

∑

i∈S
|W (x2 − xi)| 6

CW
N

∑

i∈S
|x2 − xi|2−β

6 CW

(
1

N

∑

i∈S
|x2 − xi|−β

)(β−2)/β (
cardS

N

)2/β

6 CW (C ′)(β−2)/β

(
cardS

N

)2/β

= C3

(
cardS

N

)2/β

,

where C3 := CW (C ′)(β−2)/β. On the other hand, due to Lemma 4.17, we have

cardS

N
6 C ′`β.

Hence ∑

i∈S
|W (x2 − xi)| 6 C3(C ′)2/β`2N = C4`

2N,

where C4 := C3(C ′)2/β. This motivates the choice ` := N−k/2 which is less than 1/3 for

N large enough, so that ∑

i∈S
|W (x2 − xi)| 6 C4N

1−k. (4.22)

The last term in (4.21) is comparable to the one we just bounded, since |xi − x2| and

|xi − x′2| are comparable due to (4.19). Indeed,

|xi − x2| 6 |xi − x′2|+ |x′2 − x2| = |xi − x′2|+ 1
2 |xi − x2|,

so that

|xi − x2| 6 2|xi − x′2|.

With this, and what we proved above,

∑

i∈S

∣∣W (x′2 − xi)
∣∣ 6 CW

∑

i∈S
|x′2 − xi|2−β

6 2β−2CW
∑

i∈S
|x2 − xi|2−β 6 C5N

1−k,
(4.23)

where C5 := 2β−2CWC4. Finally, for the first term in (4.21), notice that for i ∈ S we

have |x2 − xi| 6 ` (by definition of S), and also

|x′2 − xi| 6 |x′2 − x2|+ |x2 − xi| 6 1
2 |x2 − xi|+ |x2 − xi| 6 3

2`
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due to (4.19). Since we are requiring ` < 1/3, both x2 − xi and x′2 − xi are in the ball

of radius 1 centred at 0 and we may use the gradient bound in Hypothesis 10(b) to get

N∑

i=3
i/∈S

∣∣W (x2 − xi)−W (x′2 − xi)
∣∣ 6 CWN`

1−β|x2 − x′2|

6 C1
2 CWN`

1−βN−α = C6N
1+k(β−1)/2−α,

(4.24)

where C6 := C1CW /2, thanks to (4.19). Since α(β − 2) = 1 − k, choose k so that

1 + k(β − 1)/2− (1− k)/(β − 2) = 1− k, that is,

k :=
2

(β − 1)β
.

This gives

α =
1− k
β − 2

=
β + 1

(β − 1)β
>

1

β
,

as required in (4.18). Putting together (4.16), (4.20), (4.21), (4.22), (4.23) and (4.24),

2N2
(
WN (X)− WN (X ′)

)
> (A− C2 − C4 − C5 − C6)N1−k +Wmin.

An appropriate choice of the constant A makes this quantity positive for all N large

enough, contradicting the fact that X is a minimiser of WN , thus showing (4.15).

Averaging (4.15) over j = 1, . . . , N we get, for all i ∈ J1, NK,

A

Nk
>

1

N

N∑

j=1

|Pi(X)− Pj(X)| >

∣∣∣∣∣∣
Pi(X)− 1

N

N∑

j=1

Pj(X)

∣∣∣∣∣∣
= |Pi(X)− 2WN (X)| ,

which ends the proof.

4.4.4 Diameter estimates

As a tool to prove our main result we need to introduce the following notion of discrete

instability.

Definition 4.20 (discrete instability). Let W : Rd → (−∞,∞] and suppose that

W∞ := lim|x|→∞W (x) exists (possibly +∞). We say that W is discretely unstable

(with constant s > 0) if there exist s > 0 and N > 2 such that, for all N > N , there

exists X ∈ RNd with

WN (X) < 1
2W∞ − s.

Note that if W is discretely unstable with some constant s, then it is so with any

s′ < s. This definition is a natural discrete version of the instability in Definition 4.1, and
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it is the one we need in order to carry out the next arguments. Actually, both concepts

turn out to be equivalent under Hypotheses 8–10; see Proposition 4.26.

Lemma 4.21. Assume that W satisfies Hypotheses 8–10 and is discretely unstable.

There exist N > 2 and r,m > 0 depending only on W such that, for each N > N

and any minimiser X of WN on RNd it holds that

mi,r(X) > m for all i ∈ J1, NK,

where we use the notation in (4.9).

Proof. Suppose first that W satisfies Hypothesis 10(a). Let X be a minimisers of WN

and write W0
N := WN (X). Then, by Theorem 4.19, for all i ∈ J1, NK,

Pi(X) 6 2W0
N +

W (0)−Wmin

N
.

Let s > 0 be the constant in the definition of discrete instability. We can pick N > 2

such that, for all N >N , W0
N < W∞/2− s. Thus,

W0 := sup
N>N

W0
N 6 1

2W∞ − s < 1
2W∞.

Let ρ ∈ P(Rd) be such that W(ρ) < +∞, which exists by local integrability of W . By

Lemma 4.25 there exists a sequence of particle configurations (X∗N )N>2 such that

lim sup
N→∞

W0
N 6 lim

N→∞
WN (X∗N ) = W(ρ) < +∞,

so that W0 is finite even if W∞ is not. We can then take c1 such that Wmin/2 6 W0 <

c1 < W∞/2. Let r > 0 be such that W (x) > 2c1 for all |x| > r. Compute, for all N >N ,

2W0 +
W (0)−Wmin

N
> Pi(X) =

1

N

∑

j∈Si,r(X)

W (xi − xj) +
1

N

∑

j∈Ti,r(X)

W (xi − xj)

>Wminmi,r(X) +
2c1

N

∑

j∈Ti,r(X)

1

= Wminmi,r(X) + 2c1

(
1−mi,r(X)− 1

N

)

= (Wmin − 2c1)mi,r(X) + 2c1

(
1− 1

N

)
,

where the notation is as in (4.10) and (4.11). Since Wmin < 2c1 we get

mi,r(X) >
2W0 − 2c1 +N−1(W (0)−Wmin + 2c1)

Wmin − 2c1
.
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Since W0 < c1, there exists c2 > 0 such that c2 < 2c1 − 2W0. Then, for some number of

particles large enough, which we still denote by N , we have (W (0) −Wmin + 2c1)/N <

2c1 − 2W0 − c2 for all N >N . Therefore,

mi,r(X) >
−c2

Wmin − 2c1
=: m > 0 for all N >N .

The choices of c1 and c2 only depend on W and therefore r and m only depend on W as

well, which shows the result when Hypothesis 10(a) holds.

If now W satisfies Hypothesis 10(b), then the arguments above can still be carried

out in the same fashion using the second part of Theorem 4.19 instead of the first.

Theorem 4.22. Assume that W satisfies Hypotheses 8–10 and it is discretely unstable.

There is a constant K > 0 depending only on W (in particular, independent of N) such

that the diameter of any discrete minimiser is less than K.

Proof. Let N > 2, m and r be as in Lemma 4.21, and let X ∈ RNd be a minimiser of

WN for some N > N . We can carry out an argument along the same lines as in the proof

of [36, Lemma 2.9] (or Lemma 2.13). We briefly explain the idea: due to Lemma 4.21,

in a ball of radius r around each xi there are at least mN other particles; hence there

exist ` 6 d1/me indices i1, . . . , i` (where d·e is the ceiling function) such that

{x1, . . . ,xN} ⊂ B2r(xi1) ∪ · · · ∪B2r(xi`),

and such that the balls Br(xi1), . . . , Br(xi`) are disjoint. Now, relabel xi1 , . . . ,xi` so

that they are ordered according to their first coordinate. Following the same argument

as in Lemma 4.12 we see that

|p1(xik)− p1(xik+1
)| 6 4r + 2R for all k ∈ J1, `− 1K,

whereR is the constant in Hypothesis 9 (otherwise one can slightly shorten the gap in the

first coordinate and decrease the energy). This shows that the diameter of the projection

of the set {x1, . . . ,xN} in the first coordinate is not larger than 2(d1/me−1)(2r+R)+4r.

As the argument can be repeated for all projections, we deduce that

diamX 6 2
√
d(d1/me − 1)(2r +R) + 4r =: K1.

This holds for any N >N . Since for N 6N the diameter of minimisers is bounded by

K2 := 2
√
d(N − 1)R by Theorem 4.11, we obtain the result for K := max{K1,K2}.

4.5 Many-particle limit

In this section we complete the proof of Theorem 4.2.
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4.5.1 Convergence of discrete minimisers

We show that if the potential W is unstable then any sequence of discrete minimisers

has a subsequence which converges in the narrow topology (up to translations) to a

continuum minimiser as N →∞.

We first prove the lemma below.

Lemma 4.23. Let W satisfy Hypotheses 8–10 and let it be discretely unstable. Then

any sequence (XN )N>2 of discrete minimisers converges, up to a subsequence and to

translations, to some ρ ∈ P(Rd).

Proof. Let (XN )N>2 be a sequence such that XN is a minimiser of WN for all N > 2.

The diameter of XN is uniformly bounded by the constant K in Theorem 4.22. Since

WN is translation invariant there exists a sequence of minimisers of WN , which we still

denote by (XN )N>2, obtained by suitable translations of the original sequence and such

that XN ∈ (BK)N for all N > 2. Then, since K is independent of N we can extract a

subsequence of (XN )N>2 converging in the narrow topology to a ρ ∈ P(Rd).

In order to complete the proof of Theorem 4.2(1) we need to show that instability

(Definition 4.1) implies discrete instability (Definition 4.20). In fact, we show that they

are both equivalent under Hypotheses 8–10. We also take the opportunity to compare

them to the concept of H-stability found in statistical mechanics; see for example [130,

Definition 3.2.1]. We actually define H-instability, which is its complementary:

Definition 4.24 (H-instability). Let W : Rd → (−∞,∞] and suppose that W∞ :=

lim|x|→∞W (x) exists (possibly +∞). We say that W is H-unstable if, for all B ∈ R,

there exist N > 2 and X ∈ RNd with

WN (X) < 1
2W∞ − B

2N .

The proposition below shows that there is equivalence among instability, discrete

instability and H-instability if Hypotheses 8, 9 and 10(a) hold; equivalence between

H-instability and instability if Hypothesis 10(a) holds was already proved in [138]. If

Hypotheses 8, 9 and 10(b) hold (so that a singularity of the potential at x = 0 is

allowed), then we only have that instability and discrete instability are equivalent and

that they imply H-instability. Whether the converse implication is true or not in this

case is an open question. By the proof of Proposition 4.26 one sees that the main

difficulty when W is unbounded is that we cannot take B = W (0) in the Definition of

H-instability; therefore, what we can prove by our approach is only that H-instability

implies the complementary of strict stability.

A word on the terminology is in order: we have chosen Definitions 4.1 and 4.20

so as to maintain agreement with “instability” in the statistical mechanics literature

as, for example, in [12]. More importantly, we have wanted to keep “stable” as the
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opposite concept of “unstable”, which due to the equivalences above determines a natural

definition. Unfortunately, this terminology leaves us without a good term to say “there

exists ρ ∈ P(Rd) with W(ρ) 6W∞/2”, that is, to say “W is not strictly stable”.

In order to compare the concepts of stability we need to use a good discrete approxi-

mation to a given measure ρ. We give it in the following lemma, whose proof is postponed

to Section 4.6. The following result actually implies the Γ-convergence of the discrete

energy to the continuum one; we refer to Section 4.6 for details on this.

Lemma 4.25. Assume that the potential W satisfies Hypotheses 8–10.

1. All sequences (XN )N>2 with XN ∈ RNd for all N > 2 such that ρXN
⇀ ρ in the

narrow topology as N →∞ for some ρ ∈ P(Rd) satisfy

W(ρ) 6 lim inf
N→∞

WN (XN ).

2. Let ρ ∈ P(Rd) if Hypothesis 10(a) holds, or ρ ∈Mp(Rd)∩P(Rd) with p = d/(d−β)

if Hypothesis 10(b) holds. There exists a sequence (X∗N )N>2 with X∗N ∈ RNd for

all N > 2 such that ρX∗N ⇀ ρ in the narrow topology as N →∞ and

W(ρ) = lim
N→∞

WN (X∗N ).

(We refer to this subsequence as a recovery sequence for ρ.)

Using this approximation result and Lemma 4.23 we can show the proposition below.

Proposition 4.26. Suppose W satisfies Hypotheses 8–10 and W∞ := lim|x|→∞W (x)

exists (possibly +∞). If Hypothesis 10(a) holds, then we have:

W is unstable ⇐⇒ W is discretely unstable ⇐⇒ W is H-unstable. (4.25)

If Hypothesis 10(b) holds, then we have:

W is unstable ⇐⇒ W is discretely unstable =⇒ W is H-unstable. (4.26)

Proof. Let W satisfy Hypothesis 10(a). In this case the fact that instability is equivalent

to H-instability was already proved in [138, Proposition 4.1]. We therefore only have

to prove that instability is equivalent to discrete instability. Suppose first that W is

unstable and let ρ ∈ P(Rd) be such that W(ρ) < W∞/2. Then, by Lemma 4.25(2),

lim
N→∞

WN (X∗N ) = W(ρ) < 1
2W∞,

whereX∗N is a recovery sequence for ρ. Therefore there exists s > 0 such that WN (X∗N ) <

W∞/2 − s for all N large enough, which proves that W is discretely unstable. Suppose

now that W is discretely unstable. Then there exist s > 0 andN > 2 such that, for each
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N >N , we can choose X ∈ RNd with WN (X) < W∞/2− s and s > W (0)/(2N). Hence

W(ρX) = WN (X) + W (0)
2N < 1

2W∞ − s+ W (0)
2N < 1

2W∞,

which ends the proof of (4.25).

Let now W satisfy Hypotheses 8, 9 and 10(b). Suppose that W is unstable. Then

we know by [36, Theorem 1.4] (or Theorem 2.2) and Theorem 4.6 that there exists a

minimiser ρ ∈Mp(Rd)∩P(Rd) of Wwith p = d/(d−β). As above, Lemma 4.25(2) gives

us that W is discretely unstable. Let W be discretely unstable, so that there exist s > 0

andN > 2 such that, for each N >N we can choose X ∈ RNd with WN (X) < W∞/2−s.
Then, by Theorem 4.11, there exists a minimiser XN of WN for every N >N such that

WN (XN ) < W∞/2 − s. By Lemma 4.23 the sequence (XN )N>2 converges, up to a

subsequence and to translations, to some ρ ∈ P(Rd), and Lemma 4.25(1) gives us

W(ρ) 6 lim inf
N→∞

WN (XN ) 6 1
2W∞ − s < 1

2W∞,

which shows that W is unstable. Also, for every B ∈ R there exists N > 2 large enough

such that B/(2N) < s which proves that, for such N ,

WN (X) < 1
2W∞ − s < 1

2W∞ − B
2N ,

where X is as above. This ends the proof of (4.26).

We end this section with the following lemma, which finally shows Theorem 4.2(1).

Lemma 4.27. Let W satisfy Hypotheses 8–10 and let it be unstable. Then any sequence

(XN )N>2 of discrete minimisers converges, up to a subsequence and to translations, to

some ρ ∈ P(Rd). Furthermore, ρ is a continuum minimiser.

Proof. Let (XN )N>2 be a sequence such that XN is a minimiser of WN for all N > 2. By

Proposition 4.26 and Lemma 4.23 we know that (XN )N>2 converges, up to a subsequence

and to translations, to some ρ ∈ P(Rd).
Let us prove that ρ is a minimiser of W. Take ρ̃ ∈ P(Rd) if W satisfies Hypothesis

10(a), and ρ̃ ∈Mp(Rd) ∩P(Rd) with p = d/(d− β) if W satisfies Hypothesis 10(b). We

know by Lemma 4.25(2) that there is a recovery sequence (X∗N )N>2 for ρ̃. Lemma 4.25

and the minimality of the sequence (XN )N>2 lead to

W(ρ̃) = lim
N→∞

WN (X∗N ) > lim
N→∞

WN (XN ) > lim inf
N→∞

WN (XN ) > W(ρ),

which ends the proof, since, by [36, Theorem 1.4] (or Theorem 2.2) and Theorem 4.6, if

W satisfies Hypothesis 10(b) then minimisers of W exist and belong to Mp(Rd)∩P(Rd)
with p = d/(d− β).
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4.5.2 Unbounded growth of the diameter

We show that if the potential W is strictly stable, then the diameter of any sequence of

discrete minimisers must diverge; that is, we prove Theorem 4.2(2).

We first prove that Morrey regularity is preserved under the narrow limit. This

actually further motivates the notion of discrete Morrey measures as in Definition 4.13.

Lemma 4.28. Let (XN )N>2 be a sequence of configurations converging narrowly to some

ρ ∈ P(Rd). Let p ∈ [1,∞] and suppose that there exists M > 0 such that [XN ]MN
p
6 M

for all N > 2. Then ρ ∈Mp(Rd) and ‖ρ‖Mp(Rd) 6 2d/qM , with q the conjugate exponent

of p.

Proof. Take any integer N > 2, x ∈ Rd and r > 0, and write XN = (x1, . . . ,xN ).

Assume that there is i ∈ J1, NK such that xi ∈ Br(x). Since Br(x) ⊂ B2r(xi), using that

XN ∈MN
p with [XN ]MN

p
6M we have

ρXN
(Br(x)) 6 ρXN

(B2r(xi)) 6 1
N +M(2r)d/q.

On the other hand, if there is no i ∈ J1, NK such that xi ∈ Br(x) then the previous

inequality holds trivially. By the Portmanteau theorem (see for example [21, Theorem

2.1] or Theorem 1.15), taking limits as N →∞ gives the result:

ρ(Br(x)) 6 lim inf
N→∞

ρXN
(Br(x)) 6 2d/qMrd/q.

We conclude by the following lemma.

Lemma 4.29. Let W satisfy Hypotheses 8–10 and let it be strictly stable. Then any

sequence (XN )N>2 of discrete minimisers is such that diamXN →∞ as N →∞.

Proof. Let (XN )N>2 be a sequence of discrete minimisers. If diamXN does not diverge

one can find, after suitable translations of (XN )N>2 (by translation invariance of WN ),

a sequence of minimisers which are uniformly compactly supported. By compactness we

can extract a subsequence converging in the narrow topology to some ρ ∈ P(Rd).
Let W first satisfy Hypothesis 10(a). Then, by the same argument as in the proof of

Lemma 4.27, ρ must be a continuum minimiser. But we know that continuum minimisers

do not exist if W is strictly stable due to [36, Theorem 3.3] (or Theorem 2.18) and [138,

Theorem 3.2], so we have reached a contradiction. We deduce that diamXN diverges.

If now W satisfies Hypothesis 10(b), then XN ∈ MN
p with p = d/(d − β) for all

N > 2, by Theorem 4.14, and so ρ ∈ Mp(Rd) by Lemma 4.28. The same argument as

in the proof of Lemma 4.27 gives us that ρ is a minimiser of W on Mp(Rd) ∩ P(Rd).
This is again a contradiction since the results in [36, 138] (see Chapter 2) actually show

that there are no minimisers on Mp(Rd) ∩P(Rd) if W is strictly stable; indeed one can

construct a sequence (ρk)k in Mp(Rd) ∩ P(Rd) such that W(ρk) → W∞/2 as k → ∞,
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which contradicts the strict stability of W if a minimiser on Mp(Rd) ∩ P(Rd) exists.

(The sequence (ρk)k can be chosen to be the uniform probability on the ball of radius n;

see [36, Theorem 3.3] or Theorem 2.18.)

4.6 Γ-convergence of the discrete energy

In this section we derive a constructive way of approximating an element of P(Rd) by a

sequence of empirical measures. We show that this way of constructing an approximat-

ing sequence actually gives rise to a recovery sequence with respect to our discrete and

continuum energies (4.1) and (4.2), respectively. That is: given a measure ρ ∈ P(Rd) we

can approximate it narrowly by N -particle empirical measures in such a way that their

discrete aggregation energy also approximates the continuum aggregation energy of ρ.

Thus we prove Lemma 4.25 which was used in the previous section. This approximation

property is contained in the notion of Γ-convergence, which we give with respect to the

narrow topology. Recall that the narrow topology on P(Rd) is, by definition, obtained

by duality with the space of continuous bounded functions on Rd. By the Portmanteau

theorem (see [21, Theorem 2.1] or Theorem 1.15) it can actually be equivalently ob-

tained by duality with the space of Lipschitz bounded functions on Rd; this is a property

which we use later on. Also, the narrow topology can be metrised by, for example, the

Lévy–Prokhorov distance (see Definition 1.19); see [146, Section 6] for other examples of

distances metrising the narrow topology. If we restrict ourselves to elements in P(Rd)
which have finite pth moment for some p ∈ [1,∞), then it can also be metrised by the

Wasserstein distance of order p up to convergence of the pth moment; see [3,146]. In the

following we denote by d0 any of these metrising distances.

Definition 4.30 (Γ-convergence). Let A be a subset of P(Rd). We say that the dis-

crete energy (WN )N>2 Γ-converges (narrowly) to the continuum energy W on A if the

following two inequalities are met for all ρ ∈ A.

(i) ( liminf inequality) All sequences (XN )N>2 with XN ∈ RNd for all N > 2 such

that d0(ρXN
, ρ)→ 0 as N →∞ satisfy W(ρ) 6 lim infN→∞ WN (XN ).

(ii) ( limsup inequality) There is a sequence (X∗N )N>2 with X∗N ∈ RNd for all N > 2

such that d0(ρX∗N , ρ)→ 0 as N →∞ and W(ρ) > lim supN→∞ WN (X∗N ). Such a

sequence is called a recovery sequence for ρ.

A sequence (X∗N )N>2 as in the limsup inequality is called a recovery sequence for ρ

because one can check that WN (XN )→ W(ρ) as N →∞. The notion of Γ-convergence

arises naturally in the discrete approximation of minimisers of energy functionals because,

along with compactness, it ensures that a sequence of discrete minimisers converges to

a minimiser of the continuum energy. (A continuum minimiser thus exists.) Formally,

if (XN )N>2 is a sequence of minimisers of WN and there exists ρ ∈ P(Rd) such that

d0(ρXN
, ρ) → 0 as N → ∞ up to a subsequence, then the Γ-convergence of WN to W
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on a set A implies: for any ρ̃ ∈ A there exists (Y N )N>2 such that

W(ρ̃) > lim sup
N→∞

WN (Y N ) > lim sup
N→∞

WN (XN ) > lim inf
N→∞

WN (XN ) > W(ρ),

which shows that ρ is a minimiser of W on A. This is a fundamental theorem of Γ-

convergence which we already used in the proof of Lemma 4.27. For a detailed introduc-

tion to Γ-convergence we refer the reader to [25,67]. We now show the Γ-convergence of

WN to W.

Theorem 4.31. Assume W satisfies Hypotheses 8–10.

1. If Hypothesis 10(a) holds, then (WN )N>2 Γ-converges to W on P(Rd).

2. If Hypothesis 10(b) holds, then (WN )N>2 Γ-converges to W on Mp(Rd) ∩ P(Rd)
with p = d/(d− β).

In the rest of this section we prove Theorem 4.31; in fact, we prove the slightly

stronger statement given in Lemma 4.25. (The liminf inequality holds indeed on all of

P(Rd) even when Hypothesis 10(b) holds; see Remark 4.33.) We first show the liminf

inequality and then the limsup inequality of Definition 4.30.

We use the following lemma whose proof can be found in [36, Lemma 2.1] (or Lemma

2.5).

Lemma 4.32. If W : Rd → [−∞,∞] is a measurable function which is bounded from

below (resp. above) and lower (resp. upper) semicontinuous, then W as defined in (4.2)

is narrowly lower (resp. upper) semicontinuous.

4.6.1 Liminf inequality

Let ρ ∈ P(Rd) and (XN )N>2 be such that d0(ρXN
, ρ) → 0 as N → ∞. Suppose first

that W satisfies Hypothesis 10(a). Then W (0) is finite and

lim inf
N→∞

WN (XN ) = lim inf
N→∞

(
W(ρXN

)− W (0)
2N

)
> W(ρ),

by narrow lower semicontinuity of W, by Lemma 4.32, which is the result.

Now, suppose that W satisfies Hypothesis 10(b); then W (0) = +∞. Assume that

lim infN→∞ WN (XN ) < +∞ or we are done. Let {Wε}ε>0 be a family of potentials such

that Wε(x) = W (x) for all x ∈ Rd \ {0} and Wε(0) = 1/ε for all ε > 0. So defined, Wε

is lower semicontinuous; Wε, defined by

Wε(ρ̃) :=
1

2

∫

Rd

∫

Rd
Wε(x− y) dρ̃(y) dρ̃(x) for all ρ̃ ∈ P(Rd),
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is therefore narrow lower semicontinuous by Lemma 4.32. Define

Wε
N (XN ) :=

1

2N2

N∑

i=1

N∑

j=1
j 6=i

Wε(xi − xj).

Then Wε
N (XN ) 6 WN (XN ) for all ε > 0 and

lim inf
N→∞

WN (XN ) > lim inf
N→∞

Wε
N (XN ) = lim inf

N→∞

(
Wε(ρXN

)− Wε(0)
2N

)
> Wε(ρ). (4.27)

We now need to show that Wε(ρ) → W(ρ) as ε → 0. If ρ has no atomic part, then

Wε(ρ) = W(ρ) and we are done. We want to show by contradiction that ρ cannot have

an atomic part. If ρ has an atomic part αδz for some 0 < α 6 1 and z ∈ Rd, then, by

boundedness from below of W ,

2Wε(ρ) > α2

∫

Rd

∫

Rd
Wε(x− y) dδz(x) dδz(y) +Wmin(1− α2)

=
α2

ε
+Wmin(1− α2) −−−→

ε→0
+∞.

This contradicts (4.27) and the fact that lim infN→∞ WN (XN ) < +∞. Therefore ρ

cannot have an atomic part and we get the result:

lim inf
N→∞

WN (XN ) > W(ρ).

Remark 4.33. The computations above tell us that the liminf inequality is actually true

on all of P(Rd) even if Hypothesis 10(b) holds; ρ does not need to be Morrey regular

in the above proof. Hence the liminf inequality is true not only on Mp(Rd) ∩P(Rd) (as

stated in Theorem 4.31), but also on P(Rd) (as stated in Lemma 4.25).

4.6.2 Limsup inequality

We first assume that ρ ∈ P(Rd) is compactly supported and then we extend the result to

noncompactly supported probability measures by a density argument at the very end of

this section. We need to construct a sequence of particle configurations that approximates

ρ narrowly and whose discrete energy approximates the continuum energy of ρ.

Construction of the approximation. The construction presented here is inspired

by [138, Proposition 4.1]. Fix any N > 2 and suppose that supp ρ ⊂ [−L,L)d for some

L > 1. Call n :=
⌊
N1/(4d)

⌋
> 1, where b·c denotes the integer part, and divide the

interval [−L,L) into n equal subintervals of length 2L/n, which gives a subdivision of

[−L,L)d into nd equal cubes of the form

[
−L+

2i1L

n
,−L+

2(i1 + 1)L

n

)
× · · · ×

[
−L+

2idL

n
,−L+

2(id + 1)L

n

)
,
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for (i1, . . . , id) ∈ {0, . . . , n − 1}d. We enumerate these cubes as Qi for each i ∈
q
1, nd

y
.

In each cube Qi we place Ni particles with

Ni :=
⌊
n4dρi

⌋
, i ∈

q
1, nd

y
,

where ρi := ρ(Qi). These particles are placed at xi,1, . . . ,xi,Ni (when Ni = 0, no particles

are actually placed), anywhere on different points of a square grid obtained by subdividing

the sides of Qi into bN1/d
i + 1c equal smaller intervals, and by taking the nodes whose

coordinates are at the centre points of these intervals. Notice that at least one of the ρi

is larger than or equal to 1/nd, so that at least one of the Ni is strictly larger than 0.

We write

Np :=
nd∑

i=1

Ni,

the total number of particles placed so far. Let us write Ne := N − Np, the number of

particles that we still need to place (with“e” standing for “error”). The numbers Np and

Ne should not be confused with the number Ni of particles placed in the cube Qi. We

observe that

N − 4dN1−1/(4d) −N1/4 6 n4d − nd =
nd∑

i=1

(n4dρi − 1)

6 Np 6
nd∑

i=1

n4dρi = n4d 6 N,

(4.28)

which yields

Ne 6 4dN1−1/(4d) +N1/4.

Of course, if Ne = 0 there is nothing left to do. Otherwise, we place the remaining

Ne particles at y1, . . . ,yNe
in an auxiliary cube [3L, 3L + 1/

√
d)d, in different nodes of

a uniform square grid with spacing 1/(
√
dbN1/d

e + 1c). The location and size of this

auxiliary cube ensure that the distance between any particle in the auxiliary cube and

any particle in the main cube [−L,L)d is greater than 2L, and that the distance between

any two particles in the auxiliary cube is less than 1. The choice of the uniform grid

ensures that the Morrey regularity is kept at the discrete level; see Lemma 4.34 below.

We give mass 1/N to all the particles thus placed, so that the total mass is 1. We then

define the candidate recovery sequence for ρ by gathering all particles placed so far:

X∗N := (x1,1, . . . ,x1,N1 , . . . ,xnd,1, . . . ,xnd,N
nd
,y1, . . . ,yNe

) ∈ RNd,
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with the associated empirical measure

ρX∗N := θNρ
p
N + (1− θN )ρe

N ,

where

ρp
N :=

1

Np

nd∑

i=1

Ni∑

k=1

δxi,k , ρe
N :=

1

Ne

Ne∑

j=1

δyj , and θN :=
Np

N
.

Notice that θN → 1 as N → ∞, by (4.28). We refer to x1,1, . . . ,xnd,N
nd

as the main

particles, and to y1, . . . ,yNe
as the auxiliary particles. In Figure 4.1 we illustrate the

above construction and we summarise the main quantities.

•

•

•

•

•

•xi,1 xi,2 xi,3

xi,4 xi,5 xi,6

2L/n

⌊N1/d
i + 1⌋

Cube Qi

contains Ni particles

•
•

•
•

•
•

•
•

• • •
•

•
•

•
•

•
•

••
••
••

••
••
••

••
••
••

••
••
••

••
••
••

••
••
••

••
••
••

••
••
••

•

• •

•

• •
•
•
•
•

•
•
•
•

•
•
•
•

•
•
•
•

•
•
•
•

•
•
•
•

• • • • •
•
•

•
•
•

•
•
•

•
•
•

• •

(−L,−L)

(L,L)

2L

n

Main cube
contains Np particles (µp

N)

•
•

•
•

•
•y1 y2 y3

y4 y5 y6· · ·

1/
√
d

⌊N1/d
e + 1⌋

(3L, 3L)

(3L, 3L+ 1/
√
d)

Auxiliary cube
contains Ne particles (µ

e
N)

N particles need to be placed according to ρ ∈ P(Rd)

n := ⌊N1/(4d)⌋
Ni := ⌊n4dρ(Qi)⌋, i ∈ {1, . . . , nd}
Np :=

∑nd

i=1 Ni

Ne := N −Np

µX∗
N
:= θNµ

p
N + (1− θN)µ

e
N , θN := Np

N

Figure 4.1: Illustration for the construction of the empirical approxima-
tion.

Narrow approximation. We show that (X∗N )N>2 is a good narrow approximation of

ρ, which is the first part of the limsup inequality in the compactly supported case; see

Definition 4.30. We also prove that if ρ is Morrey regular, so is X∗N for all N > 2.

Lemma 4.34. Let ρ ∈ P(Rd) be compactly supported. There exists a sequence (X∗N )N>2

such that

d0(ρX∗N , ρ)→ 0 as N →∞.

If furthermore ρ ∈ Mp(Rd) for some p ∈ [1,∞), then X∗N ∈ MN
p for all N > 2 and

[X∗N ]MN
p

is uniform in N .

Let us point out that for a given probability density ρ the problem of finding the best

empirical approximation of ρ in some topology for a fixed number of particles is called
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quantisation. Typically ρ is in this context compactly supported and the metric is the

Wasserstein distance. In this case the best approximation can be constructed by covering

the support of ρ with appropriate balls and using the Voronoi tessellation generated

by their centres, and rates of convergence as N → ∞ can be obtained under suitable

regularity of ρ; see [89, 99]. The empirical approximation constructed in this chapter is

specific to our problem—we are not concerned with its optimality in approaching ρ but

with the fact that it also has to preserve the energy as N →∞; see Lemma 4.35.

Proof of Lemma 4.34. Take X∗N as constructed above. We proceed in two steps.

Step 1: approximation of ρ. Let ϕ ∈ Lip(Rd)∩L∞(Rd) with ‖ϕ‖∞ 6 1 and ‖ϕ‖Lip 6

1. As already noticed at the beginning of Section 4.6, the narrow topology is obtained by

duality with bounded Lipschitz functions. Hence to prove the result it suffices to prove

that |
∫
Rd ϕ(x) dρ(x)−

∫
Rd ϕ(x) dρX∗N (x)| → 0 as N →∞. First notice that

∣∣∣∣
∫

Rd
ϕ(x) dρ(x)−

∫

Rd
ϕ(x) dρX∗N (x)

∣∣∣∣ 6 ϕN + (1− θN )

∣∣∣∣
∫

Rd
ϕ(x) dρe

N (x)

∣∣∣∣

6 ϕN + (1− θN ),

where ϕN := |
∫
Rd ϕ(x) dρ(x) − θN

∫
Rd ϕ(x) dρp

N (x)|. Since θN → 1 as N → ∞ we only

need to show that ϕN → 0. Using that n4d − nd 6 Np 6 n4d and Ni :=
⌊
n4dρi

⌋
we get

ρi
Ni + 1

6
1

Np
6

ρi
Ni

+
ndρi
NpNi

for any i ∈
q
1, nd

y
(4.29)

and obtain

∣∣∣∣
1

Np
− ρi
Ni

∣∣∣∣ 6 max

(
1

Ni + 1
,
nd

Np

)
ρi
Ni

6
max(1, ndρi)

NpNi
6

nd

NpNi
.

Using this, compute

ϕN =

∣∣∣∣∣∣

nd∑

i=1

∫

Qi

ϕ(x) dρ(x)−
nd∑

i=1

θN
Np

Ni∑

k=1

ϕ(xi,k)

∣∣∣∣∣∣

6

∣∣∣∣∣∣

nd∑

i=1

∫

Qi

ϕ(x) dρ(x)−
nd∑

i=1

θNρi
Ni

Ni∑

k=1

ϕ(xi,k)

∣∣∣∣∣∣

+ θN

nd∑

i=1

nd

NpNi

Ni∑

k=1

|ϕ(xi,k)|,

so that

ϕN 6

∣∣∣∣∣∣

nd∑

i=1

ρi
Ni

Ni∑

k=1

(ϕ(zi)− θNϕ(xi,k))

∣∣∣∣∣∣
+
θNn

2d

Np
, (4.30)
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for some (z1, . . . ,znd) ∈ Q1 × · · · × Qnd . For the first term in (4.30) we use that the

cubes Qi have a diameter equal to
√
d(2L/n) to bound it by

nd∑

i=1

ρi
Ni

Ni∑

k=1

|ϕ(zi)− ϕ(xi,k)|+ (1− θN )
nd∑

i=1

ρi
Ni

Ni∑

k=1

|ϕ(xi,k)|

6
nd∑

i=1

ρi
Ni

Ni∑

k=1

|zi − xi,k|+ (1− θN ) 6
2L
√
d

n
+ (1− θN ).

Thus

ϕN 6
2L
√
d

n
+ (1− θN ) +

θNn
2d

Np
6

2L
√
d

n
+ (1− θN ) +

θNn
2d

n4d − nd ,

using (4.28). Since θN → 1 as N → ∞ we can make the right-hand side above be

arbitrarily small as N →∞, which shows the result.

Step 2: Morrey regularity. Assume now that ρ is in Mp(Rd) ∩P(Rd). Any cube Qi

(with side of length 2L/n) is contained in a ball of radius
√
d(2L/n), so

ρi := ρ(Qi) 6

(
2L
√
d

n

)d/q
‖ρ‖Mp(Rd) ,

where q = p/(p− 1). Hence the number of points xi,k on each cube Qi is bounded as

Ni =
⌊
n4dρi

⌋
6 n4d

(
2L
√
d

n

)d/q
‖ρ‖Mp(Rd) .

Therefore the coordinate spacing η between any two main particles xi,k satisfies

η >
2L/n

max
j∈{1,...,nd}

N
1/d
j + 1

>
2L/n

2 max
j∈{1,...,nd}

N
1/d
j

>
L

n


n4d

(
2L
√
d

n

)d/q
‖ρ‖Mp(Rd)



−1/d

= 2−1n−4d−1/(2q)

(
2L

n

)1/p

‖ρ‖−1/d

Mp(Rd)
.

If n = 1, that is, N < 16d, then there is only one main particle placed in [−L,L)d and we

set η = +∞ by convention, which trivially satisfies the above inequality. The number of

main particles which are placed inside any ball of radius r > 0 centred at any xi,k can be

estimated by the number of main particles inside a cube of side 2r centred at xi,k, which

is at most 1 + (2r/η)d. The total mass of ρp
N inside that ball, not counting the particle

at xi,k, is therefore bounded by

ρp
N (Br(xi,k) \ {xi,k}) 6

1

N

(
2r

η

)d
6
n4d4ddd/(2q)

N

(
2L

n

)−d/p
rd ‖ρ‖Mp(Rd) .
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In particular, when r 6 2L/n, we have

ρp
N (Br(xi,k) \ {xi,k}) 6 (n4d/N)4ddd/(2q) ‖ρ‖Mp(Rd) r

d/q.

By (4.28) we have n4d/N 6 n4d/(n4d − nd) 6 1/(1 − 8−d) if n > 2; if n = 1 then

n4d/N 6 1/2 6 1/(1− 8−d). Since 2L/n 6 2L and the main and auxiliary cubes are 2L

apart, for any auxiliary particle yj we get

ρp
N (Br(yj) \ {yj}) = 0.

For r > 2L/n we need a different bound. For any ball Br(z) of radius r > 0 and centred

at any z ∈ Rd, call J the set of indices of the cubes Qi which touch Br(z):

J = {i ∈ J1, NK | Qi ∩Br(z) 6= ∅} .

Then

ρp
N (Br(z)) 6

∑

i∈J
ρp
N (Qi) =

∑

i∈J

Ni

N
6
∑

i∈J

n4dρi
N

=
n4d

N
ρ
(⋃

i∈J
Qi

)
.

The cubes Qi have diameter
√
d(2L/n), so

⋃
i∈J Qi ⊂ Br+

√
d(2L/n). Then, using that

ρ ∈Mp(Rd) we obtain

ρp
N (Br(z)) 6

n4d

N

(
r +

2L
√
d

n

)d/q
‖ρ‖Mp(Rd).

Hence, for r > 2L/n,

ρp
N (Br(z)) 6 (n4d/N)(1 +

√
d)d/q ‖ρ‖Mp(Rd) r

d/q.

Again, n4d/N 6 1/(1− 8−d).

We now need to find a mass estimate for ρe
N . If Ne = 0 there is nothing to esti-

mate. Otherwise, recall that the auxiliary particles are positioned such that the dis-

tance between two closest neighbours is at least 1/(
√
dbN1/d

e + 1c). Take r > 0 and

yj ∈ Rd any auxiliary particle. The number of auxiliary particles inside Br(yj) is at

most 1 + 2r
√
d(N

1/d
e + 1). Thus

ρe
N (Br(yj) \ {yj}) 6 N−1

e

(
2r
√
d(N1/d

e + 1)
)d

=
(

2r
√
d(1 +N−1/d

e )
)d

6 4ddd/2rd.

Since ρe
N is supported on a set of diameter 1, we also have ρe

N (Br(yj)\{yj}) 6 4ddd/2rd/q.

For any main particle xi,k we have

ρe
N (Br(xi,k) \ {xi,k}) = 0
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if r 6 2L, and

ρe
N (Br(xi,k) \ {xi,k}) 6 ρe

N (Br(yj) \ {yj}) 6 4ddd/2 6 4ddd/2rd/q

for any auxiliary particle yj if r > 2L > 2 > diam(supp ρe
N ) = 1.

We now finish the proof: all in all we have shown that there exist Mp > 0 and Me > 0

such that, for any z in the set {x1,1, . . . ,xnd,N
nd
,y1, . . . ,yNe

} and r > 0,

ρX∗N (Br(z))− 1
N = ρX∗N (Br(z)\{z}) 6 θNMpr

d/q+(1−θN )Mer
d/q 6 (Mp+Me)r

d/q.

Approximation of the energy. We show that (X∗N )N>2 gives rise to a good approx-

imation of the continuum energy W, which is the second part of the limsup inequality

in the compactly supported case; see Definition 4.30. (Equivalently, we show Lemma

4.25(2) in the compactly supported case—notice that the liminf and limsup inequalities

together actually show the convergence of the energy, as stated in Lemma 4.25(2)).

Lemma 4.35. Suppose that W satisfies Hypotheses 8–10. Take ρ ∈ P(Rd) if W satisfies

Hypothesis 10(a), or ρ ∈ Mp(Rd) ∩P(Rd) with p = d/(d − β) if W satisfies Hypothesis

10(b). Assume in any case that ρ has compact support. Then

lim
N→∞

WN (X∗N ) = W(ρ).

Proof. Notice that W(ρ) < +∞ by boundedness of W or Lemma 4.10. Take X∗N as

constructed at the beginning of this section and as in Lemma 4.34. Assume first that W

satisfies Hypothesis 10(a). By Lemma 4.32, W is both upper and lower semicontinuous

in the narrow topology (and hence continuous at any ρ with W(ρ) finite); also, Lemma

4.34 tells us that d0(ρX∗N , ρ)→ 0 as N →∞. Hence the result:

lim
N→∞

WN (X∗N ) = lim
N→∞

(
E(ρX∗N )− W (0)

2N

)
= W(ρ).

Assume now that W satisfies Hypothesis 10(b). Then, by bilinearity of WN ,

2 |W(ρ)− WN (X∗N )|

6

∣∣∣∣∣
nd∑

i,j=1

∫

Qi

∫

Qj

W (x− y) dρ(y) dρ(x)− θ2
N

N2
p

nd∑

i,j=1

Ni∑

k=1

Nj∑

`=1

(i,k) 6=(j,`)

W (xi,k − xj,`)
∣∣∣∣∣

+
2θN (1− θN )

NeNp

∣∣∣∣∣∣

nd∑

i=1

Ni∑

k=1

Ne∑

j=1

W (xi,k − yj)

∣∣∣∣∣∣

+
(1− θN )2

N2
e

∣∣∣∣∣
Ne∑

i=1

Ne∑

j=1
j 6=i

W (yi − yj)
∣∣∣∣∣ =: S0,N + S1,N + S2,N .

(4.31)
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Let us first deal with term S0,N . We break the i- and j-sums in S0,N into two sets: the

set of i, j such that Qi and Qj are far apart and its complement. For all η > 0 we define

Iη =
{

(i, j) ∈
q
1, nd

y2 | dist(Qi, Qj) > η
}
,

and we call Ic
η its complement in

q
1, nd

y2
. Pick η small enough and n large enough such

that |x− y| 6 1 for all (x,y) ∈ Qi ×Qj and (i, j) ∈ Ic
η. We get

∣∣∣∣∣
∑

(i,j)∈Icη

∫

Qi

∫

Qj

W (x− y) dρ(y) dρ(x)− θ2
N

N2
p

∑

(i,j)∈Icη

Ni∑

k=1

Nj∑

`=1

(i,k)6=(j,`)

W (xi,k − xj,`)
∣∣∣∣∣

6 CW
∑

(i,j)∈Icη

∫

Qi

∫

Qj

|x− y|2−β dρ(y) dρ(x)

+
θ2
NCW
N2

p

∑

(i,j)∈Icη

Ni∑

k=1

Nj∑

`=1

(i,k)6=(j,`)

|xi,k − xj,`|2−β

6 CWCη(‖ρ‖Mp(Rd) + θ2
N [ρp

N ]MN
p

) 6 CWCη(‖ρ‖Mp(Rd) + θ2
NMp),

(4.32)

where Cη → 0 as η → 0 comes from Lemmas 4.10 and 4.18, using that ρ ∈Mp(Rd) and

ρp
N ∈MN

p with [ρp
N ]MN

p
6 Mp for some Mp > 0; see Step 2 in the proof of Lemma 4.34.

For the terms (i, j) ∈ Iη we use (4.29) and Np 6 n4d to get, for all i, j ∈
q
1, , nd

y
,

∣∣∣∣
1

N2
p

− ρiρj
NiNj

∣∣∣∣ 6 max

(
Ni +Nj + 1

(Ni + 1)(Nj + 1)
,

(
2 +

nd

Np

)
nd

Np

)
ρiρj
NiNj

6
max

(
Ni +Nj + 1, (2Np + nd)ndρiρj

)

N2
pNiNj

6
3n5d

N2
pNiNj

(4.33)

and obtain

∣∣∣∣∣∣
∑

(i,j)∈Iη

∫

Qi

∫

Qj

W (x− y) dρ(y) dρ(x)− θ2
N

N2
p

∑

(i,j)∈Iη

Ni∑

k=1

Nj∑

`=1

W (xi,k − xj,`)

∣∣∣∣∣∣

6

∣∣∣∣∣
∑

(i,j)∈Iη

∫

Qi

∫

Qj

W (x− y) dρ(y) dρ(x)

− θ2
N

∑

(i,j)∈Iη

∫

Qi

∫

Qj

1

Ni

Ni∑

k=1

1

Nj

Nj∑

`=1

W (xi,k − xj,`) dρ(y) dρ(x)

∣∣∣∣∣

+ θ2
N

nd∑

(i,j)∈Iη

Ni∑

k=1

Nj∑

`=1

3n5d

N2
pNiNj

|W (xi,k − xj,`)| =: R0,N +R1,N .

(4.34)
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The remainder term R1,N accounts for the fact that we are substituting 1/N2
p by the

quantity ρiρj/(NiNj); see (4.33). We show now that R0,N and R1,N are small. For R0,N

we have

R0,N 6
nd∑

(i,j)∈Iη

∫

Qi

∫

Qj

1

Ni

Ni∑

k=1

1

Nj

Nj∑

`=1

∣∣W (x− y)− θ2
NW (xi,k − xj,`)

∣∣ dρ(y) dρ(x),

and so

R0,N

6
nd∑

(i,j)∈Iη

∫

Qi

∫

Qj

1

Ni

Ni∑

k=1

1

Nj

Nj∑

`=1

|W (x− y)−W (xi,k − xj,`)| dρ(y) dρ(x)

+ (1− θ2
N )

nd∑

(i,j)∈Iη

ρiρj
NiNj

Ni∑

k=1

Nj∑

`=1

|W (xi,k − xj,`)| =: R′0,N +R′′0,N .

(4.35)

The terms x − y and xi,k − xj,` in R′0,N satisfy η 6 |x − y| 6 2L
√
d and η 6 |xi,k −

xj,`| 6 2L
√
d. Thus, since W is of class C1 on Rd \ {0}, there exists W ′η > 0 with

|W (x − y) −W (xi,k − xj,`)| 6 W ′η(|x − xi,k| + |y − xj,`|), and, since the diameter of a

cube Qi is
√
d(2L/n),

R′0,N 6
4W ′ηL

√
d

n
. (4.36)

The terms xi,k − xj,` in R′′0,N also verify η 6 |xi,k − xj,`| 6 2L
√
d, and so there exists

Wη > 0 such that |W (xi,k − xj,`)| 6Wη. Hence

R′′0,N 6 (1− θ2
N )Wη. (4.37)

Now, for R1,N ,

R1,N 6
3θ2
NWηn

7d

N2
p

6
3θ2
NWηn

7d

(n4d − nd)2
, (4.38)

using (4.28). Letting n → ∞ (that is, N → ∞) and then η → 0 in this order in (4.32),

(4.34), (4.35), (4.36), (4.37) and (4.38) gives that S0,N → 0 as N →∞.

We now deal with terms S1,N and S2,N in (4.31). As the terms xi,k − yj in S1,N

satisfy 2L 6 |xi,k−yj | 6 5L
√
d we have that |W (xi,k−yj)| 6WL for some WL > 0 and

S1,N 6 2WLθN (1− θN ).

By Step 2 of the proof of Lemma 4.34 we know that ρe
N ∈ MN

p with [ρe
N ]MN

p
6 Me for

some Me > 0. Also, the terms yi − yj in S2,N verify |yi − yj | 6 1 and, by Hypothesis
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10(b) and Lemma 4.18, we get

S2,N 6 (1− θN )2CWCdMe,

for some constant Cd > 0. Clearly we have S1,N → 0 and S2,N → 0 as N → ∞ since

θN → 1, which concludes the proof.

Extension to noncompactly supported probability measures. We extend Lem-

mas 4.34 and 4.35 to the case when ρ is not necessarily compactly supported; this finishes

the proof of Lemma 4.25 and Theorem 4.31.

We proceed by density. Take ρ ∈ P(Rd) if Hypothesis 10(a) holds, or ρ ∈Mp(Rd) ∩
P(Rd) with p = d/(d − β) if Hypothesis 10(b) holds. Let (ρl)l>0 be a sequence of

compactly supported probability measures such that d0(ρl, ρ) → 0 and W(ρl) → W(ρ)

as l → ∞; for example take ρl to be the normalisation of ρ restricted to the ball Bl.

By Lemmas 4.34 and 4.35 we can construct a sequence of particles (X∗N,l)N>2 such that

d0(ρX∗N,l , ρl)→ 0 and WN (X∗N,l)→ W(ρl) as N →∞ for any l > 0. Therefore, for any

subsequence (Y k,l)k := (X∗Nk,l)k we have d0(ρY k,l
, ρl) → 0 and Fk(Y k,l) → W(ρl) as

k →∞, where we write Fk for WNk . By the triangle inequality,

d0(ρY k,l
, ρ) 6 d0(ρY k,l

, ρl) + d0(ρl, ρ).

Therefore, for any l > 0 there exists k(l) ∈ N such that k(l)→∞ as l→∞, and

d0(ρY k(l),l
, ρ) 6 1

l + d0(ρl, ρ)→ 0 and Fk(l)(Y k(l),l) 6
1
l + W(ρl)→ W(ρ)

as l → ∞. This, together with the liminf inequality shown in Section 4.6.1, proves

that the subsequence (Fk(l))l>0 Γ-converges to W as l → ∞. For any subsequence

(Fk)k = (WNk)k we can therefore extract a further subsequence which Γ-converges to W,

which in turn shows that (WN )N>2 Γ-converges to W by the Urysohn property of the

Γ-convergence; see [25, Proposition 1.44] or Theorem B.3.
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5 Convergence of a particle method for diffusive

gradient flows in one dimension

Abstract of chapter. We prove the convergence of a particle method for the approxi-

mation of diffusive gradient flows in one dimension. This method relies on the discreti-

sation of the energy via nonoverlapping balls centred at the particles and preserves the

gradient-flow structure at the particle level. The strategy of the proof is based on an

abstract result for the convergence of curves of maximal slope in metric spaces. (See [58];

DOI: 10.1137/16M1077210.)

5.1 Introduction

In this chapter we show the convergence of a particle method to approximate the solutions

to (pure) diffusion equations of the form




∂tρ = div (ρ∇(U ′ ◦ ρ)) on [0, T ]× Ω

ρ(0) = ρ0,
(5.1)

where T > 0 is a finite final time, Ω denotes either the closure of a bounded, convex,

smooth domain of Rd or all of Rd itself, ρ : [0, T ]→ P(Ω) is an unknown curve of Borel

probability measures, and ρ0 is an initial fixed element of P2(Ω), the set of Borel proba-

bility measures on Ω with finite second moment. The measurable function U : [0,∞)→ R
is the density of internal energy.

The proof of the result relies on the natural gradient-flow structure of (5.1); in this

setting, the abstract result given by Serfaty in [136] for convergence of gradient flows in

metric spaces can be used. This result was in fact first proposed in [134] for the specific

case of gradient flows in Hilbert spaces. The underlying metric space is given here by

P2(Ω) together with the quadratic Wasserstein distance d2(ρ1, ρ2) between two elements

ρ1 and ρ2 in P2(Ω), which is defined by

d2(ρ1, ρ2) = inf
π∈Π(ρ1,ρ2)

(∫

Ω×Ω
|x− y|2 dπ(x,y)

)1/2

, (5.2)

http://dx.doi.org/10.1137/16M1077210
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where Π(ρ1, ρ2) is the space of probability measures (also called transport plans) on

Ω × Ω with first marginal ρ1 and second marginal ρ2. Note that d2(ρ1, ρ2) is finite

for all ρ1, ρ2 ∈ P2(Ω), and therefore the 2-Wasserstein space W2(Ω) := (P2(Ω),d2)

indeed defines a metric space; furthermore this space is separable and complete (see [3,

Proposition 7.1.5] for example).

In this Wasserstein gradient-flow setting the natural continuum energy functional

U: P2(Ω)→ (−∞,∞]—we justify why U> −∞ below—is

U(ρ) =





∫

Ω
U(ρ(x)) dx for all ρ ∈ P2,ac(Ω),

+∞ otherwise,
(5.3)

where P2,ac(Ω) is the subset of P2(Ω) of probability measures which are absolutely con-

tinuous with respect to the Lebesgue measure. Note that we denote by the same symbol

a probability measure and its density with respect to the Lebesgue measure, whenever

the latter exists. In this chapter the function U is always either the density of internal

energy for the heat equation, or a generic nonnegative density of internal energy satis-

fying the assumptions below. (This in particular makes sure that U as given in (5.3)

makes sense.)

Hypothesis 11. One of the following assumptions hold.

(a) U(0) = 0 and U(r) = r log r for all r ∈ [0,∞).

(b) U ∈ C([0,∞)) and is of class C∞ on (0,∞). Furthermore U is convex, nonnegative

function, with superlinear growth at infinity, and U(0) = 0. It also satisfies the

doubling condition: there exists a constant cU > 0 such that

U(r1 + r2) 6 cU (1 + U(r1) + U(r2)) for all r1, r2 ∈ [0,∞). (5.4)

Finally, the function u : r 7→ rdU(r−d) is convex and nonincreasing on (0,∞).

The assumptions in Hypothesis 11(b) are typical conditions needed for the application

of many theoretical results on diffusive gradient flows, which we use throughout this

chapter. Note that if U satisfies Hypothesis 11(b), then U > −∞ since U is in this

case nonnegative; if U satisfies Hypothesis 11(a), then U > −∞ still holds since the

probability measures that we consider have finite second moments; see (5.17).

The assumption that U(0) = 0 and u be convex and nonincreasing implies that the

energy U is geodesically convex (see [112], [111, Section 4] and [145, Theorem 5.15] for

a detailed exposition); when d = 1, geodesic convexity of U is actually equivalent to

convexity of U . Also, when d = 1, the monotonicity condition on u is a consequence of

U being convex and U(0) = 0.
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In this chapter we sometimes also assume the following hypothesis on U , in addition

to Hypothesis 11.

Hypothesis 12. U ′′(r) > 0 for all r ∈ (0,∞) and there exists a continuous function

f : (0,∞)→ [0,∞) such that f(1) = 1 and

U ′′(αr) > f(α)U ′′(r) for all r, α ∈ (0,∞).

Note that the density of internal energy for the heat equation (Hypothesis 11(a))

satisfies all the general assumptions in Hypothesis 12 and Hypothesis 11(b) but the

nonnegativity. Also, the classical case of the porous medium equation (that is U(r) =

rm/(m−1) for m > 1) is included in the class of functions U satisfying Hypotheses 11(b)

and 12; see [143] for a general discussion on nonlinear diffusions.

It can be shown that the space W2(Ω) enjoys a “weak” Riemannian structure which

allows us to define the gradient of the functional U. Indeed one defines the 2-Wasserstein

gradient on W2(Ω) by

∇W2 U(ρ) = −div
(
ρ∇U′ρ

)
for all ρ ∈ P2(Ω),

where U′ρ = U ′ ◦ ρ is the first variation density of U at point ρ, whenever the right-hand

side makes sense (see Proposition A.24). Then one can write (5.1) under the steepest-

descent form 


ρ′(t) = −∇W2 U(ρ(t)),

ρ(0) = ρ0,
(5.5)

where the time derivative has to be interpreted in the weak, or distribution, sense; see

[3, Equation (8.3.8)] or Definition 1.2. Formally, this shows that indeed the diffusion

equation (5.1) can be seen as the gradient-flow equation in the 2-Wasserstein space with

respect to the functional U. A rigorous and general definition of gradient flows requires

the notion of curves of maximal slope, which we postpone to Section 5.2.1; nevertheless,

let us already keep in mind that, as a by-product of the theory of gradient flows, gradient

flows for U are weak, or distribution, solutions to (5.1). For theoretical issues such as

existence and uniqueness of solutions to the continuum gradient flow of the form (5.5),

we refer the reader to [2–4,93,135,145,146] (see also Appendix A).

In this chapter we approximate solutions to the continuum gradient flow (5.5) by

finite atomic probability measures, that is by finite numbers of particles. The basic idea

is to restrict the continuum gradient flow to the discrete setting of atomic measures, while

keeping the gradient-flow structure at the discrete level via a suitable approximation of

the energy U on finite numbers of Dirac masses. Given an atomic measure, we uniformly

spread the mass of each point-mass in density blobs over maximal nonoverlapping balls;

then, we define the entropy of the atomic measures as that of these density blobs. The fact
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that they do not intersect allows for a fast computation of the energy and the interactions

between the point-masses. This procedure was also described in the companion work [52]

(see Chapter 6 of this thesis), where the numerical study of this method for more general

gradient flows, including confinement and interaction potentials, was performed. We refer

the reader to [52] for a discussion about other numerical particle methods for diffusions.

The goal of this chapter is to show the convergence of such a discrete gradient flow to the

continuum one in one dimension in the sense given in the abstract result [136, Theorem 2],

which we recall in Theorem 5.26. In order to use this result, three “lower semicontinuity”

conditions along gradient flows must be verified: one on the metric derivatives, one on the

energies, and one on the slopes of the energies. For the abstract theory of the convergence

of gradient flows seen as curves of maximal slope, we also refer the reader to [120]. Other,

less abstract approaches to prove convergence of Lagrangian schemes for fourth-order

equations in one dimension have been proposed in [122, 123], for one-dimensional drift

diffusion equations in [121], as well as for higher-dimensional Fokker–Planck equations

in [94].

Our main result, Theorem 5.24, shows the convergence in the one-dimensional case

with no-flux boundary conditions for general nonlinear diffusions (satisfying the hypothe-

ses given above), in the case of equally-weighted particles. In general, the main difficulty

that one faces with this kind of particle approximation is to characterise the subdifferen-

tials of the discrete gradient flows. However, in one dimension we show that in our case

the discrete energy is convex, allowing for an explicit, although cumbersome, characteri-

sation of the element of minimal norm of the subdifferential. We point out that due to the

choice of nonoverlapping balls we have to deal with a nonsmooth gradient flow at the dis-

crete level for which we need to work with differential inclusions. Adding a confinement

or interaction energy to the diffusion energy (5.3) is of strong interest as discussed in [52]

(see Chapter 6); in this situation, however, the computation of the element of minimal

norm is not clear even in one dimension. Another difficulty is the approximation of the

entropy functional; in our case, the Γ-convergence of the approximated discrete energy

towards the continuum one is not difficult to show in one dimension. However, producing

a good discrete energy approximation in higher dimensions is not a trivial task; see [127].

It is worth pointing out that, as a particle method, our discretisation is mesh-free

and therefore different from classical schemes for diffusion equations involving finite dif-

ferences, finite volumes or finite elements. There are several motivations for studying

our method. From the theoretical point of view, which is the core of this chapter, it

offers a rich and concrete application of the abstract result in [136] on the convergence

of gradient flows. From the numerical point of view, for which we refer the reader to [52]

(see Chapter 6) for more details, the method presents at least two advantages. First, it

involves simpler computations of the discrete energy and its derivatives than, for exam-

ple, particle methods where the mass of each particle is spread over Voronoi cells rather
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than over nonoverlapping balls. We believe in fact that our method offers a significant

numerical advantage in higher dimensions, where the derivatives of the areas, or vol-

umes, of the Voronoi cells do not need to be computed, as already observed in [52]. The

second advantage is the possibility of easily adding interaction and confinement poten-

tials to the discrete energy. Although the theoretical convergence is in this case still an

open question, this was numerically studied in depth in [52] for the case of the modified

one-dimensional Keller–Segel equation for which the authors were able to show that the

critical-mass properties of the equation are preserved at the discrete level.

Plan of chapter. In Section 5.2 we give the necessary background on metric spaces

to understand the proofs and discuss the notion of continuum gradient flow; we then

introduce the particle method and the discrete gradient flow. Section 5.3 states the main

result and gives the details of the strategy we follow. In Sections 5.4–5.6 we verify the

three “lower semicontinuity” conditions mentioned earlier. Finally, Section 5.7 discusses

the possibility of extending the main result of convergence to the whole real line, i.e.,

with no boundary conditions, and to general weights.

5.2 The gradient flows

5.2.1 Underlying notions in metric spaces

As already said, the gradient-flow formulation given in (5.5) is not exactly the one that we

use here, i.e., the one that allows the use of [136, Theorem 2]. Before stating the exact

definition, we need to introduce a few notions from the underlying theory of gradient

flows; see [2–4] for a detailed account. For the sake of generality these notions are

given here for in complete, separable metric space (M,dM ). In this section, F denotes

a proper functional from M to (−∞,∞]. We write dom F the domain of F, defined by

dom F= {x ∈M | F(x) < +∞}; the notation domA is also used to denote the domain

of any set-valued operator A from M to 2M , that is, domA = {x ∈ M | A(x) 6= ∅}.
Also, let p > 1.

Definition 5.1 (absolutely continuous curve). We say that γ : [0, T ] → M is p-

absolutely continuous if there exists f ∈ Lp([0, T ]) such that

dM (γ(t), γ(s)) 6
∫ t

s
f(r) dr for all 0 6 t 6 s 6 T . (5.6)

In this case we write γ ∈ ACp([0, T ],M). If p = 1 we simply write γ ∈ AC([0, T ],M)

say that γ is absolutely continuous.

For any γ : [0, T ]→M the limit

|γ′|dM (t) := lim
s→t

dM (γ(t), γ(s))

|t− s|
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is called the metric derivative, or speed, of γ at t ∈ [0, T ] whenever it exists. It

holds that |γ′|dM exists almost everywhere and belongs to Lp([0, T ]) if and only if

γ ∈ ACp([0, T ],M). In this case |γ′|dM satisfies (5.6) in place of f and |γ′|dM (t) 6 f(t)

for almost every t ∈ [0, T ] and all f satisfying (5.6); see [3, Theorem 1.1.2].

Definition 5.2 (strong upper gradient). We call g : M → [0,∞] a strong upper

gradient for F if for every γ ∈ AC([0, T ],M) the function g ◦ γ is measurable and

|F(γ(t))−F(γ(s))| 6
∫ t

s
g(γ(r))|γ′|dM (t) dr for all 0 6 s 6 t 6 T .

Definition 5.3 (local slope). The local slope, or metric slope, |∂F| : dom F→ [0,∞]

of F is defined by

|∂F|(x) = lim sup
dM (x,y)→0

(F(x)−F(y))+

dM (x, y)
for all x ∈ dom F,

where the subscript + denotes the positive part.

Definition 5.4 (curve of maximal slope). Consider g, a strong upper gradient for

F. We say that γ ∈ AC([0, T ],M) is a curve of maximal slope for Fwith respect to g if

F◦ γ is almost everywhere equal to some nonincreasing function f and

f ′(t) 6 −1
2g

2(γ(t))− 1
2 |γ′|2dM (t) for almost every t ∈ [0, T ].

The definition of a curve of maximal slope can be given in more generality for weak

upper gradients (see [3, Definition 1.2.2]). However, since in this chapter we only deal

with strong upper gradients, we do not need such generality. In particular, |∂U| is a

strong upper gradient for U; see [3, Corollary 2.4.10].

Remark 5.5. If γ is a curve of maximal slope for a strong upper gradient g, then

F◦γ ∈ AC([0, T ], (−∞,∞]), g◦γ|γ′|dM ∈ L1([0, T ]), |γ′|dM (t)2 = g(γ(t))2 = −(F◦γ)′(t)

for almost every t ∈ [0, T ], and γ ∈ AC2([0, T ],M); see [3, Remark 1.3.3].

5.2.2 Continuum gradient flows

We can now define the notion of continuum gradient flow.

Definition 5.6 (continuum gradient flow). A curve ρ ∈ AC2([0, T ], W2(Ω)) is said

to be a continuum gradient flow starting from ρ0 ∈ P2(Ω) if it is a curve of maximal

slope for U with respect to |∂U|, and if ρ(0) = ρ0.

Alternatively to Definition 5.6, we recall that there exists another common way of

defining a continuum gradient flow involving the notion of subdifferential.

Definition 5.7 (Wasserstein subdifferential). Let F: W2(Ω) → (−∞,∞] be proper

and narrowly lower semicontinuous. We define the subdifferential ∂W2F of F, for all
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ρ ∈ dom F∩P2,ac(Ω), by

∂W2F(ρ) =

{
ξ ∈ (L2

ρ (Ω))d | lim inf
d2(ρ̃,ρ)→0

F(ρ̃)−F(ρ)− 〈ξ,T∗ − id〉L2
ρ (Ω)

d2(ρ̃, ρ)
> 0

}
,

where id : Rd → Rd is the identity map, and T∗ is the optimal map for the quadratic

Monge’s transport problem between ρ and ρ̃, which exists and is unique since ρ is ab-

solutely continuous; see for example [145, Theorem 2.12] or Theorem 1.13. We write

∂0
W2
F(ρ) the unique element of minimal norm of ∂W2F(ρ) whenever it is well-defined.

We alternatively define the notion of continuum gradient flows in the following way:

we say that ρ ∈ AC2([0, T ], W2(Ω)) is a subdifferential gradient flow for U if ρ(t) ∈
dom ∂W2 U∩P2,ac(Ω) for almost every t ∈ [0, T ] and

v(t, ·) ∈ −∂W2 U(ρ(t)) for almost every t ∈ [0, T ],

where v : [0, T ]×Ω→ [−∞,∞]d is the unique measurable function such that ‖v‖L2
ρ(t)

(Ω) =

|ρ′|d2(t) for almost every t ∈ [0, T ] and the continuity equation

∂tρ+ div(ρv) = 0

holds weakly on [0, T ] × Ω. Since U is geodesically convex and narrowly lower semi-

continuous, we have existence and uniqueness of such gradient flows. Moreover, this

notion of continuum gradient flows and Definition 5.6 are equivalent, and the velocity

field v(t, ·) = −∂0
W2

U(ρ(t)) for almost every t ∈ [0, T ]; see [4, Theorems 5.3, 5.5 and 5.8]

and Theorem A.26 for more details. Note that, when Ω is bounded, continuum gradi-

ent flows satisfy no-flux boundary conditions on ∂Ω. In this chapter we only work with

Definition 5.6.

5.2.3 Particle method and discrete gradient flows

For the rest of this chapter we restrict ourselves to the one-dimensional case (d = 1), that

is, Ω ⊆ R. Discussions on possible extensions to higher dimensions are given throughout

the text.

We describe now the particle method which is used to approximate continuum gra-

dient flows. In this method, the underlying probability measure is characterised by the

particles’ positions X = (x1, . . . , xN ) ∈ ΩN and the associated equal weights w :=

(1/N, . . . , 1/N) ∈ (0, 1)N , where N > 2 is the total number of particles considered.

Throughout this chapter the positions X evolve in time but the weights w are fixed.

Very often the configuration space ΩN is endowed with the Euclidean inner product and

norm weighted by w as defined below.
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Definition 5.8 (weighted structure of ΩN). For all X,Y ∈ ΩN we define the

weighted inner product between X = (x1, . . . , xN ) and Y = (y1, . . . , yN ) as

〈X,Y 〉w =
1

N

N∑

i=1

xiyi.

This clearly induces the weighted norm

|X|w =
√
〈X,X〉w =

√
1
N

∑N

i=1
x2
i .

We write ΩN
w the weighted configuration space, i.e., the space ΩN equipped with the above

weighted structure.

Given X = (x1, . . . , xN ) ∈ ΩN , the most natural representation of the underlying

probability measure is the empirical measure

ρX :=
1

N

N∑

i=1

δxi ,

and we define the space of atomic measures as

AN,w(Ω) =
{
ρ ∈ P(Ω) | ∃Y ∈ ΩN , ρ = ρY

}
.

The particles Y = (y1, . . . , yN ) such that ρ = ρY = (1/N)
∑N

i=1 δyi are the particles

associated with ρ.

We now want to discretise the energy U on the space AN,w(Ω). To this end we first

introduce a convention and the notion of interparticle distance.

Convention 5.9. Without loss of generality, in one space dimension, whenever an ele-

ment X = (x1, . . . , xN ) ∈ ΩN has the physical meaning of particles, its entries are always

assumed to be sorted increasingly, i.e., xi+1 > xi for all i ∈ J1, N − 1K.

The resulting increasingly-sorted configuration space ΩN is convex since by assump-

tion Ω is convex. The notation J1, N − 1K stands for {1, 2, . . . , N − 1}.
Definition 5.10 (interparticle distance). For any X = (x1, . . . , xN ) ∈ ΩN we denote

the ith interparticle distance by the nonnegative quantity (eventually +∞ by convention)

∆iX = xi − xi−1 for i ∈ J1, N + 1K,

with the conventions for x0 and xN+1 given in (5.11) and (5.12) according to the boundary

conditions considered. Furthermore, for any i ∈ J2, NK, the interval [xi−1, xi] is called

the interparticle interval. We also write

ri(X) = min(∆iX,∆i+1X) for all i ∈ J1, NK. (5.7)
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Definition 5.11 (discrete energy). We call UN : AN,w(Ω) → (−∞,∞] the discrete

energy and we define it, for all X = (x1, . . . , xN ) ∈ ΩN and associated empirical measure

ρX ∈ AN,w(Ω), by

UN (ρX) =
N∑

i=1

|Bi(X)|U
(

1

N |Bi(X)|

)
=

1

N

N∑

i=1

u(Nri(X)), (5.8)

where u is as in Hypothesis 11(b), Bi(X) = Bri(X)/2(xi) with ri(X) given in (5.7),

and |Bi(X)| = ri(X). By convention, UN (ρX) = +∞ if there exists i, j ∈ J1, NK with

xi = xj, i.e., ri(X) = rj(X) = 0.

The energy UN > −∞ since U is pointwise finite. However, UN = +∞ by convention

at particles which are not distinct; this convention is motivated by the superlinear growth

of U at infinity. We have (see Lemma 5.17)

dom UN = {ρX ∈ AN,w(Ω) | X = (x1, . . . , xN ), xi 6= xj ∀ i 6= j}.

The essence of the discrete approximation in Definition 5.11 lies in the adequate

treatment of the energy U which becomes infinity on point masses; here the mass of each

particle is uniformly spread to circumvent this problem. To this end, given X ∈ ΩN with

ρX ∈ dom UN , consider

ρ̂X =
1

N

N∑

i=1

χBi(X)

|Bi(X)| , (5.9)

where χBi(X) is the characteristic function of Bi(X). Clearly ρ̂X is in P2,ac(R)—note

that, when Ω is bounded, ρ̂X is not necessarily a probability on Ω since the discretisation

balls χB1(X) and χBN (X) may lie partially out of the domain Ω—and thus the energy

(5.3) integrated on all of R is well-defined for ρ̂X . An illustration of what ρ̂X looks

like is given in Figure 5.1. The representation ρ̂X does not involve overlapping of balls,

xi−3 xi−2 xi−1 xi xi+1 xi+2 xi+3

ρ̂X

Bi(X)

1
N |Bi+2(X)|

Figure 5.1: The reconstructed piecewise constant density ρ̂X with X =
(x1, . . . , xN ).

but involves “gaps” between balls whose sizes are intuitively expected to decrease as

the number of particles increases. More rigorously, we actually prove in Lemmas 5.42



Chapter 5. Convergence of a particle method for diffusive gradient flows 131

and 5.43 and in Remark 5.44 that, if no-flux boundary conditions are considered, gaps

individually decrease like 1/N and their sum tends to 0 as N increases. By plugging

(5.9) into the energy (5.3) integrated on R, one gets that UN defined above is exactly

UN (ρX) = U(ρ̂X) =

∫

R
U(ρ̂X(x)) dx.

This choice of nonoverlapping particles has the main advantage of reducing the computing

cost of the discrete energy and its subdifferential; see Definition 5.15.

Since the expression above depends essentially on X ∈ ΩN , we can define the discrete

energy equivalently as a function of X ∈ ΩN instead of ρX ∈ AN,w(Ω). We do so by

using the following abuse of notation:

UN (X) := UN (ρX) for all ρX ∈ AN,w(Ω) with particles X ∈ ΩN . (5.10)

We now explain how we implement the boundary conditions, depending on whether

Ω is all of R or bounded. (With no loss of generality we take in the latter case a closed

ball of centre 0 and radius some given ` > 0.)

Discretisation in R: no boundary conditions. Let Ω = R. WhenX = (x1, . . . , xN ) ∈
RN we define two fictitious particles

xN+1 = −x0 = +∞, (5.11)

so that r1(X) = ∆2X and rN (X) = ∆NX.

Discretisation in a closed ball: no-flux boundary conditions. Fix ` > 0 and let

Ω = [−`, `]. When X = (x1, . . . , xN ) ∈ [−`, `]N we define




x0 = −∞ if x1 ∈ (−`, `),
x0 = −2`− x2 if x1 = −`,




xN+1 = +∞ if xN ∈ (−`, `),
xN+1 = 2`− xN−1 if xN = `,

(5.12)

so that if x1 = −`, then r1(X) = ∆2X = ∆1X, and similarly for xN and rN (X).

The difference between the discretisation in R and that in [−`, `] lies in the treatment

of the end particles x1 and xN . When Ω = R there are no boundary conditions to consider

and therefore no restrictions on where the particles flowing according to the discrete

system (5.13) can move; this is allowed by the fact that the two fictitious particles are

placed at infinity and therefore have no influence on the evolution of the “real” particles.

When Ω = [−`, `], however, these particles cannot leave the domain; this is ensured by

the presence of the two fictitious particles in (5.12). Indeed the fictitious particles have

no influence on the “real” ones as long as these stay contained in (−`, `); when a “real”
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particle reaches the boundary of [−`, `], however, the fictitious particles ensure that it

stays there, without having an influence on the other “real” particles; see Lemma 5.41.

Note that another way, maybe easier from the theoretical point of view, to enforce

no-flux boundary conditions when Ω = [−`, `] is to define the discrete energy UN still on

all of RN , rather than [−`, `]N , and set “artificially” that UN (X) = +∞ as soon as one

particle in X is not in [−`, `]. This approach, however, is not numerically convenient,

which is why we use here the fictitious particles instead. Indeed, thanks to (5.12) the

particles flowing according to (5.13) “naturally” stay in [−`, `] without having to set the

energy to +∞ outside the domain.

Now that we have a discrete setting we can define the discrete analogue of a continuum

gradient flow given in Definition 5.6. In the following, the space of atomic measures

AN,w(Ω) is always implicitly equipped with the quadratic Wasserstein distance d2; see

(5.2).

Definition 5.12 (discrete gradient flow). A curve ρ ∈ AC2([0, T ],AN,w(Ω)) is said

to be a discrete gradient flow starting from ρ0 ∈ AN,w(Ω) if it is a curve of maximal

slope for UN with respect to |∂UN |, and if ρ(0) = ρ0.

Equivalently, by (5.10), the discrete gradient flow can be defined on ΩN rather than

AN,w(Ω).

Definition 5.13 (discrete gradient flow for particles). We say X ∈ AC2([0, T ],ΩN
w)

is a discrete gradient flow (for particles) starting from X0 ∈ ΩN if it is a curve of maximal

slope for UN with respect to |∂UN |, and if X(0) = X0.

These two formulations being equivalent, we use them interchangeably in the rest of

this chapter.

Remark 5.14. Definition 5.13 (and thus 5.12) makes sense since, by Lemma 5.17, UN

is convex and lower semicontinuous, which makes sure that the respective local slopes

are strong upper gradients; see [3, Proposition 1.4.4].

Definition 5.13 can be reformulated by means of a differential inclusion; see [3, Propo-

sition 1.4.1] or Theorem A.14. First we need the definition of subdifferential in ΩN
w . For

the sake of generality we give the definition in arbitrary space dimension d > 1.

Definition 5.15 (Euclidean subdifferential). Let F: ΩN
w → (−∞,∞] be proper and

lower semicontinuous. We define the ( weighted) subdifferential ∂wF of F, for all X ∈
dom F, by

∂wF(X) =

{
Y ∈ RNd | lim inf

Z→X

F(Z)−F(X)− 〈Y ,Z −X〉w
|Z −X|w

> 0

}
.

We write ∂0
wF(X) the unique element of minimal norm of ∂wF(X) whenever it is well-

defined.
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Clearly one has the following relation between the weighted subdifferential ∂wF and

the classical Euclidean one denoted ∂F:

∂wF(X) =
{
Y ∈ RNd | 1

NY ∈ ∂F(X)
}

for all X ∈ dom F,

Proposition 5.16. A curve X ∈ AC2([0, T ],ΩN
w) is a discrete gradient flow starting

from X0 ∈ ΩN
w if and only if it satisfies




X ′(t) ∈ −∂wUN (X(t)) for almost all t ∈ (0, T ],

X(0) = X0.
(5.13)

The presence of a differential inclusion in Proposition 5.16 comes from the fact that

the gradient of the discrete energy UN is not everywhere defined since it involves the

minimum function through the nonoverlapping balls.

The lemma below gives us all the right properties on UN to prove well-posedness of

the differential inclusion above; see Proposition 5.18.

Lemma 5.17. The properties below on UN hold.

(i) dom UN = {X = (x1, . . . , xN ) ∈ ΩN | ∀ i 6= j, xi 6= xj}.
(ii) dom UN is a convex subset of ΩN .

(iii) UN is proper, lower semicontinuous and convex on ΩN .

Proof. (i). This is clear from the very definition of UN in (5.8) and the fact that U is

finite pointwise and superlinear at infinity.

(ii). This is easy to check since the increasingly-sorted space ΩN is convex.

(iii). The properness and lower semicontinuity are easy to check by continuity of U

and the convention that UN (X) = +∞ when X ∈ ΩN \dom UN . Let us prove convexity.

Since min is concave on [0,∞)2 and u is nonincreasing and convex on (0,∞), u ◦ min

is convex on (0,∞)2. Let λ ∈ [0, 1] and X0,X1 ∈ dom UN . For all X,Y ∈ ΩN write

[X,Y ]λ = (1 − λ)X + λY ∈ ΩN . By convexity of dom UN we know that [X0,X1]λ ∈
dom UN , and we compute

UN ([X0,X1]λ) =
1

N

N∑

i=1

u (N min(∆i[X0,X1]λ,∆i+1[X0,X1]λ))

6
1− λ
N

N∑

i=1

u(Nri(X0)) +
λ

N

N∑

i=1

u(Nri(X1))

= (1− λ)UN (X0) + λUN (X1).

If now X0 or X1 does not belong to dom UN , then the convexity inequality above is

trivial. This shows convexity of UN on ΩN .
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The following proposition shows that—in dimension one—the gradient-flow inclusion

(5.13) is well-posed, that is, it has one and only one solution.

Proposition 5.18. The discrete gradient-flow inclusion (5.13) is well-posed. Further-

more its solution X satisfies

X ′(t) = −∂0
wUN (X(t)) for almost every t ∈ [0, T ],

and X(t) ∈ dom UN for all t ∈ (0, T ].

Proof. We use here a result from the theory of maximal monotone operators; see [7,

Theorem 1 of Section 3.2 and Proposition 1 of Section 3.4] for example. See also [27,

Theorem 3.1] and [2, Theorem 4.1]. According to these results the well-posedness of

(5.13) is readily guaranteed by Lemma 5.17(iii) since X0 ∈ ΩN = cl(dom UN ), where cl

stands for the closure in ΩN .

Remark 5.19. The extension of Section 5.2.3 to higher dimensions presents two main

issues. The first comes from the enforcement of the boundary conditions. Ensuring no-

flux boundary conditions in higher dimensions is common practice in the numerics of

sweeping processes, where the velocity field of the considered discrete gradient flow is

projected onto the tangent plane to the domain whenever a particle is on the boundary

of this domain; see [59, 73, 74, 144] for instance for a detailed account. When d = 1 the

projection of the velocity of a particle exiting the domain onto the tangent plane of this

domain is 0, which corresponds indeed to adding the two fictitious particles (5.12).

The second issue is the well-posedness of the discrete gradient flow. At the contin-

uum level we know that the energy U is geodesically convex in any dimension d > 1.

Unfortunately we are unable to prove, or disprove, that this property is preserved at the

discrete level for d > 1; for d = 1 this is shown in Lemma 5.17(iii) which somehow uses

the fact that the configuration space ΩN
w is by convention ordered in each coordinate; see

Convention 5.9. This lack of convexity also makes it unsure whether the discrete local

slopes are strong upper gradients; see Remarks 5.14 and 5.27.

5.3 Main result and strategy

Before stating the main result, Theorem 5.24, we introduce notations and definitions.

Definition 5.20 (regular set of probability measures). We define the subset G(Ω)

of P2,ac(Ω) as follows. We write ρ ∈ G(Ω) if there exists r > 0 such that all the items

below hold.

(i) supp ρ = [−r, r],
(ii) ρ|supp ρ ∈ C1(supp ρ),

(iii) minsupp ρ ρ > 0,
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(iv) if Ω = [−`, `], then r = `.

Remark 5.21. Any ρ ∈ G(Ω) satisfies U(ρ) < +∞; i.e., G(Ω) ⊂ dom U.

Notation 5.22. In the following, when particles XN ∈ ΩN explicitly depend on N ,

we often write ρN and ρ̂N in place of ρXN
and ρ̂XN

, respectively, when the context

makes it unambiguous. Also, when XN = (x1, . . . , xN ) we write ∆xi = ∆iXN for all

i ∈ J1, N + 1K and ri = ri(XN ) for all i ∈ J1, NK.

Definition 5.23 (recovery sequence and well-preparedness). Given ρ ∈ P2(Ω),

any (ρN )N>2 with ρN ∈ AN,w(Ω) for all N > 2 such that

ρN ⇀ ρ narrowly as N →∞ and lim sup
N→∞

UN (ρN ) 6 U(ρ)

is said to be a recovery sequence for ρ. Let (XN )N>2 be the particles associated with

(ρN )N>2; XN = (x1, . . . , xN ). We say that (ρN )N>2 is well-prepared for ρ if it is a

recovery sequence for ρ and there exist a1, a2 > 0 such that

a1/N 6 ∆iXN 6 a2/N for all i ∈ J2, NK and all N > 2; (5.14)

if ρ ∈ G(Ω), we moreover require xN = −x1 = r.

Note that any well-prepared ρN belongs to dom UN by (5.14). An example of well-

prepared sequence for any ρ ∈ G(Ω) is given in Lemma 5.35. Below is our main result.

Theorem 5.24 (main theorem). Let U satisfy Hypothesis 11. Suppose that ρN ∈
AC2([0, T ],AN,w(Ω)), with particles XN ∈ AC2([0, T ],ΩN

w), is a discrete gradient flow

starting from ρ0
N ∈ AN,w(Ω), with particles X0 ∈ ΩN

w. Let ρ0 ∈ G(Ω) and assume

that (ρ0
N )N>2 is well-prepared for ρ0 according to Definition 5.23. Then there exists

ρ ∈ AC2([0, T ], W2(Ω)) such that ρN (t) ⇀ ρ(t) narrowly as N → ∞ for all t ∈ [0, T ].

Moreover, if Ω = [−`, `] and U satisfies Hypothesis 12, then ρ is a continuum gradient

flow in the sense of Definition 5.6, and





lim
N→∞

|ρ′N |d2 = |ρ′|d2 in L2([0, T ]),

lim
N→∞

UN (µN (t)) = U(ρ(t)) for all t ∈ [0, T ],

lim
N→∞

|∂wUN (µN )| = |∂wU(ρ)| in L2([0, T ]).

(5.15)

In the theorem above, the limiting gradient flow ρ is actually the unique continuum

gradient flow starting at ρ0; see [3, Theorem 11.2.5] and Theorem A.26.

Remark 5.25. In Theorem 5.24 it can actually be proved that the convergence of ρN (t)

to ρ(t) is stronger than narrow; it is indeed in dp for any 1 6 p < 2, where dp is

the p-Wasserstein distance defined analogously to (5.2); see the proof of Lemma 5.30.
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Obviously, when Ω = [−`, `] we actually have d2-convergence since narrow and d2-

convergences are then equivalent.

Suppose that we had the convergence of the gradient flow regardless of Ω being

[−`, `] or R—see Theorem 5.47 for an attempt at such a generalisation. Then we make

the following remark. In our main theorem we assume some regularity on the initial

datum: ρ0 ∈ G(Ω). If we want to start with a general ρ0 ∈ P2(Ω), then we can use the

stability property of the initial conditions with respect to d2; that is, if ρ1 and ρ2 are

two continuum gradient flows in AC2([0, T ], W2(Ω)) with respective initial conditions ρ0
1

and ρ0
2 in P2(Ω), then

d2(ρ1(t), ρ2(t)) 6 d2(ρ0
1, ρ

0
2) for all t ∈ [0, T ]; (5.16)

see [4, Theorem 5.5]. Let 1 6 p < 2 and consider ρ0 ∈ P2(Ω) and ρδ0 ∈ G(Ω) for all

δ > 0, two initial data such that d2(ρ0, ρ
δ
0)→ 0 as δ → 0. Assume that ρδN is a discrete

gradient flow which is well-prepared initially for ρδ0. Then, by Theorem 5.24 and what

observed above, the continuum gradient flow ρδ ∈ AC2([0, T ], W2(Ω)) starting from ρδ0 is

such that dp(ρ
δ
N (t), ρδ(t))→ 0 as N →∞ for all t ∈ [0, T ]. Let the continuum gradient

flow starting from ρ0 be ρ ∈ AC2([0, T ], W2(Ω)). Now, by the triangular inequality, the

nondecreasing monotonicity of the sequence (dp)p>1 and (5.16), for all t ∈ [0, T ] we have

dp(ρ
δ
N (t), ρ(t)) 6 dp(ρ

δ
N (t), ρδ(t)) + dp(ρδ(t), ρ(t)) 6 dp(ρ

δ
N (t), ρδ(t)) + d2(ρδ0, ρ0).

Thus for all δ > 0 there exists N(δ) > 2 such that dp(ρ
δ
N(δ)(t), ρ(t)) 6 δ + d2(ρδ0, ρ0).

Then

lim
δ→0

dp(ρ
δ
N(δ)(t), ρ(t)) = 0.

Hence the continuum gradient flow ρ is well approximated by the subsequence (ρδN(δ))δ>0

as δ → 0.

To prove Theorem 5.24, we want to use [136, Theorem 2], which we state below in

our context.

Theorem 5.26 (see [136]). Let ρN ∈ AC2([0, T ],AN,w(Ω)) be a discrete gradient flow

according to Definition 5.12. Assume that ρN (t) ⇀ ρ(t) narrowly as N → ∞ for all

t ∈ [0, T ] for some ρ ∈ AC2([0, T ], W2(Ω)). Suppose furthermore that (ρN (0))N>2 is a

recovery sequence for ρ(0) according to Definition 5.23, and that the following conditions

hold for all t ∈ [0, T ].

(C1) lim inf
N→∞

∫ t

0
|ρ′N |d2(s)2 ds >

∫ t

0
|ρ′|d2(s)2 ds.

(C2) lim inf
N→∞

UN (ρN (t)) > U(ρ(t)).
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(C3) lim inf
N→∞

|∂UN |(ρN (t)) > |∂E|(ρ(t)).

Then ρ is a continuum gradient flow according to Definition 5.6 and (5.15) holds.

Remark 5.27. As stated in [136] for all d > 1, Theorem 5.26 actually requires |∂U| and

|∂UN | to be strong upper gradients; this is surely the case for |∂U| in any dimension

and for |∂UN | when d = 1. If d > 1, it is less clear for |∂UN | since we are not able to

prove, or disprove, the convexity of UN . This, along with those mentioned in Remark

5.19, is one of the reasons why we restrict ourselves to d = 1 for the proof of Theorem

5.24. Other reasons are the simplifications induced by the natural increasing ordering

of particles, and the possibility of computing the subdifferential explicitly; see Lemmas

5.39 and 5.40.

The result of Theorem 5.24 has two main parts: the compactness part, which shows

the existence of the limiting ρ, and the convergence part, which shows that this ρ is

indeed the continuum gradient flow. The proof of the second part entirely relies on

Theorem 5.26, and therefore reduces to showing (C1)–(C3). In order, we first show the

compactness part of the result and (C1), and then (C2) and (C3). Let us remark that

the condition that U satisfies Hypothesis 12 in the main theorem is actually only needed

in the proof of (C3).

The restriction of the convergence part to Ω = [−`, `] stems from the difficulty of

treating the gaps between interparticle intervals when Ω = R. The conditions (C1) and

(C2) are actually shown for Ω = R as well, whereas the condition (C3) is the one that

requires Ω = [−`, `]. The possibility of extending the proof of (C3) to no boundary

conditions is discussed in Section 5.7.

5.4 Condition on the metric derivatives and compactness

We justify the existence of the limiting ρ of Theorem 5.24 and show (C1). To this end

we first give in Lemma 5.28 two Carleman-type estimates relating the continuum energy

and the second moment. An estimate similar to (5.18) can be found in [22, Lemma 2.2]

and [93]. We denote by m2(ρ) :=
∫

Ω x
2 dρ(x) the second moment of ρ, for any ρ ∈ P2(Ω).

Note first that Lemmas 5.28 and 5.29 are only stated for Ω = R because their proofs are

much easier if Ω = [−`, `]. Indeed, in this case Lemma 5.28 comes from the convexity of

U and Jensen’s inequality (see Theorem B.1), and the fact that U is either nonnegative

or the density of internal energy for the heat equation:

U(ρ) > u(2`) if ρ ∈ P2([−`, `]),
‖U ◦ ρ‖L1([−`,`]) 6 U(ρ) + 4` if ρ ∈ P2,ac([−`, `]),

and Lemma 5.29 is trivial.
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Lemma 5.28. Let Ω = R, and let U satisfy Hypothesis 11. For all δ > 0 and ρ ∈ P2(R),

U(ρ) > −Kδ − δm2(ρ), (5.17)

where Kδ =
√

2π/δ, and, if ρ ∈ P2,ac(R),

‖U ◦ ρ‖L1(R) 6 U(ρ) + 2δm2(ρ) + 2Kδ. (5.18)

Proof. Let δ > 0. If U satisfies Hypothesis 11(b), then the two inequalities are trivial

since U(ρ) > 0 for all ρ ∈ P2(R) and ‖U ◦ ρ‖L1(R) = U(ρ) for all ρ ∈ P2,ac(R).

Suppose now that U is the density of internal energy for the heat equation, i.e., it

satisfies Hypothesis 11(a). We first prove (5.17) in a way inspired by [75, Lemma 4.1]

and [93, Section 4]. If ρ 6∈ P2,ac(R), then the result is trivial since U(ρ) = +∞ by

definition. Let ρ ∈ P2,ac(R) and split the density of internal energy as

U(ρ(x)) = U+(ρ(x))− U−(ρ(x)),

where the subscripts + and − denote respectively the positive and negative parts. Write

Iδ = {x ∈ R | ρ(x) 6 exp(−δx2)} and Jδ = {x ∈ R | exp(−δx2) < ρ(x) 6 1} and recall

that x| log x| 6 √x for all x ∈ [0, 1] and that x 7→ | log x| is decreasing on (0, 1]. Compute

∫

R
U−(ρ(x)) dx =

∫

{y∈R | ρ(y)61}
ρ(x)| log ρ(x)|dx

=

∫

Iδ

ρ(x)| log ρ(x)| dx+

∫

Jδ

ρ(x)| log ρ(x)|dx

6
∫

Iδ

√
ρ(x) dx+

∫

Jδ

ρ(x)| log(exp(−δx2))| dx

6
∫

R
e−δx

2/2 dx+ δ

∫

R
x2ρ(x) dx = Kδ + δm2(ρ),

which shows (5.17) as U+(ρ(x)) > 0 for all x ∈ R. To prove (5.18) use the computation

above to get

‖U ◦ ρ‖L1(R) =

∫

{y∈R | ρ(y)61}
ρ(x)| log ρ(x)| dx+

∫

{y∈R | ρ(y)>1}
ρ(x) log ρ(x) dx

6 Kδ + δm2(ρ) + U(ρ) +

∫

{y∈R | ρ(y)61}
ρ(x)| log ρ(x)|dx

6 2Kδ + 2δm2(ρ) + U(ρ),

which is (5.18).

Lemma 5.29. Take Ω = R. Let U satisfy Hypothesis 11, and let (ρN )N>2 be as in

Theorem 5.24. Then there exist two finite constants M0(T ) > 0 and U0(T ) ∈ R such that
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the bounds below hold for all t ∈ [0, T ].

m2(ρN (t)) 6M0(T ) (5.19)

and

UN (ρN (t)) > U0(T ). (5.20)

Proof. Fix t ∈ [0, T ] and consider δ > 0 that we choose later. Since, by well-preparedness,

ρ0
N ∈ dom UN we know in fact that ρN (t) ∈ dom UN for all t ∈ [0, T ] by Proposition 5.18;

hence we can consider ρ̂N (t), the piecewise constant density defined in (5.9) associated

to ρN (t). By (5.17),

UN (ρN (t)) = U(ρ̂N (t)) > −Kδ − δm2(ρ̂N (t)). (5.21)

We denote byXN = (x1, . . . , xN ) the particles associated with ρN and, owing to Notation

5.22, we write ∆xi(t) = ∆iXN (t) and ri(t) = min(∆xi(t),∆xi+1(t)). Let us compute

m2(ρ̂N (t)) =
1

N

N∑

i=1

1

ri(t)

∫ xi(t)+
ri(t)

2

xi(t)−
ri(t)

2

x2 dx =
1

N

N∑

i=1

(
xi(t)

2 +
ri(t)

2

12

)

= m2(ρN (t)) +
1

N

N∑

i=1

ri(t)
2

12
.

Let k = argmin{i ∈ J1, NK | xi(t) > 0}. Then ri(t) 6 ∆xi(t) 6 xi(t) for all i > k + 1,

ri(t) 6 ∆xi+1(t) 6 −xi(t) for all i 6 k − 2, rk(t) 6 ∆xk+1(t) 6 xk+1(t) and rk−1(t) 6

∆xk−1(t) 6 −xk−2(t). Therefore,

N∑

i=1

r2
i =

N∑

i=1
i 6=k−1,k

r2
i + r2

k + r2
k−1 6

N∑

i=1
i 6=k−1,k

x2
i + x2

k+1 + x2
k−2 6 2Nm2(ρN ),

where we omitted the time dependences. Thus,

m2(ρ̂N (t)) 6 m2(ρN (t)) + m2(ρN (t))/6 = 7m2(ρN (t))/6.

Then, by (5.21),

UN (ρN (t)) > −Kδ − 7δ
6 m2(ρN (t)). (5.22)

Now, by the evolution variational inequality given in [4, Theorem 5.3(iii)] and the con-

vexity of UN , and since UN is a Lyapunov functional for the discrete gradient flow, we

know that, for all 0 6 τ 6 t 6 T ,

d2
2(ρN (t), ρN (τ)) 6 2

∫ t

τ
(UN (ρN (τ))− UN (ρN (s))) ds
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6 2

∫ t

τ
(UN (ρ0

N )− UN (ρN (t))) ds = KN (t)(t− τ),

where KN (t) = 2(UN (ρ0
N )−UN (ρN (t))). By only swapping t and τ when 0 6 t < τ 6 T ,

we get

d2
2(ρN (t), ρN (τ)) 6 KN (t)|t− τ | for all t, τ ∈ [0, T ]. (5.23)

By Remark 5.21 and the well-preparedness of ρ0
N we know that there exists a constant

u0 ∈ R depending on ρ0 such that UN (ρ0
N ) 6 u0, and therefore, by (5.22),

KN (t) 6 2u0 + 2Kδ + 7δ
3 m2(ρN (t)). (5.24)

Note that

m2(ρN (t)) = d2
2(ρN (t), δ0) 6

(
d2

2(ρN (t), ρ0
N ) + d2(ρ0

N , δ0)
)2

6 2d2
2(ρN (t), ρ0

N ) + 2d2
2(ρ0

N , δ0)

= 2d2
2(ρN (t), ρ0

N ) + 2m2(ρ0
N ).

By assumption ρ0 ∈ G(R), which, together with the well-preparedness of ρ0
N , implies

the existence of m0 = m(ρ0) > 0 such that m2(ρ0
N ) 6 m0. This, along with (5.23) and

(5.24), implies

m2(ρN (t)) 6 2
(
2u0 + 2Kδ + 7δ

3 m2(ρN (t))
)
t+ 2m0

6 4
(
u0 +Kδ + 7δ

6 m2(ρN (t))
)
T + 2m0.

Hence, by choosing any δ < 3/(14T ), say δ = 3/(28T ), we get

m2(ρN (t)) 6 8(u0 +K3/(28T ))T + 4m0 =: M0(T ),

which is (5.19). To prove (5.20), use (5.22) to get

UN (ρN (t)) > −Kδ − 7δ
6 M0(T ) =: U0(T ),

for any choice of δ > 0, which ends the proof.

We can finally get the compactness part of the main theorem and (C1).

Lemma 5.30. Let U satisfy Hypothesis 11, and let (ρN )N>2 be as in Theorem 5.24.

Then there exists ρ ∈ AC2([0, T ], W2(Ω)) such that ρN (t) ⇀ ρ(t) narrowly as N → ∞
for all t ∈ [0, T ]. Furthermore, (C1) holds.

Proof. We want to use the generalisation of the Arzelà–Ascoli theorem given in [3, Propo-

sition 3.3.1] (see Theorem B.4). To this end we first show that the family {ρN}N>2 is
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equicontinuous in time on [0, T ] with respect to d2 uniformly in N . By Lemma 5.29 and

its proof, we already have

d2
2(ρN (t), ρN (τ)) 6 2(u0 − U0(T ))|t− τ | for all t, τ ∈ [0, T ],

which is the result—more specifically, this shows that ρN is (1/2)-Hölder continuous,

uniformly in N . Now fix t ∈ [0, T ]. In order to apply [3, Proposition 3.3.1] we now only

need to show that the family {ρN (t)}N>2,t∈[0,T ] is narrowly compact; by Prokhorov’s

theorem (see Theorem 1.17), this means showing that {ρN (t)}N>2 is tight, uniformly in

t, which in turn is implied by (m2(ρN (t)))N>2 being a sequence bounded uniformly in N

and t (see Proposition 1.18), which is readily given to us by (5.19). The Arzelà–Ascoli

theorem then gives that there exists ρ ∈ C([0, T ],P(Ω)), a narrowly continuous curve

from [0, T ] to P(Ω), such that ρN (t) ⇀ ρ(t) narrowly as N →∞ for all t ∈ [0, T ], up to

a subsequence of (ρN (t))N>2; we also have ρ(t) ∈ P2(Ω) for all t ∈ [0, T ] by the above

uniform bound on m2(ρN (t)).

We now show that ρ is actually in AC2([0, T ], W2(Ω)) and that (C1) is true. This

part is based on [66, Theorem 5.6]. Fix t ∈ [0, T ]. By Remark 5.5,

∫ t

0
|ρ′N |d2(s)2 ds = UN (ρ0

N )− UN (ρN (t)) 6 u0 − U0(T ),

where u0 and U0(T ) are as above. Then, up to a subsequence, limN→∞
∫ t

0 |ρ′N |d2(s)2 ds =

C for some C > 0 independent of N . Therefore |ρ′N |d2 is bounded in L2([0, t]) and so,

up to a further subsequence, it is L2-weakly convergent to some v ∈ L2([0, t]). It is then

also L1-weakly convergent to v, so that

lim
N→∞

∫ t1

t0

|ρ′N |d2(s) ds =

∫ t1

t0

v(s) ds for all 0 6 t0 6 t1 6 T . (5.25)

We also know that, by definition of the metric derivative and ρN being 2-absolutely

continuous,

d2(ρN (t0), ρN (t1)) 6
∫ t1

t0

|ρ′N |d2(s) ds.

Then, by the narrow lower semicontinuity of d2 (see [2, Proposition 3.5] or Proposition

1.23(ii)) and (5.25),

d2(ρ(t0), ρ(t1)) 6
∫ t1

t0

v(s) ds.

Therefore ρ ∈ AC2([0, T ], W2(Ω)) and, by the remark below Definition 5.1, |ρ′|d2(s) 6

v(s) for almost every s ∈ [0, T ]. By weak lower semicontinuity of the L2 norm, this gives

lim inf
N→∞

∫ t

0
|ρ′N |d2(s)2 ds = lim

N→∞

∫ t

0
|ρ′N |d2(s)2 ds >

∫ t

0
v(s)2 ds >

∫ t

0
|ρ′|d2(s)2 ds,
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which is (C1).

5.5 Condition on the energy and Γ-convergence of the discrete energy

In this section we prove that (C2) holds. We also prove that the discrete energy given in

(5.8) actually Γ-converges with respect to d2, in dimension one, to the continuum energy

functional (5.3) as the number of particles N grows to infinity; this justifies the existence

of a well-prepared sequence for ρ0 ∈ G(Ω) assumed in Theorem 5.24.

5.5.1 Condition on the energy

We directly give the proof of (C2). Note that the proof of Lemma 5.31 says that the

piecewise constant density ρN , defined in (5.9), is a good narrow approximation of the

limiting ρ of Theorem 5.24.

Lemma 5.31. Let U satisfy Hypothesis 11, and let (ρN )N>2 and ρ be as in Theorem

5.24. Then (C2) holds.

Proof. Let us omit the time dependences, and write

ϕN =

∣∣∣∣
∫

R
ϕ(x)ρ̂N (x) dx−

∫

R
ϕ(x) dρN (x)

∣∣∣∣

for some ϕ ∈ Lip(R) ∩ L∞(R) Lipschitz with constant L > 0. We know that ρ̂N is

well-defined since ρN ∈ dom UN at all times thanks to Proposition 5.18. Notice that we

integrate over R even if Ω = [−`, `] since ρ̂N ∈ P2,ac(R). Write XN = (x1, . . . , xN ) the

particles of ρN and Bi = Bi(XN ) the nonoverlapping discretisation balls associated to

XN . Compute

ϕN =

∣∣∣∣∣
N∑

i=1

1

N

∫

Bi

ϕ(x)

|Bi| dx− 1

N

N∑

i=1

ϕ(xi)

∣∣∣∣∣ 6
1

N

N∑

i=1

1

|Bi|

∫

Bi
|ϕ(x)− ϕ(xi)|dx

6
L

N

N∑

i=1

1

|Bi|

∫

Bi
|x− xi| dx 6

L

N

N∑

i=1

|Bi| 6 L

N

N∑

i=2

∆xi +
L∆x2

N

6
L

N

(√
2(x2

1 + x2
N ) +

√
2(x2

1 + x2
2)

)
6 2L

√
2m2(ρN )

N

6 2L

√
2M0(T )

N
−−−−→
N→∞

0,

by (5.19), which (by the Portmanteau theorem; see Theorem 1.15) shows that ρ̂N−ρN ⇀

0 narrowly as N → ∞. Then, since ρN ⇀ ρ, we get that ρ̂N ⇀ ρ as N → ∞. Now,

by definition, UN (ρN ) = U(ρ̂N ), and U is narrowly lower semicontinuous, which gives

(C2).
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5.5.2 Γ-convergence of the discrete energy

We show that the discrete energy Γ-converges to the continuum one with respect to the

metric d2; see Definition 5.32. We do not show it with respect to the narrow convergence

if Ω = R (for which d2- and narrow convergences are not equivalent); indeed, this case is

more involved since the liminf inequality may not hold for sequences which do not have

a control on the second moments; see the proof of Lemma 5.31.

Definition 5.32 (Γ-convergence). We say the discrete energy (UN )N>2 Γ-converges

(with respect to d2) to the continuum energy U if the following two conditions are met

for all ρ ∈ P2(Ω).

(i) ( liminf inequality) All sequences (ρN )N>2 with ρN ∈ AN,w(Ω) for all N > 2 such

that d2(ρN , ρ)→ 0 as N →∞ satisfy U(ρ) 6 lim infN→∞ UN (ρN ).

(ii) ( limsup inequality) There exists a recovery sequence with respect to d2 for ρ.

On top of Hypothesis 11, in this subsection we sometimes assume that U satisfies the

following: there exist continuous functions f1, f2 : [0,∞) → R such that f1(1) = 1 and

f2(1) = 0, and

U(αr) 6 f1(α)U(r) + f2(α)r for all r, α ∈ [0,∞). (5.26)

This is still satisfied by typical densities of internal energy, such as for the heat equation

and the porous medium equation. This assumption is actually only needed in the proof

of Lemma 5.36.

Theorem 5.33. Let U satisfy Hypothesis 11 and (5.26). Then (UN )N>2 Γ-converges to

U.

Showing the liminf inequality follows the same strategy used to prove (C2) in Lemma

5.31. The difference lies in the fact that convergence in d2 to an element of P2(Ω) yields

by itself a uniform bound on the second moments of the sequence considered, so that

(5.19) is readily given. We therefore only need to prove the limsup inequality.

To this end we only need, for any ρ ∈ P2(Ω), to find a recovery sequence with respect

to d2. Suppose U(ρ) < +∞, or the result is trivial. Then, by definition of the continuum

energy, ρ ∈ P2,ac(Ω). We proceed in two main stages: we first prove the result for any

ρ ∈ G(Ω), and then relax this assumption on ρ and prove the general result for any

ρ ∈ P2,ac(Ω) by a density argument.

In order to be able to apply Theorem 5.26 we actually do not need to show the Γ-

convergence on the whole set P2(Ω), but rather only on the regular set G(Ω). Indeed, we

only need to find a recovery sequence (which is also well-prepared) for the regular initial

profile ρ0 ∈ G(Ω), which we do just below. Note that in this case the hypothesis (5.26)

is not needed, which is why it is not assumed in the main theorem.
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Regular case. Let us recall the notion of pseudoinverse.

Definition 5.34 (pseudoinverse). Let F : Ω → [0, 1] be a nondecreasing and right-

continuous function. The pseudoinverse of F is the nondecreasing and right-continuous

function defined by Φ: [0, 1]→ Ω ∪ {−∞,+∞} and

Φ(η) = inf{x ∈ Ω | F (x) > η} for all η ∈ [0, 1), Φ(1) = lim
η→1−

Φ(η).

If F is the cumulative distribution function of a probability density ρ, then its pseudo

inverse Φ ∈ L2([0, 1]) if and only if ρ ∈ P2(Ω). If ρ ∈ G(Ω), then Φ ∈ C2([0, 1]) is

increasing and is the classical inverse of F .

A recovery sequence for any ρ ∈ G(Ω) is given in the following lemma.

Lemma 5.35. Let U satisfy Hypothesis 11. Let ρ ∈ G(Ω), F : Ω→ [0, 1] be its cumulative

distribution function, and Φ be the pseudoinverse of F . Then the sequence (ρN )N>2 with

ρN ∈ AN,w(Ω) for all N > 2 and particles XN = (x1, . . . , xN ) such that

x1 = Φ(0) and xi = Φ

(
i

N

)
for i ∈ J2, NK (5.27)

is well-prepared for ρ according to Definition 5.23.

Proof. We first show the bound condition on the interparticle distances. As in Notation

5.22 let us write ∆xi = ∆iXN and ri = ri(XN ). Notice

∆x2 = Φ

(
2

N

)
− Φ(0), ∆xi = Φ

(
i

N

)
− Φ

(
i− 1

N

)
for i ∈ J3, NK.

Since Φ ∈ C2([0, 1]), the mean-value theorem yields

∆x2 =
Φ′(ξ1) + Φ′(ξ2)

N
=

1

Nρ(Φ(ξ1))
+

1

Nρ(Φ(ξ2))
,

∆xi =
Φ′(ξi)

N
=

1

Nρ(Φ(ξi))
,

for i ∈ J3, NK for some ξi ∈ ((i− 1)/N, i/N). Therefore,

(N max ρ)−1 6 ∆xi 6 2(N minsupp ρ ρ)−1 for all i ∈ J2, NK. (5.28)

Also, one sees that xN = −x1 = r, where r is as in Definition 5.20, as required by

Definition 5.23.

We now show that (ρN )N>2 is a recovery sequence with respect to d2 for ρ. First,

let us show that d2(ρN , ρ) → 0 as N → ∞. We know that the quadratic Wasserstein
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distance can be written in one dimension as

d2
2(ρN , ρ) =

∫ 1

0
(ΓN (η)− Φ(η))2 dη,

where ΓN is the pseudoinverse of the cumulative distribution function of ρN . Also,

ΓN (η) =




x1 = Φ(0) if η ∈

[
0, 1

N

)
,

xi = Φ
(
i
N

)
for all i ∈ J2, NK, if η ∈

[
i−1
N , iN

)
.

Hence, writing ∆iΦ = Φ(i/N)− Φ((i− 1)/N) for all i ∈ J1, NK,

d2
2(ρN , ρ) =

N∑

i=2

∫ i
N

i−1
N

(
Φ

(
i

N

)
− Φ(η)

)2

dη +

∫ 1
N

0
(Φ(0)− Φ(η))2 dη

6
N∑

i=1

∫ i
N

i−1
N

(∆iΦ)2 dη =
1

N

N∑

i=1

(∆iΦ)2

since Φ is increasing. Notice that ∆x2 = ∆1Φ + ∆2Φ and ∆xi = ∆iΦ for all i ∈
{3, . . . , N}, and so

N∑

i=1

(∆iΦ)2 =

N∑

i=2

∆x2
i − 2∆1Φ∆2Φ 6

N∑

i=2

∆x2
i .

By (5.28), we know that ∆xi 6 2/(N minsupp ρ ρ), which then gives

d2
2(ρN , ρ) 6

1

N

N∑

i=2

∆x2
i 6 4(N minsupp ρ ρ)−2 −−−−→

N→∞
0.

Let us now prove that UN (ρN ) → U(ρ) as N → ∞. In the rest of the proof, K ∈ R
denotes a generic constant which only depends on ρ and U and which may take different

values throughout computations. Since x1 and xN are at the boundaries of the support

of ρ, compute

U(ρ) =
N∑

i=2

∫ xi

xi−1

U(ρ(x)) dx =
N∑

i=2

∆xiU(ρ(xi))

+

N∑

i=2

∫ xi

xi−1

ρ′(ξi(x))U ′(ρ(ξi(x)))(x− xi) dx

>
N∑

i=2

∆xiU(ρ(xi)) +K
N∑

i=2

∆x2
i >

N∑

i=2

∆xiU(ρ(xi)) +
K

N minsupp ρ ρ2
,

where ξi : [xi−1, xi] → (xi−1, xi) for all i ∈ J2, NK are continuous and bounded functions
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coming from the mean-value theorem, and K < 0 is indeed i- and N -independent since U

is of class C∞ on (0,∞) and ρ ∈ G(Ω) so that ρ′ is bounded and ρ is bounded away from

0. Using a second order Taylor expansion on Φ, and again the boundedness properties

of ρ and ρ′,

∆xi = (Nρ(xi))
−1 +KN−2 for all i ∈ J3, NK.

Then one has
∆xi+1

∆xi
=

ρ(xi)

ρ(xi+1)
+
K

N
for all i ∈ J3, NK.

Therefore, ri := ∆xi min(1,∆xi+1/∆xi) ∼ ∆xi + K∆xi/N as N → ∞, uniformly in i.

Thus,

N∑

i=2

∆xiU(ρ(xi)) = ∆x2U(ρ(x2)) +
N∑

i=3

riU

(
1

Nri

)
+
K

N
>

N∑

i=3

riU

(
1

Nri

)
+
K

N
,

where in the last inequality the term ∆x2U(ρ(x2)) is absorbed in the term K/N . All in

all, we get

U(ρ) >
N∑

i=3

riU

(
1

Nri

)
+
K

N
=

1

N

N∑

i=3

u(Nri) +
K

N
. (5.29)

Then, by (5.8) and (5.29),

UN (ρN ) 6
1

N

N∑

i=3

u(Nri) +
K

N
6 U(ρ) +

K

N
,

which leads to the result by taking lim sup as N →∞.

General case. We now relax our assumptions on the given ρ by considering that ρ ∈
P2,ac(Ω).

Lemma 5.36. Let U be as assumed in Theorem 5.33. Let ρ ∈ P2,ac(Ω) and define

Gδ(x) = (1/δ
√

2π) exp(−x2/(2δ2)) for all x ∈ R and δ > 0. Write

ρδ =
χS(Ω)∩B1/δ

Gδ ∗ ρ
‖Gδ ∗ ρ‖L1(S(Ω)∩B1/δ)

with S(Ω) =





supp ρ if Ω = R,

[−`, `] if Ω = [−`, `].

Then ρδ ∈ G(Ω) for all δ > 0, d2(ρδ, ρ)→ 0 as δ → 0 and lim supδ→0 U(ρδ) 6 U(ρ).

Proof. Write Sδ(Ω) = S(Ω)∩B1/δ and gδ(Ω) = ‖Gδ ∗ ρ‖L1(Sδ(Ω)) for all δ > 0. Checking

that ρδ ∈ G(Ω) for all δ > 0 is straightforward, whereas d2(ρδ, ρ) → 0 comes from the

facts that gδ(Ω)→ 1 as δ → 0 and that convolutions of probability measures with finite

second moments converge in d2 to their original measures; see [3, Lemma 7.1.10] or
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Proposition 1.23(iv). Then

U(ρδ) =

∫

Ω
U(ρδ(x)) dx =

∫

Sδ(Ω)
U

(
Gδ ∗ ρ(x)

gδ(Ω)

)
dx.

By Jensen’s inequality and Fubini’s theorem we deduce

U(ρδ) 6
∫

Sδ(Ω)
Gδ ∗ U

(
ρ(x)

gδ(Ω)

)
dx =

∫

Ω
U

(
ρ(y)

gδ(Ω)

)
Gδ ∗ χSδ(Ω)(y) dy.

By (5.26) we get

U(ρδ)

6 f1

(
1

gδ(Ω)

)∫

Ω
U(ρ(y))Gδ ∗ χSδ(Ω)(y) dy + f2

(
1

gδ(Ω)

)∫

Ω
ρ(y)Gδ ∗ χSδ(Ω)(y) dy.

Now we want to use Lebesgue’s dominated convergence theorem. First note that Gδ ∗
χSδ(Ω) 6 1 for all δ > 0 and Gδ ∗ χSδ(Ω) → 1 as δ → 0 pointwise. Since U(ρ) =∫

Ω U(ρ(y)) dy is assumed to be finite, we know by (5.18) that U ◦ ρ ∈ L1(Ω); also,

recall that
∫

Ω ρ = 1. We can therefore pass to the limit δ → 0 inside the integrals of

the inequality above. Then, by the assumptions on the functions f1 and f2, and since

gδ(Ω)→ 1 as δ → 0, we get the desired result.

We can finish the proof of Theorem 5.33.

Proof of Theorem 5.33. Let ρ ∈ P2(Ω). As already mentioned, we only need to find a

recovery sequence for ρ. For all δ > 0, let ρδ be as defined in Lemma 5.36. By Lemma

5.35, the sequence (ρδN )N>2 with particles given in (5.27) with respect to ρδ is a recovery

sequence for ρδ, i.e., d2(ρδN , ρδ) → 0 as N → ∞ and lim supN→∞ UN (ρδN ) 6 U(ρδ).

Therefore for any subsequence (ρ̃δk)k := (ρδNk)k we have d2(ρ̃δk, ρδ) → 0 as k → ∞ and

lim supk→∞Fk(ρ̃
δ
k) 6 U(ρδ), where we write Fk for UNk . Then, for every δ > 0, there

exists k(δ) ∈ N such that

Fk(δ)(ρ̃
δ
k(δ)) 6 U(ρδ) + δ and d2(ρ̃δk(δ), ρ) 6 δ + d2(ρδ, ρ),

where the second inequality is obtained by the triangle inequality; see also Remark 5.25.

By Lemma 5.36 we also have d2(ρδ, ρ) → 0 as δ → 0 and lim supδ→0 U(ρδ) 6 U(ρ),

which gives

lim sup
δ→0

Fk(δ)(ρ̃
δ
k(δ)) 6 lim sup

δ→0
(U(ρδ) + δ) 6 U(ρ),

lim
δ→0

d2(ρ̃δk(δ), ρ) 6 lim
δ→0

(δ + d2(ρδ, ρ)) = 0.

This shows that (ρ̃δk(δ))δ>0 is a recovery sequence for ρ ∈ P2,ac(Ω) for the subsequence

(Fk(δ))δ>0. Therefore for every subsequence (Fk)k = (UNk)k we can extract a further
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subsequence for which there exists a recovery sequence for ρ. This, by the Urysohn

property of the Γ-convergence (see [25, Proposition 1.44] or Theorem B.3), shows that

indeed there exists a recovery sequence for ρ for (UN )N>2.

5.6 Condition on the local slopes

To finish the proof of Theorem 5.24 we need to check (C3). In this section we write

g = |∂U| and gN = |∂UN | and we take Ω = [−`, `]. In this case, thanks to (5.4), the

local slope g of U is given in the lemma below; see [4, Theorem 4.16] and Definition A.23.

Lemma 5.37. Let U be satisfy Hypothesis 11. The local slope of U is given by

g(ρ) =
√

I(ρ) for all ρ ∈ dom |∂U|,

where the Fisher information I: P2([−`, `])→ [0,∞] is defined by

I(ρ) =





∫ `

−`
ρ′(x)2U ′′(ρ(x))2ρ(x) dx

for all ρ ∈ P2,ac([−`, `])
with LU ◦ ρ ∈ W1,1([−`, `]),

+∞ otherwise,

(5.30)

where LU (r) = rU ′(r)− U(r) for all r ∈ [0,∞). We have

dom |∂U| = dom I

= {ρ ∈ P2,ac([−`, `]) | LU ◦ ρ ∈ W1,1([−`, `]), ∇(U ′ ◦ ρ) ∈ L2
ρ ([−`, `])}.

We want to prove the following, i.e., the condition (C3).

Lemma 5.38. Let U satisfy Hypotheses 11 and 12, and let (ρN )N>2 and ρ be as in

Theorem 5.24. Then we have

lim inf
N→∞

gN (ρN (t)) > g(ρ(t)) for all t ∈ [0, T ].

We proceed progressively for the simplicity: we first place ourselves in the case of the

heat equation in Section 5.6.1 (i.e., U satisfies Hypothesis 11(a)) and then extend the

result to the general case when U satisfies Hypotheses 11(b) and 12 in Section 5.6.2.

5.6.1 Heat equation

Preliminaries. We want to compute explicitly the local slope gN of UN . First, note

that this is identifiable with the minimal norm element of the subdifferential of UN .

Indeed,

gN (ρX) =
∣∣∂0
wUN (X)

∣∣
w

(5.31)
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for all ρX ∈ dom |∂UN | with particles X ∈ [−`, `]; see [3, Proposition 1.4.4]. By Propo-

sition 5.18 the flow of particles XN in Theorem 5.24 satisfies (5.31) at all times.

Then we need to compute the subdifferential of UN and its minimal norm ele-

ment. To this end we introduce the following notation. Given XN ∈ [−`, `]N , we

write (λ−, λ, λ+) ∈ Λ(XN ) if

λ−i





= 0 if ∆xi > ∆xi−1,

∈ [0, 1] if ∆xi = ∆xi−1,

= 1 if ∆xi < ∆xi−1,

λi





= 0 if ∆xi+1 > ∆xi,

∈ [0, 1] if ∆xi+1 = ∆xi,

= 1 if ∆xi+1 < ∆xi,

λ+
i





= 0 if ∆xi+2 > ∆xi+1,

∈ [0, 1] if ∆xi+2 = ∆xi+1,

= 1 if ∆xi+2 < ∆xi+1

for all i ∈ J1, NK, with the convention that ∆x1 > ∆x0 and ∆xN+1 > ∆xN+2, where

as usual ∆xi = ∆iXN . Note that the triplet (λ−, λ, λ+) contains for each particle the

answer to the question “is the closest neighbour to that particle to the right?”, unless

both neighbours are at equal distance. With this notation we can give the following

characterisation of ∂wUN .

Lemma 5.39. Take XN = (x1, . . . , xN ) ∈ dom UN . Then

∂wUN (XN ) =
{
Z = (z1, . . . , zN ) ∈ RNw | ∃ (λ−, λ, λ+) ∈ Λ(XN ),

∀ i ∈ J1, NK , zi = (λi − λ+
i + 1)ψi+1 − (λ−i − λi + 1)ψi

}
,

where ψi = 1/∆xi for all i ∈ J1, N + 1K.

Proof. Let i ∈ J1, NK. Compute the subdifferential ∂iwUN (XN ) of UN at XN with

respect to the ith coordinate, that is,

∂iwUN (XN ) :=

{
zi ∈ R

∣∣∣ lim inf
y→xi

UN (Xi
N (y))− UN (XN )− zi

N (y − xi)
|y − xi|

> 0

}
,

where Xi
N (y) = (x1, . . . , xi−1, y, xi+1, . . . , xN ). To this end first write ri = ri(XN ) and

check that

1
N ∂

i
wri−1 =





{0} if ∆xi−1 < ∆xi,

[0, 1] if ∆xi−1 = ∆xi,

{1} if ∆xi−1 > ∆xi,

(5.32)
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1
N ∂

i
wri =





{1} if ∆xi < ∆xi+1,

[−1, 1] if ∆xi = ∆xi+1,

{−1} if ∆xi > ∆xi+1,

(5.33)

and

1
N ∂

i
wri+1 =





{−1} if ∆xi+1 < ∆xi+2,

[−1, 0] if ∆xi+1 = ∆xi+2,

{0} if ∆xi+1 > ∆xi+2.

(5.34)

Note that, for the case of the heat equation, (5.8) reads UN (XN ) = (1/N)
∑N

i=1 u(Nri) =

− logN − (1/N)
∑N

i=1 log ri. The function u is a smooth convex function on (0,∞)

so that we can apply the sum rule of subdifferential calculus; see [118, Section 1.3.4]

and [119, Section 2.5] for a detailed account on subdifferential calculus. Therefore, since

the particle xi may only appear in ri−1, ri or ri+1,

∂iwUN (XN )

=





− 1
N ∂

i
w log ri−1 − 1

N ∂
i
w log ri − 1

N ∂
i
w log ri+1 if i ∈ J2, N − 1K,

− 1
N ∂

1
w log r1 − 1

N ∂
1
w log r2 if i = 1,

− 1
N ∂

N
w log rN−1 − 1

N ∂
N
w log rN if i = N.

(5.35)

The above makes sense as XN ∈ dom UN and so ri > 0 for all i ∈ J1, NK. Since the

function u is nonincreasing we have UN (XN ) = (1/N)
∑N

i=1 max[u(N∆xi), u(N∆xi+1)];

the function u being smooth, this allows us to apply the chain rule of subdifferential

calculus in (5.35). Therefore, by (5.32), (5.33) and (5.34) we get:

zi ∈ ∂iwUN (XN )

⇐⇒ ∃ (λ−i , λi, λ
+
i ) ∈ Λ(XN ) with zi =

λi − λ+
i + 1

∆xi+1
− λ−i − λi + 1

∆xi
,

which is the result since the subdifferential of the convex function UN at XN is

∂wUN (XN ) = ∂1
wUN (XN )× · · · × ∂Nw UN (XN ).

Notice that Lemma 5.39 shows that dom ∂wUN = dom UN .

We introduce the following notation: if XN = (x1, . . . , xN ) ∈ [−`, `]N , then for each

i ∈ J1, NK we write xi ∈ (Ai−1, Ai, Ai+1), where, for any j ∈ {i− 1, i, i+ 1}, Aj = “R” if

∆xj > ∆xj+1, Aj =“E” if ∆xj = ∆xj+1, and Aj = “L” if ∆xj < ∆xj+1. By convention

we set A0 = “L” and AN+1 = “R”. The notation “R” stands for “Right” (the closest

particle to the one considered is the right one), “E” stands for “Equal”, and “L” stands

for “Left”.



Chapter 5. Convergence of a particle method for diffusive gradient flows 151

With this notation we give now the minimal norm element in Lemma 5.40. Its proof

is direct by choosing the triplets (λ−i , λi, λ
+
i ) of Lemma 5.39 in the best possible way so

as to minimise the absolute value of zi.

Lemma 5.40. Take XN = (x1, . . . , xN ) ∈ dom UN and write Z = (z1, . . . , zN ) =

∂0
wUN (XN ). Then, for each i ∈ J1, NK, according to each case, the component zi is

given by the following, where again we write ψi = 1/∆xi for all i ∈ J1, N + 1K.

xi ∈ (R,R,L) λ−i = λi = 1, λ+
i = 0 zi = 2ψi+1 − ψi

xi ∈ (E,R,L) λ−i ∈ [0, 1], λi = 1, λ+
i = 0 zi = 2ψi+1 − ψi

xi ∈ (L,R,R) λ−i = 0, λi = λ+
i = 1 zi = ψi+1

xi ∈ (L,R,E) λ−i = 0, λi = 1, λ+
i ∈ [0, 1] zi = ψi+1

xi ∈ (L,R,L) λ−i = λ+
i = 0, λi = 1 zi = 2ψi+1

xi ∈ (R,L,R) λ−i = λ+
i = 1, λi = 0 zi = −2ψi

xi ∈ (R,L,E) λ−i = 1, λi = 0, λ+
i ∈ [0, 1] zi = ψi+1 − 2ψi

xi ∈ (R,L,L) λ−i = 1, λi = λ+
i = 0 zi = ψi+1 − 2ψi

xi ∈ (E,L,R) λ−i ∈ [0, 1], λi = 0, λ+
i = 1 zi = −ψi

xi ∈ (L,L,R) λ−i = λi = 0, λ+
i = 1 zi = −ψi

xi ∈ (R,R,R) λ−i = λi = λ+
i = 1 zi = ψi+1 − ψi

xi ∈ (R,R,E) λ−i = λi = 1, λ+
i ∈ [0, 1] zi = ψi+1 − ψi

xi ∈ (E,R,R) λ−i ∈ [0, 1], λi = λ+
i = 1 zi = ψi+1 − ψi

xi ∈ (E,R,E) λ−i , λ
+
i ∈ [0, 1], λi = 1 zi = ψi+1 − ψi

xi ∈ (E,L,E) λ−i , λ
+
i ∈ [0, 1], λi = 0 zi = ψi+1 − ψi

xi ∈ (E,L,L) λ−i ∈ [0, 1], λi = λ+
i = 0 zi = ψi+1 − ψi

xi ∈ (L,L,E) λ−i = λi = 0, λ+
i ∈ [0, 1] zi = ψi+1 − ψi

xi ∈ (L,L,L) λ−i = λi = λ+
i = 0 zi = ψi+1 − ψi

Moreover if xi ∈ (A,E,B) for any (A,B) ∈ {R,E,L}, that is, ∆xi+1 = ∆xi (λi ∈ [0, 1]),

then zi = 0.

We give now the lemma ensuring that boundary particles “naturally” stay at the

boundary at all times thanks to the fictitious particles (5.12) .

Lemma 5.41. Let XN = (x1, . . . , xN ) be as in Theorem 5.24. Then xN (t) = −x1(t) = `

for all t ∈ [0, T ].

Proof. Since XN is well-prepared initially for ρ0 ∈ G([−`, `]), we have xN (0) = −x1(0) =

`. We want to show that this holds for all times after 0. To this end we proceed by

contradiction.

Suppose, for some arbitrarily small τ > 0, that XN (τ) ∈ ΩN with x1(τ) > −`; so

x0(τ) = −∞ by (5.11). Proposition 5.18 gives us X ′N (t) = −∂0
wUN (XN (t)) for almost

every t ∈ [0, T ], but we actually have d+XN/dt(t) = −∂0
wUN (XN (t)) for all t ∈ [0, T ],

where d+/dt stands for the right-derivative in time; see [27, Theorem 3.1]. As Proposition
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5.18 tells us that XN (τ) ∈ dom UN , Lemma 5.40 implies that d+x1/dt(τ) < 0 since

x1(τ) ∈ (L,R,A) for some A ∈ {R,E,L}.
Let us allow temporarily that x1 may leave Ω = [−`, `], and write Ωε = (−`− ε, `] for

some ε > 0. Suppose now that XN (τ) ∈ Ωε×ΩN−1 and −2`−x2(τ) < x1(τ) < −` (thus

ε < ` + x2(τ)); so ∆x1(τ) < ∆x2(τ) by (5.12). Then, by Lemma 5.40, d+x1/dt(τ) > 0

since x1(τ) ∈ (L,L,A) for some A ∈ {R,E,L}.
This shows that d+x1/dt(t) = 0 for all t ∈ [0, T ], and an analogous reasoning gives

us that d+xN/dt(t) = 0 for all t ∈ [0, T ], too, which ends the proof.

The two lemmas below give a control on how interparticle distances behave.

Lemma 5.42. Let XN = (x1, . . . , xN ) be as assumed in Theorem 5.24. Then

a1N
−1 6 ∆iXN (t) 6 a2N

−1 for all i ∈ J2, NK and t ∈ [0, T ].

The constants a1 and a2 are those of Definition 5.23 for the particles X0
N .

Proof. We first show the left-hand side inequality. Take a “curve” of indices i : [0, T ]→
J2, NK such that ∆xi(t)(t) = minj∈J2,NK ∆xj(t) for all t ∈ [0, T ]. Note that, for t, τ ∈ [0, T ],

xi(t)(τ) denotes the position of the particle xi(t), that is, the right-particle of any minimal

interparticle interval at time t, at time τ ; obviously, if t 6= τ , ∆xi(t)(τ) may not be equal

to the minimal interparticle distance at time τ . We have, for all t ∈ (0, T ],

xi(t)(t) ∈
⋃

(A,B,C)∈{R,E}×{E,L}
×{R,E,L}

(A,B,C)

and

xi(t)−1(t) ∈
⋃

(A,B,C)∈{R,E,L}×{R,E}
×{E,L}

(A,B,C),

recalling that, by Lemma 5.41 and (5.12), ∆xi(t)(t) = ∆xi(t)−1(t) if i(t) = 2 and

∆xi(t)(t) = ∆xi(t)+1(t) if i(t) = N . From Proposition 5.18 and Lemma 5.40, we then see

that d∆xi(t)/dt(t) > 0 for almost every t ∈ [0, T ]. Therefore, by integrating between 0

and t, we get

∆xi(t)(t) > ∆xi(0)(0) for all t ∈ [0, T ], (5.36)

which, X0
N being well-prepared for ρ0 with constants a1 and a2, gives the result.

For the right-hand side inequality, we define i : [0, T ]→ J2, NK such that ∆xi(t)(t) =

maxj∈J2,NK ∆xj(t) for all t ∈ [0, T ], and then proceed similarly as above to get this time

that d∆xi(t)/dt(t) 6 0 for almost every t ∈ [0, T ]. Then, by integrating between 0 and t,

∆xi(t)(t) 6 ∆xi(0)(0) for all t ∈ [0, T ], (5.37)
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which ends the proof by well-preparedness of X0
N .

Lemma 5.42 shows that under the hypotheses of Theorem 5.24, no particles of a

discrete gradient flow can collide at any time in [0, T ]. Equations (5.36) and (5.37) show

respectively the existence of a weak minimum principle and a weak maximum principle

at the discrete level.

Lemma 5.43. Let (ρN )N>2 and XN be as assumed in Theorem 5.24 and suppose that

lim infN→∞ gN (ρN (t)) is finite for all t ∈ [0, T ]. Then, for all t ∈ [0, T ],

max
i∈J2,N−1K

∣∣∣∣
∆i+1XN (t)

∆iXN (t)
− 1

∣∣∣∣ −−−−→N→∞
0. (5.38)

Proof. As usual we write ∆xi in place of ∆iXN for all i ∈ J1, N + 1K. We omit in this

proof the time dependences for simplicity, and let us use the notation ψi = 1/∆xi for all

i ∈ J1, N + 1K. By going through each case, Lemma 5.40 yields

|zi| > |ψi − ψi+1| for all i ∈ J2, NK,

where z = (z1, . . . , zN ) = ∂0
wUN (XN ) ∈ RNw . Then, by (5.31),

gN (ρN )2 =
1

N

N∑

i=1

z2
i >

1

N

N∑

i=1

(ψi − ψi+1)2 . (5.39)

The first and last terms of the sum above are equal to 0 since ∆x1 = ∆x2 and ∆xN =

∆xN+1 by Lemma 5.41 and therefore ψ1 = ψ2 and ψN = ψN+1. It follows

gN (ρN )2 >
1

N

N−1∑

i=2

ψ2
i+1

(
ψi
ψi+1

− 1

)2

=
1

N

N−1∑

i=2

1

∆x2
i+1

(
∆xi+1

∆xi
− 1

)2

.

By Lemma 5.42, we know that ∆xi 6 a2/N . Hence

gN (ρN )2 >
N

a2
2

N−1∑

i=2

(
∆xi+1

∆xi
− 1

)2

.

Thus, for lim infN→∞ gN (ρN ) to be finite, (5.38) must hold.

Remark 5.44. The quantity in (5.38) controls how the total gap, i.e., the sum of all

the gaps between nonoverlapping intervals, behaves as N goes to ∞. Indeed, a quick

computation gives, omitting time dependence, that the total gap is

N−1∑

i=1

(
∆xi+1 −

ri
2
− ri+1

2

)
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=

N−1∑

i=1

(
∆xi+1 −

min(∆xi,∆xi+1)

2
− min(∆xi+1,∆xi+2)

2

)

6 ∆x2 + ∆xN +
N−2∑

i=2

∆xi+1

2

(
2−min

(
∆xi

∆xi+1
, 1

)
−min

(
1,

∆xi+2

∆xi+1

))

6
2a2

N
+ a2 max

i∈J2,N−1K

∣∣∣∣
∆xi+1

∆xi
− 1

∣∣∣∣ ,

thanks to Lemma 5.42, where as in Notation 5.22 we write ri for ri(XN ). Lemma

5.43 therefore ensures the total gap goes to 0 as N increases and is controlled by

maxi∈J2,N−1K |∆xi+1/∆xi − 1|.
From now on, when ρN and XN are taken as in Theorem 5.24 we always assume

lim infN→∞ gN (ρN ) is finite, or else we are done, so that (5.38) holds. We introduce an

interpolation ρ̃N between particles: for all i ∈ J1, N − 1K,

ρ̃N (x) =
1/mN

N∆x2
i+1

(
x− xi√
∆xi+1

+
xi+1 − x√

∆xi

)2

for x ∈ [xi, xi+1], (5.40)

where we omit the time dependences, and where mN is the normalising constant

mN =
1

3N

N−1∑

i=1

(
1 +

√
∆xi+1

∆xi
+

∆xi+1

∆xi

)
.

We choose ρ̃N as in (5.40) because it belongs to P2,ac([−`, `]), it has a well-defined Fisher

information since it is continuous and ρ̃N > 0, and it gives rise to a simple computation of

g(ρ̃N ) in the proof below of Lemma 5.38. Nonetheless, note that choosing ρ̃N to be linear

would still work very similarly. We show below that ρ̃N is a good narrow approximation

of our limiting measure ρ.

Lemma 5.45. Let ρ be as in Theorem 5.24. Then ρ̃N (t) ⇀ ρ(t) narrowly as N → ∞
for all t ∈ [0, T ].

Proof. For simplicity, we omit the time dependences throughout this proof. Let ϕ ∈
Lip([−`, `]) ∩L∞([−`, `]) have Lipschitz constant L > 0. Write µN = mN ρ̃N , so that

µN (xi) = 1/(N∆xi) for all i ∈ J1, NK, and

ϕN =

∣∣∣∣
∫ `

−`
ϕ(x)µN (x) dx−

∫ `

−`
ϕ(x) dρN (x)

∣∣∣∣ ,

and compute

ϕN =

∣∣∣∣∣
N∑

i=2

∫ xi

xi−1

ϕ(x)µN (x) dx− 1

N

N∑

i=1

ϕ(xi)

∣∣∣∣∣
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6
N∑

i=2

∫ xi

xi−1

∣∣∣∣ϕ(x)µN (x)− ϕ(xi)

N∆xi

∣∣∣∣ dx+
|ϕ(x1)|
N

6
N∑

i=2

∫ xi

xi−1

|ϕ(x)µN (x)− ϕ(xi)µN (xi)| dx+
‖ϕ‖∞
N

6 ‖ϕ‖∞
N∑

i=2

∫ xi

xi−1

|µN (x)− µN (xi)|dx

+
1

N

N∑

i=2

∫ xi

xi−1

|ϕ(x)− ϕ(xi)|
∆xi

dx+
‖ϕ‖∞
N

.

6
2 ‖ϕ‖∞
N

N∑

i=2

∣∣∣∆x−1/2
i −∆x

−1/2
i−1

∣∣∣
min(

√
∆xi−1,

√
∆xi)

∫ xi

xi−1

|x− xi|
∆xi

dx

+
L

N

N∑

i=2

∫ xi

xi−1

|x− xi|
∆xi

dx+
‖ϕ‖∞
N

By Lemma 5.42, we have

ϕN 6
2a2 ‖ϕ‖∞

a1
max
i∈J2,NK

∣∣∣∣∣1−
√

∆xi
∆xi−1

∣∣∣∣∣+
La2 + ‖ϕ‖∞

N
−−−−→
N→∞

0,

by (5.38) and the fact that ∆x1 = ∆x2. This shows that µN ([−`, `])→ ρ([−`, `]) = 1 as

N →∞, which yields mN → 1 and thus ρ̃N ⇀ ρ narrowly.

Proof of Lemma 5.38. We omit time dependence. The proof of Lemma 5.38 now

reduces to showing that ρ̃N gives rise also to a good estimate of gN (ρN ) and g(ρ), that is

lim inf
N→∞

gN (ρN ) > lim inf
N→∞

g(ρ̃N ) > g(ρ), (5.41)

where (ρ̃N )N>2 is the sequence associated to (ρN )N>2 defined as in (5.40). For the right-

hand inequality, this is an immediate consequence of Lemma 5.45 and the narrow lower

semicontinuity of g; see [3, Corollary 2.4.10] or Theorem A.19.

For the specific case of the heat equation, the Fisher information (5.30) is

I(ρ) =

∫ `

−`

ρ′(x)2

ρ(x)
dx if ρ ∈ W1,1([−`, `]).

Therefore for the left-hand inequality we can compute, by Lemma 5.37 since ρ̃N ∈
dom |∂U|,

g(ρ̃N )2 =
1/mN

N

N−1∑

i=1

4

∆x2
i+1

∫ xi+1

xi

(
1√

∆xi+1
− 1√

∆xi

)2

dx
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=
4/mN

N

N−1∑

i=1

(
∆x−1

i+1 −∆x−1
i

)2
(

1 +
√

∆xi+1/∆xi

)2 .

Let 0 < ε < 4. By (5.38), we have ∆xi+1/∆xi → 1 as N → ∞, for all i ∈ J1, NK,
uniformly in i, and, by the proof of Lemma 5.45, mN → 1. Therefore, there exists N(ε)

large enough such that (1/mN )/(1 +
√

∆xi+1/∆xi)
2 < 1/(4 − ε) for all N > N(ε) and

i ∈ J1, N − 1K. Thus, for any such N , the equality above becomes

g(ρ̃N )2 6
4

N(4− ε)
N−1∑

i=1

(
1

∆xi+1
− 1

∆xi

)2

6
4gN (µN )2

(4− ε)

by (5.39). Then taking the limits N →∞ and ε→ 0 in this order gives result.

5.6.2 General density of internal energy

We want now to extend Section 5.6.1 to general densities of internal energy U satisfying

Hypotheses 11(b) and 12. Note that Hypothesis 12 implies u′′(x) > 0 for all x ∈ (0,∞).

Preliminaries. We compute the local slope gN of UN . Equation (5.31) still holds and

we can characterise the subdifferential of UN in the same fashion as for the heat equation.

In fact, Lemma 5.39 is still true, where ψi takes now the general form

ψi = −Nu′(N∆xi) for all i ∈ J1, N + 1K.

Note that since u′′ > 0 by assumption in Theorem 5.24, u′ is increasing and therefore

ψi > ψi+1 if ∆xi > ∆xi+1, and vice versa; also, since u is nonincreasing, ψi > 0. The

minimal norm element is still given by Lemma 5.40, where ψi takes its general form.

Lemma 5.41 still holds by the monotonicity property of (ψi)i. Lemma 5.42 remains

unchanged and can be proved in the same manner, again by monotonicity of (ψi)i.

Lemma 5.43 still holds; it is proved similarly as for the heat equation since u′ is increasing

and nonpositive, and, on top of (5.38), the proof also gives

max
i∈J1,N−1K

∣∣∣∣
ψi(t)

ψi+1(t)
− 1

∣∣∣∣ −−−−→N→∞
0 for all t ∈ [0, T ]. (5.42)

We need to generalise the definition of the interpolation ρ̃N in (5.40) used in the

proof above of Lemma 5.38 for the heat equation. To this end we introduce the function

ψ : (0,∞)→ [0,∞) by

ψ(x) = −u′(x) for all x ∈ (0,∞).
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Clearly ψi = Nψ(N∆xi) for all i ∈ J1, N + 1K, and, since u′ is increasing, ψ is decreasing

and therefore invertible. Define, omitting the time dependences,

ρ̃N (x) =
1/mN

ψ−1(pi,k(x))
for x ∈ [xi, xi+1], i ∈ J1, N − 1K, (5.43)

where mN =
∫ `
−` 1/ψ−1(pi,k(x)) dx makes ρ̃N belong to P2,ac([−`, `]), and where, for any

i ∈ {1, . . . , N − 1} and k ∈ N, pi,k : [xi, xi+1]→ (0,∞) is the monotone function

pi,k(x) =

(
x− xi
∆xi+1

(
ψi+1

N

)1/k

+
xi+1 − x
∆xi+1

(
ψi
N

)1/k
)k

for all x ∈ [xi, xi+1].

Obviously pi,k(xi) = ψi/N and pi,k(xi+1) = ψi+1/N , mN ρ̃N (xi) = 1/(N∆xi), and, for

x ∈ [xi, xi+1],

N min(∆xi,∆xi+1) 6 ψ−1(pi,k(x)) 6 N max(∆xi,∆xi+1), (5.44)

which, by Lemma 5.42, yields

a1 6 ψ−1(pi,k(x)) 6 a2 for x ∈ [xi, xi+1]. (5.45)

In the following we choose the interpolation functions (pi,k)i∈J1,N−1K to be linear, i.e.,

k = 1; in this case we simply write pi = pi,1. This is only a choice that makes the

computations below simpler; any other k ∈ N works in a very similar manner. Note that

in the case of the heat equation, we choose k = 2 (see (5.40)) as that particular choice

makes the calculation of g(ρ̃N ) much easier in the proof of Lemma 5.38 because of some

cancellations in the case of the heat equation. These simplifications do not hold anymore

in this general setting, and we thus pick the simplest interpolations, which are the linear

ones. Let us point out that for ρ̃N as in (5.43) the Fisher information is well-defined

since ρ̃N is continuous and ρ̃N > 0. We give here the proof of Lemma 5.45 adapted to

this general setting.

Lemma 5.46. Let ρ be as in Theorem 5.24. Then ρ̃N (t) ⇀ ρ(t) narrowly as N → ∞
for all t ∈ [0, T ].

Proof. We use the same notation as in the proof of Lemma 5.45. We have

ϕN 6 ‖ϕ‖∞
N∑

i=2

∫ xi

xi−1

|νN (x)− νN (xi)| dx+
La2 + ‖ϕ‖∞

N

6 ‖ϕ‖∞
N∑

i=2

∣∣p′i−1(ξi(x))
∣∣

|ψ′ ◦ ψ−1(pi−1(ξi(x)))| [ψ−1(pi−1(ξi(x)))]2

∫ xi

xi−1

|x− xi| dx

+
La2 + ‖ϕ‖∞

N
,
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where ξi : [xi−1, xi]→ (xi−1, xi) for all i ∈ J2, NK are functions stemming from the mean-

value theorem. By Lemma 5.42, (5.45), the smoothness of ψ′ and linearity of pi, we

have

ϕN 6
a2ψ(a1) ‖ϕ‖∞

a2
1 minx∈[a1,a2] |ψ′(x)| max

i∈J2,NK

∣∣∣∣1−
ψi−1

ψi

∣∣∣∣+
La2 + ‖ϕ‖∞

N
−−−−→
N→∞

0,

by (5.42) and the fact that ∆x1 = ∆x2 and so ψ1 = ψ2. Note that since u′′ > 0 we have

minx∈[a1,a2] |ψ′(x)| > 0. As in the proof of Lemma 5.45, this shows mN → 1 and ρ̃N ⇀ ρ

narrowly.

Proof of Lemma 5.38. We omit time dependence. We want to show that (5.41) is still

true. For the right-hand inequality, this is again an immediate consequence of Lemma

5.46 and the narrow lower semicontinuity of g.

For the left-hand inequality, let us write µN = mN ρ̃N . By abuse, we can compute

the Fisher information at µN , even if µN does not necessarily have unit mass. It is easy

to check that, for all i ∈ J1, N − 1K, the integrand of the Fisher information (5.30) for

µN is

ψ′
(

1

µN (x)

)2 µ′N (x)2

µN (x)5
= p′i(x)2ψ−1(pi(x)) for all x ∈ [xi, xi+1].

Therefore, by Lemma and using (5.44) and the linearity of pi,

g(µN )2 =
1

N2

N−1∑

i=1

∫ xi+1

xi

(ψi+1 − ψi)2ψ
−1(pi(x))

∆x2
i+1

dx

6
1

N

N−1∑

i=1

(ψi+1 − ψi)2 max

(
1,

∆xi
∆xi+1

)
.

Let ε > 0. By (5.38) we have ∆xi/∆xi+1 → 1 as N →∞, for all i ∈ J1, N − 1K, uniformly

in i. Therefore there is N(ε) large enough such that min(1,∆xi/∆xi+1) < 1 + ε for all

N > N(ε) and i ∈ J1, N − 1K. For such N we then get, by (5.39),

g(µN )2 6
1 + ε

N

N−1∑

i=1

(ψi+1 − ψi)2 6 (1 + ε)gN (ρN )2.

By taking the limits N →∞ and ε→ 0 in this order, we get

lim inf
N→∞

g(µN ) 6 lim inf
N→∞

gN (ρN ).

To conclude we only need to show lim infN→∞ g(µN ) > lim infN→∞ g(ρ̃N ):

g(µN )2 = g(mN ρ̃N ) = m3
N

∫ `

−`
ρ̃′N (x)2U ′′(mN ρ̃N (x))2ρ̃N (x) dx > m3

Nf(mN )2g(ρ̃N )2,
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where f is as in Hypothesis 12, showing the result since mN → 1 by the proof of Lemma

5.46.

5.7 Extensions

In this section we discuss extensions of the main theorem to the whole real line and

general weights. We intentionally give no computations as we only see this section as an

outlook for a possible future work.

5.7.1 Extension to the whole line

The extension of the convergence part in the main theorem to the whole real line, i.e.,

Ω = R, is not an easy task. The only part of the proof that needs to be adapted is

Section 5.6, that is, the proof of (C3) on the lower semicontinuity of the local slopes. We

now point out the main arguments of Section 5.6 that need adapting in order to fit the

whole-line situation, and we explain where our approach fails.

We first discuss the case of the heat equation given in Section 5.6.1. Note that

the computation of the discrete local slope, given through Equation (5.31) to Lemma

5.40, remains unchanged if Ω = R. Lemma 5.42 needs to be changed; indeed, the upper

bound on the interparticle distances cannot be preserved, i.e., there is no weak maximum

principle at the discrete level if no boundary conditions are imposed. This is because

when a maximal interparticle interval happens to be, for instance, the leftmost one, it

can actually get even wider since no (fictitious) particle is on its left to prevent it from

moving leftwards faster than its right neighbour ; this, in turn, is a consequence of the

fact that the speed of propagation for the heat equation is infinite at the continuum level.

However, one can still prove that interparticle distances cannot grow too much. In fact,

one can show

a1N
−1 6 ∆xi(t) 6 cN (T ) for all i ∈ J2, NK, for all t ∈ [0, T ], (5.46)

where cN (T )→
√

2T as N →∞. This lack of weak maximum principle yields the failure

of Lemma 5.43, which no longer gives us the uniform behaviour of the interparticle

distances as N increases. This is the crucial fact that makes our approach fail if no

boundary conditions are applied. Indeed, we cannot hope to get convergence if we do

not have a proper control on how the gaps between the discretisation intervals decrease

as N increases (see Remark 5.44); then, our proof of (5.41) fails. The interpolation (5.40)

remains almost untouched except at the boundary particles where its Fisher information

should be taken so as to match the discrete local slope. It is then still a good narrow

approximation of ρ, as in Lemma 5.45, if the uniform behaviour (5.38) of the interparticle

distances is assumed.
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For the case of the general density of internal energy given in Section 5.6.2, most of

the above remarks still hold. However, instead of (5.46), one has

a1N
−1 6 ∆xi(t) 6 cN (T ) for all i ∈ J2, NK, for all t ∈ [0, T ], (5.47)

with

cN (T ) = N−1Ψ−1
(
N2T + Ψ(a2)

)
, (5.48)

where Ψ is any antiderivative of 1/ψ. As for the heat equation case, this lack of “good”

control on the interparticle intervals leads to the failure of our proof of (5.41). Here, it

is actually not even clear to us whether the interpolation (5.43) is still a good narrow

approximation of ρ, as it is in Lemma 5.46, even if the uniform behaviour (5.38) is

assumed.

Interestingly, for the case of the porous medium equation (U(r) = rm−1/(m − 1)

with m > 1), (5.47) implies, contrary to the case of the heat equation, that the maximal

interparticle distance actually decreases as N increases, although the weak maximum

principle is still not preserved. Indeed, for the porous medium case, one can pick Ψ(x) =

xm+1/(m+1), so that cN (T ) ∼ ((m+1)T/Nm−1)1/(m+1) as N →∞ by (5.48). This stems

from the fact that, at the continuum level, the solution to the porous medium equation

is compactly supported at all times, which ensures some compactness at the discrete

level as well. Unfortunately this decreasing behaviour of the interparticle intervals is

still not enough to get their uniform behaviour, and therefore a control on the gaps,

as N increases; indeed the support of the solution to the porous medium equation still

asymptotically spreads to the whole real line.

Let us illustrate, using the case of the heat equation, the fact that when Ω = R
we cannot expect to have a weak maximum principle and that therefore the uniform

behaviour of the interparticle distance should be hoped to come from somewhere else.

Adapting the proof of Lemma 5.43 to the whole-line setting (∆x1 = ∆xN+1 = ∞, by

(5.11)) gives that ∆x2 > C/
√
N and ∆xN > C/

√
N for some C > 0. This contradicts

the fact that the interparticle distances are of order 1/N at all times, as they are initially.

However, this does not mean that the proper behaviour of the interparticle gaps cannot

be obtained by other means. Indeed, it could still follow from interparticle distances of

order 1/
√
N , rather than 1/N , in a way we do not know.

In view of these remarks, the question of extending Theorem 5.24 to the whole real

line is still open. However, we can conclude by stating a first result in that direction for

the heat equation, where the uniform behaviour of the interparticle distances is assumed.

Theorem 5.47. Let U be the density of internal energy for the heat equation, i.e., let it

satisfy Hypothesis 11(a). Suppose that ρN ∈ AC2([0, T ],AN,w(Ω)), with particles XN ∈
AC2([0, T ],ΩN

w), is a discrete gradient flow starting from ρ0
N ∈ AN,w(Ω), with particles

X0 ∈ ΩN
w. Let ρ0 ∈ G(Ω) and assume that (ρ0

N )N>2 is well-prepared for ρ0 according to
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Definition 5.23. Then there is ρ ∈ AC2([0, T ], W2(Ω)) such that ρN (t) ⇀ ρ(t) narrowly

as N →∞ for all t ∈ [0, T ]. Moreover, if

max
i∈J2,N−1K

∣∣∣∣
∆i+1XN (t)

∆iXN (t)
− 1

∣∣∣∣ −−−−→N→∞
0 for all t ∈ [0, T ],

then ρ is the continuum gradient flow associated to (5.1) in the sense of Definition 5.6,

and (5.15) holds.

5.7.2 Extension to general weights

In the numerical tests performed in the companion work [52] (see Chapter 6), the weights

of the particles are allowed to be nonequal. Extending our convergence proof to particles

with general (nonequal) weights is thus a natural question. First, note that the whole

discretisation of Section 5.2.3 can be generalised to weights w = (w1, . . . , wN ) ⊂ (0, 1)N

with w1 + · · ·+ wN = 1 and maxi∈J1,NKwi → 0 as N →∞; see [52].

Every argument in Sections 5.4 and 5.5.1 still holds for such general weights by

simple changes—the conditions (C1) and (C2) are thus still true. Section 5.5.2 on

the Γ-convergence of the discrete energy needs the re-definition of the notion of well-

preparedness; indeed, the bound condition in Definition 5.23 now has to be a1wi 6

∆xi 6 a2wi for all i ∈ J2, NK and all N > 2. Then, Lemma 5.35 can be easily adapted

to the general-weight setting by rewriting the well-prepared sequence (5.27) as

x1 = Φ(0), and xi = Φ




i∑

j=1

wj


 for i ∈ J2, NK.

Lemma 5.36 does not need any changes.

Section 5.6 is the part of the proof of the main theorem that needs the most delicate

adapting. It is still not clear to us how the proof of (C3) can be extended to general

weights. In fact, Lemma 5.39 holds with little changes; however, we are no longer able to

compute the element of minimal norm as simply as in Lemma 5.40, which subsequently

does not allow us to conclude. We believe that a uniform control on the weights, such as

max
i∈J1,N−1K

∣∣∣∣
wi+1

wi
− 1

∣∣∣∣ −−−−→N→∞
0,

could be of help, although this would deserve more investigation, which we leave to future

work.



162

6 Numerical study of a particle method for

gradient flows

Abstract of chapter. We study the numerical behaviour of a particle method for

gradient flows involving linear and nonlinear diffusion as in Chapter 5. This method relies

on the discretisation of the energy via nonoverlapping balls centred at the particles. The

resulting scheme preserves the gradient-flow structure at the particle level and enables

us to obtain a gradient descent formulation after time discretisation. We give several

simulations to illustrate the validity of this method, as well as a detailed study of one-

dimensional aggregation-diffusion equations. (See [52]; DOI: 10.3934/krm.2017025.)

6.1 Introduction

In this work we introduce a new particle method for approximating the solutions to

evolution equations of the form




∂tρ = div(ρ∇(U ′ ◦ ρ+ V +W ∗ ρ)) on [0, T ]× Rd,

ρ(0) = ρ0,
(6.1)

where T > 0 is a finite final time, ρ : [0, T ] → P(Rd) is an unknown curve of Borel

probability measures, and ρ0 is a fixed element of P2(Rd), the set of Borel probability

measures on Rd with bounded second moment. The function U : [0,∞)→ R is the density

of internal energy, V : Rd → R is the confinement (or external) potential, and W : Rd →
(−∞,∞] is the aggregation (or interaction) kernel. These equations are ubiquitous in

many applications, ranging from granular media and porous medium flows to collective

behaviour models in mathematical biology and self-assembly; see for example [14,22,42,

141,143].

Recent advances in the analysis of the equation (6.1) are mainly based on variational

schemes using the natural gradient-flow structure in the space of probability measures;

see e.g. [3, 55, 93, 112, 124, 145]. We define the continuum (total) energy E: P2(Rd) →

http://dx.doi.org/10.3934/krm.2017025
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[−∞,∞] by

E(ρ) = U(ρ) + V(ρ) + W(ρ) for all ρ ∈ P2(Rd), (6.2)

where

U(ρ) =





∫

Rd
U(ρ(x)) dx for all ρ ∈ P2,ac(Rd),

+∞ otherwise,
(6.3)

where P2,ac(Rd) is the subset of P2(Rd) of probability measures which are absolutely

continuous with respect to the Lebesgue measure, and

V(ρ) =

∫

Rd
V (x) dρ(x), W(ρ) =

1

2

∫

Rd
W ∗ ρ(x) dρ(x).

Note that we denote by the same symbol a probability measure and its density with

respect to the Lebesgue measure, whenever the latter exists. The measurable functions

U, V and W always satisfy the following hypotheses.

Hypothesis 13. V ∈ C1(Rd) and bounded from below, and W is symmetric, locally

integrable and of class C1 on Rd \ {0} with W (0) = 0.

Hypothesis 14. U ∈ C0([0,∞)) and is of class C1 on (0,∞). Moreover U is convex,

has superlinear growth at infinity, and U(0) = 0. Also u : r 7→ rdU(r−d) is convex and

nonincreasing on (0,∞). Also there is β > d/(d−2) such that lim infr→0 U(r)/rβ > −∞.

The assumption W (0) = 0 is in most of the cases made without loss of generality.

Indeed, if W (0) is finite, then W can be shifted “up” or “down” to get W (0) = 0; if

W has a singularity at 0, then setting W (0) := 0 does not affect the physical behaviour

of a system governed by the potential W . However, in many applications we require W

to be lower semicontinuous; in this case, if W (0) = −∞, then setting W (0) = 0 may

not be appropriate since it directly violates lower semicontinuity. The assumptions that

U(0) = 0 and u be convex and nonincreasing imply that the energy E is displacement

convex if, for example, V and W are convex; see [112], [111, Section 4] and [145, Theorem

5.15]. The assumption on the behaviour of U(r) at r → 0 ensures that U as defined

in (6.3) makes sense, since it implies that the negative part of the integrand U ◦ ρ is

integrable. Also note that the classical cases U(r) = r log r and U(r) = rm/(m − 1),

m > 1, satisfy all the required assumptions. Under Hypotheses 13–14 the energy E in

(6.2) surely makes sense whenever W is bounded from below. If W is not, then E may

be undeterminate at some probability measures as it could be defined as the sum of plus

and minus infinities; in general we avoid this situation.

The underlying topology on the probability measures in this chapter is given by the

quadratic Wasserstein distance d2(ρ1, ρ2), which is defined between two measures ρ1 and
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ρ2 in P2(Rd) by

d2(ρ1, ρ2) = inf
π∈Π(ρ1,ρ2)

(∫

Rd×Rd
|x− y|2 dπ(x,y)

)1/2

, (6.4)

where Π(ρ1, ρ2) is the space of probability measures (also called transport plans) on

Rd×Rd with first marginal ρ1 and second marginal ρ2. The quadratic Wasserstein space

W2(Rd) := (P2(Rd),d2) is a complete, separable metric space. Formally we say that

ρ : [0, T ]→ W2(Rd) is a continuum gradient flow starting from ρ0 if




ρ′(t) = −∇W2(Rd)E(ρ(t)),

ρ(0) = ρ0,
(6.5)

holds in the sense of distributions on [0, T ] × Rd; see [3, Equation (8.3.8)] or Definition

1.2. The operator ∇W(Rd) comes from the “weak” Riemannian structure of W2(Rd) and

is given by

∇W2(Rd)E(ρ) = −div
(
ρ∇E′ρ

)
for all ρ ∈ P2(Rd),

where E′ρ = U ′ ◦ ρ+V +W ∗ ρ is the first variation density of E at point ρ, whenever the

right-hand side makes sense (see Proposition A.24). Solutions to (6.5) are weak solutions

to (6.1) whenever we have enough regularity. If theoretical issues such as the existence and

uniqueness of solutions to the continuum gradient flow (6.5) are of interest, appropriate

additional assumptions must be imposed on U, V,W and ρ0; see [2–4,93,135,145,146].

We propose below to approximate solutions to the continuum gradient flow (6.5) by

finite atomic probability measures represented by finite numbers of particles. The basic

idea is to restrict the continuum gradient flow to the discrete setting of atomic measures

by performing the steepest descent of a suitable approximation of the energy E defined

on finite numbers of Dirac masses, and apply a discrete analogue of the JKO scheme

for the Fokker–Planck equation proposed in [93]. The theoretical underpinning of this

method is studied in the companion work [58] (see Chapter 5 of this thesis), where the

convergence of the discrete gradient flow to the continuum one is proved in the framework

proposed by Serfaty in [134, 136], in the special case of V = W = 0 in one dimension

for equally-weighted particles and under additional appropriate hypotheses on U . The

goal of the present chapter is to give numerical evidence of such convergence and to

motivate possible extensions of the theoretical result in [58] to nonzero confinement and

interaction potentials (even with possible singularities), as well as to higher dimensions

and unequally-weighted particles.

Let us mention that other numerical methods have been developed to conserve par-

ticular properties of solutions of the continuity equation (6.1). In [20, 42] the authors

developed finite-volume methods preserving the decay of energy at the semidiscrete level,
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along with other important properties like nonnegativity and mass conservation. Particle

methods for these equations without the diffusion term are known to be convergent under

suitable assumptions on the potentials V and W since these results are connected to the

question of the mean-field limit and rigorous derivation of the equations from particle

trajectories; see [40] for instance. In the case of diffusion equations, particle methods

based on suitable regularisations of the flux of the continuity equation (6.1) have been

proposed in [69, 105, 109, 131]; note that an early particle method was derived for colli-

sional kinetic equations in [132]. Our steepest descent method is purely variational and

is based on regularising the internal part of the energy E by substituting particles by

nonoverlapping blobs, as we discuss next. Let us mention that the numerical approxima-

tion of the JKO variational scheme has already been tackled by different methods using

pseudoinverse distributions in one dimension [22,34,88], diffeomorphisms [57], or solving

for the optimal map in a JKO step [13]. Our method avoids these computationally in-

tensive procedures by the approximation of the energy in the discrete setting. Finally,

note that gradient-flow-based Lagrangian methods for higher-order, drift diffusion and

Fokker–Planck equations have recently been proposed in [94,121–123].

Plan of chapter. In Section 6.2 we give a summary of the method and the derivation

of the discrete gradient flow in a more general setting than that considered in [58] (see

Chapter 5. Section 6.3 is dedicated to the derivation of the numerical scheme used to

approximate the continuum gradient flow (6.5), that is an explicit version of the JKO

scheme, as well as to a numerical validation study of the scheme via diffusion equations.

We stress that, from the scientific computing point of view, this is a preliminary study

whose aim is to motivate the presented particle method. Finally, in Section 6.4 we give

the numerical results for various one-dimensional aggregation-diffusion equations—we

emphasise that this particle method, despite its simplicity, is able to capture the critical

mass for the modified one-dimensional Keller–Segel model.

6.2 Particle method and discrete gradient flows

In this method the underlying probability measure is characterised by the particles’

positions X = (x1, . . . , xN ) ∈ (Rd)N = RNd and the associated weights (or masses)

w := (w1, · · · , wN ) ∈ (0, 1)N , where N > 2 is the total number of particles considered.

Throughout this chapter the positions X evolve in time but the weights w are fixed and

such that w1 + · · ·+wN = 1. Also, we denote by RNdw the metric space consisting of the

configuration space RNd equipped with the Euclidean weighted inner product

〈X,Y 〉w :=
N∑

i=1

wi 〈xi,yi〉



Chapter 6. Numerical study of a particle method for gradient flows 166

for all X = (x1, . . . ,xN ),Y = (y1, . . . ,yN ) ∈ RNd. This induced weighted norm is

|X|w :=
√
〈X,X〉w =

√∑N
i=1wi|xi|2.

Convention 6.1. Without loss of generality, in one space dimension, whenever an ele-

ment X = (x1, . . . , xN ) ∈ RN has the physical meaning of particles, its entries are always

assumed to be sorted increasingly, i.e., xi+1 > xi for all i ∈ J1, N − 1K.

The notation J1, N − 1K stands for {1, 2, . . . , N − 1}.

6.2.1 Discrete gradient flows

Consider N > 2 particles X := (x1, . . . ,xN ) ∈ RNd with fixed. The most natural

representation of the underlying probability measure is the empirical measure

ρX :=
N∑

i=1

wiδxi , (6.6)

which belongs to the space of atomic measures

AN,w(Rd) =
{
ρ ∈ P(Rd) | ∃Y ∈ RN , ρ = ρY

}
.

The particles Y = (y1, . . . ,yN ) such that ρ = ρY =
∑N

i=1wiδyi are the particles as-

sociated with ρ. In what follows, the space of atomic measures AN,w(Rd) is implicitly

equipped with the 2-Wasserstein distance d2; see (6.4).

We can now define a discretised energy on the set of atomic measures.

Definition 6.2 (discrete energy). We call EN : AN,w(Rd) → (−∞,∞] the discrete

energy and we define it, for all X = (x1, . . . ,xN ) ∈ RNd and associated empirical

measure ρX ∈ AN,w(Rd), by

EN (ρX) =
N∑

i=1

|Bi(X)|U
(

wi
|Bi(X)|

)

+
N∑

i=1

wiV (xi) +
1

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW (xi − xj),
(6.7)

where Bi(X) is the open ball of centre xi and radius (1/2) minj 6=i |xi−xj |, and |Bi(X)|
is the volume of Bi(X). By convention, EN (ρX) = +∞ if there exists i, j ∈ J1, NK with

xi = xj, i.e., |Bi(X)| = |Bj(X)| = 0.

Note that EN > −∞ given that U, V and W are finite pointwise (since W (0) := 0).

However, by convention it takes the value +∞ at particles which are not distinct; this

convention is motivated by the fact that U has superlinear growth at infinity. The domain
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dom EN := {X ∈ RN | EN (X) < +∞} of EN is given by

dom EN = {ρX ∈ AN,w(Rd) | X = (x1, . . . ,xN ), xi 6= xj ∀ i 6= j}

The essence of this discrete approximation EN on AN,w(Rd) of the continuum energy E

on P2(Rd) lies in the treatment of the internal part U of the energy E, which is infinity

on point masses; the point mass of each particle is uniformly spread to circumvent this

problem. To this end, given X ∈ dom EN , consider

ρ̂X =
N∑

i=1

wiχBi(X)

|Bi(X)| , (6.8)

where χBi(X) is the characteristic function of the ball Bi(X). Clearly ρ̂X is in P2,ac(Rd),
and thus the internal part of the energy is well-defined at ρ̂X . Note that the representa-

tion ρ̂X does not involve overlapping of balls, but rather contains “gaps” between balls

whose sizes are expected to decrease as the number of particles increases. Then, using

(6.8) for U and (6.6) for V and W, the discretised energy EN defined in (6.7) is exactly

given by

EN (ρX) = U(ρ̂X) + V(ρX) + W(ρX) =: UN (ρX) + VN (ρX) + WN (ρX).

In agreement with (6.7), the diagonal terms in W(ρX) vanish since W (0) = 0 by Hypoth-

esis 13. In general, if W (0) 6= 0 the definition of EN is still kept as in (6.7) even though

in this case the discretised interaction energy is no longer equal to W(ρX). (Neglecting

the self-interaction, or diagonal, terms is classical in Newtonian mechanics.) This choice

of nonoverlapping particles has the main advantage of reducing the computational cost

of the internal part of the discrete energy functional. One can already notice that this

approach allows us to treat diffusive effects simultaneously with confinement and inter-

action ones in a very natural way; this is another advantage of our method, as it becomes

clearer throughout this chapter.

Since the expression above depends essentially onX ∈ RNd, we can define the discrete

energy equivalently as a function of X ∈ RNd instead of ρX ∈ AN,w(Rd). By abuse of

notation:

EN (X) = UN (X) + VN (X) + WN (X)

:= UN (ρX) + VN (ρX) + WN (ρX) = EN (ρX)
(6.9)

for all ρX ∈ AN,w(Rd) with associated particles X ∈ RNd.
In order to state the notion of a discretised gradient flow, let us recall the definition

of weighted Euclidean subdifferential.

Definition 6.3 (Euclidean subdifferential). Let F: RNdw → (−∞,∞] be a proper and
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lower semicontinuous functional. We define the ( weighted) subdifferential ∂wF of F,

for all X ∈ dom F, by

∂wF(X) =

{
Y ∈ RNd | lim inf

Z→X

F(Z)−F(X)− 〈Y ,Z −X〉w
|Z −X|w

> 0

}
.

We write ∂0
wF(X) the unique element of minimal norm of ∂wF(X) whenever it is well-

defined.

The following relation between the weighted subdifferential ∂wFand the classical one

denoted ∂F holds:

∂wF(X) =
{
Y ∈ RNd | w · Y ∈ ∂F(X)

}
for all X ∈ dom F,

where w ·Y is the elementwise product (w1y1, . . . , wNyN ), with Y = (y1, . . . ,yN ). The

respective weighted gradient on RNdw is denoted ∇w.

We say X : [0, T ]→ RNdw is a discrete gradient flow starting from X0 ∈ RNd if




X ′(t) ∈ −∂wEN (X(t)) for almost all t ∈ (0, T ],

X(0) = X0.
(6.10)

In [58] (see Chapter 5) the authors showed that in one dimension with V = W = 0 the

discrete energy EN Γ-converges (in the d2-topology; see Definition 6.16 for a definition in

Euclidean space) to the continuum one E if adequate additional assumptions are imposed

on U .

The gradient flow (6.10) is written as a differential inclusion instead of an ordinary

differential equation, primarily because the radius (1/2) minj 6=i |xi − xj | of the balls

Bi(X) is not a differentiable function of the positions in the definition of the energy EN .

As a result, the energy EN is not a differentiable functional of the positions X when the

radius of the ball Bi(X) is determined by more than one particle.

If EN is proper, lower semicontinuous and convex, and X0 ∈ RNd = cl(dom EN ), i.e.,

the closure of the domain of EN , then it is known by [7, Theorem 1 of Section 3.2] that

the discrete gradient flow (6.10) is well-posed and the equation

X ′(t) = −∂0
wEN (X(t)) (6.11)

is satisfied for almost every t ∈ [0, T ] and X(t) ∈ dom EN for all t ∈ (0, T ]. Note that,

in our case, the properness is trivial since U, V and W are themselves proper; the lower

semicontinuity of EN does not hold in general, although it does as soon as W is lower

semicontinuous; the convexity is more involved and is proven in Proposition 6.9 when V

and W are convex in one dimension.
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6.2.2 p-approximated discrete gradient flows

Although the subdifferential element of minimal norm in (6.11) can be computed in some

situations as in [58] (see Chapter 5) for the special case of equally-weighted particles with

internal energy only and in one dimension, the detailed procedure is usually involved and

is not convenient for numerical implementation. In theory one can approximate ∂0
wEN by

the gradient of a differentiable function usually characterised by a parameter. A common

choice of such an approximation is

Y
p
N (X) := inf

Y ∈RNd

(p
2 |X − Y |2w + EN (Y )

)
for all X ∈ RNd,

depending on the parameter p > 0. Then, whenever EN is proper, lower semicontinuous

and convex, Y
p
N is differentiable on RNd, ∇wY

p
N is called the Yosida approximation of

∂wEN , and

∇wY
p
N (X) −−−→

p→∞
∂0
wEN (X) for all X ∈ dom ∂wEN ,

where dom ∂wEN := {X ∈ RN | ∂wEN (X) 6= ∅}; see [7, Theorem 2 of Section 3.1

and Theorem 4 of Section 3.4]. However, the Yosida approximation requires another

optimisation, and is therefore not very well adapted to the computation of ∂0
wEN (X).

An alternative is to approximate the radius of the balls Bi(X) in the definition of EN

by a smooth function.

Definition 6.4 (p-approximation of minimum). For p > 0 and integer n > 2, the

function minp : [0,∞)n → (0,∞) is defined as

minp(r) =





(
1

n

n∑

i=1

r−pi

)−1/p

if r = (r1, . . . , rn) ∈ (0,∞)n,

0 otherwise.

We call minp(r) the p-approximation of min(r).

The following proposition, whose proof is easy and left to the reader, justifies the use

of the p-approximation of the minimum function.

Proposition 6.5. Let n > 2. The following statements hold.

(i) Let p > 0. Then minp ∈ C([0,∞)n) and is of class C∞ on (0,∞)n.

(ii) Let p > 0. Then minp is concave on [0,∞)n.

(iii) minp(r)→ min(r) as p→∞ for all r ∈ [0,∞)n.

(iv) p 7→ minp(r) is nonincreasing on (0,∞) for all r ∈ [0,∞)n.

(v) Let p > 0. Then minp(r) > min(r) for all r = (r1, . . . , rn) ∈ [0,∞)n. There is

equality if ri = rj for all i, j or if ri = 0 for some i.

(vi) Let p > 1. Then minp(r) 6 n1/p min(r) for all r ∈ [0,∞)n.
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Now the discrete energy is further approximated this p-approximation.

Definition 6.6 (p-approximated discrete energy). Let p > 0. The functional

E
p
N : AN,w(Rd) → (−∞,∞] is called the p-approximated discrete energy and we define

it, for all X = (x1, . . . ,xN ) ∈ RNd with empirical measure ρX ∈ AN,w(Rd), by

E
p
N (ρX) =

N∑

i=1

|Bi,p(X)|U
(

wi
|Bi,p(X)|

)

+

N∑

i=1

wiV (xi) +
1

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW (xi − xj),
(6.12)

where Bi,p(X) is the open ball of centre xi and radius

1

2
minp{|xi − xj | | j 6= i} =

1

2

(
1

N − 1

N∑

j=1
j 6=i

|xi − xj |−p
)−1/p

.

By convention, E
p
N (ρX) = +∞ if there exists i, j ∈ J1, NK with xi = xj, i.e., |Bi,p(X)| =

|Bj,p(X)| = 0.

One can easily check that dom E
p
N = dom EN and that E

p
N is differentiable on dom EN .

As in (6.9) we can define the p-approximated discrete energy on RNd rather than on

AN,w(Rd):

E
p
N (X) := U

p
N (X) + V

p
N (X) + W

p
N (X)

:= U
p
N (ρX) + V

p
N (ρX) + W

p
N (ρX) = E

p
N (ρX)

for all ρX ∈ AN,w(Rd) with associated particles X ∈ RNd.
We say that X : [0, T ]→ RNdw is a p-approximated discrete gradient flow starting from

X0 ∈ RNd if 


X ′(t) = −∇wE

p
N (X(t)) for almost all t ∈ (0, T ],

x(0) = X0.
(6.13)

As for (6.10), (6.13) is well-posed as long as E
p
N is proper, lower semicontinuous and

convex, and X0 ∈ cl(dom E
p
N ). The convexity is given in Proposition 6.9.

The interest of the p-approximation of the discrete gradient flow only lies in the

numerical simplicity of coding a gradient descent on an ODE system such as (6.13)

rather than on a differential inclusion such as (6.10). The p-approximation is indeed not

needed for the theoretical proof given in [58] (see Chapter 5) of the convergence of the

discrete gradient flow to the continuum one, since, as already mentioned, in that specific

case the minimal norm element of ∂EN is explicitly computable.
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Approximations of the minimum function other than that given in Definition 6.4 are

possible. One example is

minp(r) =




−1
p log

(
1
n

∑n
i=1 e

−pri
)

if r = (r1, . . . , rs) ∈ (0,∞)n,

0 otherwise.

The properties of minp given in Proposition 6.5 are not enough to say that, given

N > 2, the p-approximated discrete gradient flow (6.13) converges to the discrete one

(6.10) as p→∞ in some sense. In Section 6.5 we prove that this is the case in dimension

one when V,W are convex and W is lower semicontinuous; see Section 6.2.4 for more

details regarding the one-dimensional case.

6.2.3 p-approximation as a regularisation

This section is a remark that links the p-approximated discrete internal energy U
p
N to

the notion of regularised, or mollified, internal energy.

Proposition 6.7. Let p > 0 and w = (1/N, . . . , 1/N). For all X = (x1, . . . ,xN ) ∈
dom EN with empirical measure ρX ∈ AN,w(Rd),

U
p
N (ρX) =

∫

Rd
F pN (Wp ∗ ρX(x)) dρX(x), (6.14)

where

F pN (r) =
U(Nd/p−1(N − 1)−d/prd/p)

Nd/p−1(N − 1)−d/prd/p
for all r ∈ (0,∞),

and

Wp(x) =





2pω
−p/d
d |x|−p for all x ∈ Rd \ {0},

0 otherwise,

with ωd being the volume of the d-dimensional unit ball.

This proposition illustrates the fact that U
p
N can be seen as an internal energy which

is regularised via the convolution with a very repulsive kernel Wp. Physically it shows

that the p-approximated diffusion is a very repulsive nonlocal phenomenon; in contrast,

the simply discretised diffusion is a repulsive local phenomenon since each particle only

sees its closest neighbours (see the definition of UN ).

In the common cases of the heat and porous medium internal energies, (6.14) becomes,

respectively,

U
p
N (ρX) = CN (p, d) +

d

p

∫

Rd
log (Wp ∗ ρX(x)) dρX(x),
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where CN (p, d) = (d/p) log(N/(N − 1))− logN , and

U
p
N (ρX) =

CN (p, d,m)

m− 1

∫

Rd
(Wp ∗ ρX(x))(m−1)d/p dρX(x), m > 1,

where CN (p, d,m) = N (m−1)(d/p−1)(N − 1)−(m−1)d/p.

Proof of Proposition 6.7. Let X = (x1, . . . ,xN ) ∈ dom EN with empirical measure ρX ∈
AN,w(Rd). We can write

U
p
N (ρX) =

1

N

N∑

i=1

G

(
1

N |Bi,p(X)|

)
,

where G(r) = U(r)/r for all r ∈ (0,∞). Then we compute, using Definition 6.4,

U
p
N (ρX) =

1

N

N∑

i=1

G

(
2d

ωdN

(
N

N − 1

)d/p( 1

N

N∑

j=1
j 6=i

|xi − xj |−p
)d/p)

=
1

N

N∑

i=1

G
(
Nd/p−1(N − 1)−d/p (Wp ∗ ρX(xi))

d/p
)

=

∫

Rd
G
(
Nd/p−1(N − 1)−d/p (Wp ∗ ρX(x))d/p

)
dρX(x)

=

∫

Rd
F pN (Wp ∗ ρX(x)) dρX(x).

Let us observe that one could easily extend the result in Proposition 6.7 to general

weights w = (w1, . . . , wN ) by changing the definition of the p-approximated minimum

function to the weighted version

minp,w(r) =





(
N∑

i=1

wir
−p
i

)−1/p

if r = (r1, . . . , rN ) ∈ (0,∞)N ,

0 otherwise.

6.2.4 One-dimensional case

Definition 6.8 (interparticle distance). For any X = (x1, . . . , xN ) ∈ RN we denote

the ith interparticle distance by the positive quantity (eventually +∞ by convention)

∆iX = xi − xi−1 for i ∈ J1, N + 1K,
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with the convention x0 = −∞ and xN+1 = +∞. We also write, for p > 0 and all

i ∈ J1, NK,

ri(X) = min(∆iX,∆i+1X) and rpi (X) = minp(∆iX,∆i+1X).

Note that ri(X) = |Bi(X)| and rpi (X) = |Bi,p(X)|.
Since particles are sorted increasingly by convention, the discrete energy (6.7) and

the p-approximated one (6.12) in dimension one can be defined as

EN (ρX) =
N∑

i=1

ri(X)U

(
wi

ri(X)

)
+

N∑

i=1

wiV (xi) +
1

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW (xi − xj), (6.15)

and

E
p
N (ρX) =

N∑

i=1

rpi (X)U

(
wi

rpi (X)

)
+

N∑

i=1

wiV (xi) +
1

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW (xi − xj), (6.16)

for all ρX ∈ AN,w(R) with particles X ∈ RN .

We prove below that, so defined, the energies are convex as soon as V and W are.

Proposition 6.9. Let d = 1 and p > 0, and let V and W be convex. Then the discrete

energies EN and E
p
N defined in (6.15) and (6.16) are convex on RN .

Proof. Let us first show that EN is convex. Since min is concave on [0,∞)2 and u

is nonincreasing and convex on (0,∞), u ◦min is convex on (0,∞)2. Let λ ∈ [0, 1] and

X0,X1 ∈ dom EN . For all x,y ∈ Rn, n ∈ N, write [x,y]λ = (1−λ)x+λy ∈ Rn. One can

check that dom EN is a convex subset of RN and so we know that [X0,X1]λ ∈ dom EN .

Recalling the notation u from Hypothesis 14, compute

EN ([X0,X1]λ) =
N∑

i=1

wiu
(
w−1
i min(∆i[X0,X1]λ,∆i+1[X0,X1]λ)

)

+

N∑

i=1

wiV ([xi, yi]λ) +
1

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW ([xi − xj , yi − yj ]λ)

6 (1− λ)

N∑

i=1

wiu
(
w−1
i ri(X0)

)
+ λ

N∑

i=1

wiu
(
w−1
i ri(X1)

)

+ (1− λ)
N∑

i=1

wiV (xi) + λ
N∑

i=1

wiV (yi)
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+
(1− λ)

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW (xi − xj) +
λ

2

N∑

i=1

N∑

j=1
j 6=i

wiwjW (yi − yj)

= (1− λ)EN (X0) + λEN (X1).

If now X0 or X1 does not belong to dom EN , then the convexity inequality above is

trivial. This shows convexity of EN on RN .

The convexity of E
p
N follows in the same way as above thanks to the concavity of

minp on [0,∞)2; see Proposition 6.5(ii).

In order to check that the p-approximated discrete gradient flow defined above indeed

approximates the discrete one, we need a few elements of maximal monotone operator

theory; see [5, 7, 27] for a detailed overview of the theory. This not being the core of

this chapter, these elements are only given in Section 6.5. There we show how to use

this theory to prove the convergence of the p-approximated discrete gradient flow to the

discrete one in a precise sense, in the case when V and W are convex and W is lower

semicontinuous; we therefore justify the numerical use of the p-approximation (6.13) (at

least in the case when V,W are convex, W is lower semicontinuous and d = 1).

In this method, one reason why we decide to discretise according to nonoverlapping

balls, rather than, for example, Voronoi cells (see for instance [89] for a detailed account

on Voronoi cells), is to allow for simpler computations of the discrete energies, which

in turn gives rise to less costly simulations. In fact, this is not very relevant in one

dimension since then the implementation of Voronoi cells is actually not more costly

than that of nonoverlapping balls; the one-dimensional simulations given below, which

are run according to the nonoverlapping balls described above, should therefore be seen

as an initial validation of the method and as test cases which need to be extended to

higher dimensions in a future work.

6.3 Numerical scheme and validation

Here a general variational formulation is applied to the discrete setting described above,

leading to our numerical scheme giving the particles’ positions at discrete time steps;

see [3,4,93] for a Fokker–Planck motivation and its generalisation to curves in probability

spaces. For the sake of generality the derivation of the scheme is partly done for the

discrete gradient flow (6.10), rather than the p-approximated one (6.13). The simulations

given later were, however, performed in the p-approximated setting only. Note also that,

in this section, some indices N and p are dropped for notation clarity.

6.3.1 Scheme

We take a family of (adaptive) time-step sizes τ = (τ1, . . . , τK) ∈ [0,∞)K , for some

K ∈ N, such that τ1 + · · · + τK = T . We define the time steps tk = τ1 + · · · + τk for
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all k ∈ J1,KK and we set t0 = 0. Then {(tk−1, tk]}k∈J1,KK is a partition of (0, T ]. Let

X0 ∈ RN and assume that there exists X0
τ ∈ RN such that

|X0
τ −X0|w → 0 and EN (X0

τ )→ EN (X0) as ‖τ‖∞ → 0,

where ‖τ‖∞ = maxk∈J1,KK τk. Then we recursively define the sequence (Xk
τ )k∈J1,KK ⊂ RN

by

Xk
τ ∈ argmin

X∈RN

(
1

2τk
|Xk−1

τ −X|2w + EN (X)
)

for all k ∈ J1,KK, (6.17)

whenever this is well-defined. Note that this definition implies that

1
τk

(Xk
τ −Xk−1

τ ) ∈ −∂wEN (Xk
τ ) (6.18)

if EN is convex and Xk
τ ∈ dom ∂wEN , which is precisely the kth step of the implicit

Euler scheme with time-step size τk of the differential inclusion (6.10).

The extension of this scheme from the Euclidean setting to the 2-Wasserstein one

is referred to as the JKO scheme [93]. In the case of atomic measures, which is that

of interest to us here, the JKO scheme is actually equivalent to (6.17), and, defining

ρkτ = ρXk
τ

for all k ∈ J0,KK, it reads

ρkτ ∈ argmin
ρ∈AN,w(Rd)

(
1

2τk
d2(ρk−1

τ , ρ)2 + EN (ρ)
)

for all k ∈ J1,KK, (6.19)

where we recall that d2 is the quadratic Wasserstein distance; see the computation

below of the Wasserstein distance for a justification on why these schemes are equivalent.

Note that, in general, convexity of EN helps strongly—though it is neither sufficient nor

necessary—to prove that the schemes (6.17) and (6.19) are well-defined and converge (see

Section A.5.5), after some suitable interpolation between the time-discretised measures

ρkτ , to a discrete gradient flow for EN as ‖τ‖∞ → 0.

In the following any object with sub- or superscript k or k− 1 is associated with the

time step k or k − 1, respectively.

From now on, apart from a two-dimensional test at the end of Section 6.3, the setting

is one-dimensional (d = 1).

Computation of the Wasserstein distance. We want to compute the Wasserstein

distance in (6.19) in order to show that the schemes (6.17) and (6.19) are indeed equiv-

alent. Take k ∈ J1,KK. For every ρ ∈ AN,w(Rd) with particles X = (x1, . . . , xN ), we

get

d2
2(ρk−1

τ , ρ) =
N∑

i=1

wi(x
k−1
i − xi)2 = |Xk−1

τ −X|2w, (6.20)
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where (xk−1
1 , . . . , xk−1

N ) = Xk−1
τ , thanks to the conventional ordering of RN is each

coordinate; see Convention 6.1. This directly shows that (6.17) and (6.19) can be written

as

Xk
τ ∈ argmin

X∈RN

(
N∑

i=1

wi
(xk−1
i − xi)2

2τk
+ EN (X)

)
, (6.21)

and

ρkτ ∈ argmin
ρ∈AN,w(R)

(
N∑

i=1

wi
(xk−1
i − xi)2

2τk
+ EN (ρ)

)
. (6.22)

Minimisation and final form of the scheme. Let p > 0. We now return to the p-

approximated setting, i.e., we consider (6.21) (and equivalently (6.22)) with E
p
N instead of

EN . We want to minimise, over the whole set RN , the functional in the argmin operator

in (6.21) (and (6.22)) to find our approximation Xk
τ (and ρkτ ) at time step k. First note

that, for each k ∈ J1,KK, we can write the discrete energy E
p
N as

E
p
N (Xk

τ ) =
N∑

i=1

wiE
k
i ,

where

Eki := rki U

(
wi

rki

)
+ wiV (xki ) +

1

2

N∑

j=1
j 6=i

wjW (xki − xkj ),

with the notation rki = rp,ki := rp,ki (Xk
τ ); see Definition 6.8. For any k ∈ J1,KK, the

inclusion in (6.18) becomes

xki = xk−1
i − τk

wi

N∑

j=1

wj
∂Ekj

∂xki
, (6.23)

by differentiability of E
p
N on dom EN . The scheme (6.23) is the implicit Euler scheme of

the ODE (6.13), or equivalently, of the ODE

wix
′
i(t) = −∂E

p
N

∂xi
(X(t)), for all i ∈ J1, NK,

with X = (x1, . . . , xN ). Since the implicit scheme (6.23) is difficult and costly to solve,

its explicit Euler version was used in the numerical examples of this chapter:

xki = xk−1
i − τk

wi

N∑

j=1

wj
∂Ek−1

j

∂xk−1
i

. (6.24)

We point out that the convergence of the implicit Euler version of the scheme is

presented in [93] in one dimension. The stability analysis of the explicit scheme (6.24) is
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not dealt with as it is not the purpose of the present chapter—we are not worried about

time stepping stability issues for large number of particles in this preliminary stage of

validation of our new approach. We can nevertheless indicate that, intuitively, a time

step satisfying max τ 6 C/N2 for some constant C > 0 should suffice to ensure stability;

indeed, this would be in line with the classical CFL condition for diffusion equations

where the mesh size is of order 1/N . Note that this condition was respected in the

simulations presented below. Let us also mention that higher-order time discretisations

could be used in place of the explicit Euler scheme, and would indeed lead to a better

time and space accuracy of the method.

It is worth pointing out that our particle method does not aim at being competitive

against classical finite-volume and finite-difference schemes for purely diffusive equations.

In fact, it aims primarily at being simple to implement—even in higher dimensions—

and flexible when considering additional terms to diffusion such as confinement and

interaction. In terms of complexity at each time step, the method is of orderN2 regardless

of the space dimension, as it actually is for other finite-volume methods [42]. Note

that, however, if we time-discretise (6.10) rather than its regularised form (6.13), the

complexity becomes significantly higher in more than one dimension (at most of order

N3) since then we are required to find the closest neighbour to each particle; in dimension

one the order of complexity is still N2 thanks to the increasing ordering of the particles.

6.3.2 Initialisation of the scheme

Below we give two different ways of approximating the initial profile. Let us first introduce

the notion of pseudoinverse.

Definition 6.10 (pseudoinverse). Let F : R → [0, 1] be a nondecreasing and right-

continuous function. The pseudoinverse Φ: [0, 1] → [−∞,∞] of F is the nondecreasing

and right-continuous function defined by

Φ(η) = inf{x ∈ R | F (x) > η} for all η ∈ [0, 1), Φ(1) = lim
η→1−

Φ(η)

Initially equally-weighted particles. If we want to approximate the initial profile

ρ0 ∈ P2(R) with equally-weighted particles, we need to start with unequally-spaced

particles. Consider the pseudoinverse Φ0 of the cumulative distribution x 7→ ρ0((−∞, x])

of the initial profile. Suppose wi = 1/N for all i ∈ J1, NK. Then choose the initial

particles X0 = (x0
1, . . . , x

0
N ) ∈ RN as

x0
i = Φ0

(
2i− 1

2N

)
for all 1 6 i 6 N.

Initially equally-spaced particles. If now we want to approximate the initial pro-

file ρ0 ∈ P2(R) with equally-spaced particles, we need to assign a different weight



Chapter 6. Numerical study of a particle method for gradient flows 178

to each particle. Consider F0, the cumulative distribution of the initial profile, and

X0 = (x0
1, . . . , x

0
N ) ∈ RN , some chosen equally-spaced initial particles. Let us define

x0
i±(1/2) = 1

2

(
x0
i + x0

i±1

)
for all 1 6 i 6 N.

Then we choose the weights w = (w1, . . . , wN ) as





w1 = F0

(
x0

1+(1/2)

)
,

wi = F0

(
x0
i+(1/2)

)
− F0

(
x0
i−(1/2)

)
for all 1 < i < N,

wN = 1− F0

(
x0
N−(1/2)

)
.

(6.25)

The weight wi as given in (6.25) for each 1 < i < N is the mass that ρ0 “assigns” to

the interval [xi−(1/2), xi+(1/2)], that is, to the Voronoi cell of xi. Note that the choice

we have on the initial positions of the particles X0 is not completely free of constraints:

they must be chosen inside the support of ρ0 or the resulting weights are zero. Finally,

since the initial particles are chosen to be equally spaced, only the first and last parti-

cles’ locations are needed to determine the locations of all the others; for the following

numerical simulations we give this information under the form Iinit = [x1, xN ].

There are two main advantages in the second initialisation approach. The first one

is that it allows a better approximation of the initial profile when there is a strong

variation in the density; indeed one has the freedom to place initial particles in less

populated regions. The second one is that there are no gaps between the initial balls of

centres x0
i and diameters minp(∆iX0,∆i+1X0) = min(∆iX0,∆i+1X0) (see Proposition

6.5(v)), allowing again a better initial approximation.

6.3.3 Computation of the error

The natural error to compute for our scheme (6.24) is the 2-Wasserstein error.

Error with respect to an exact solution. If we want to get the error between the

numerical and exact solutions we proceed as follows. Let ρ ∈ P2(R) be a continuum

gradient flow at the final time T . As per our notation, XK
τ = (xK1 , . . . , x

K
N ) ∈ RN is the

Kth (i.e., final) step of the JKO scheme (6.24) with associated empirical measure ρKτ .

Then we define the 2-Wasserstein error by

e2 = d2(ρ, ρKτ ).

To compute this, one can use the one-dimensional pseudoinverse definition of the quadratic

Wasserstein distance; see Proposition 1.25. Write Φ and ΦK
τ the pseudoinverses of the
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cumulative distribution functions of ρ and ρKτ , respectively. Then

e2 =

(∫ 1

0

(
ΦK
τ (η)− Φ(η)

)2
dη

)1/2

.

We have, for all i ∈ J1, NK,

ΦK
τ (η) = xKi if η ∈ [Ωi−1,Ωi),

with Ωi :=
∑i

j=1wj and the convention Ω0 = 0. Therefore

e2 =

(
N∑

i=1

∫ Ωi

Ωi−1

(xi − Φ(η))2 dη

)1/2

. (6.26)

The error can thus be easily determined if the inverse of the cumulative distribution Φ

of the exact solution at the final time T is known.

Error with respect to a discrete steady state. If we know that the considered

gradient flow has a steady state and we are interested in the stabilisation behaviour of

the scheme (6.24) we proceed as follows. Let X∞τ = (x∞1 , . . . , x
∞
N ) ∈ RN be a discrete

steady state (obtained by running a simulation up to a “large” final time T∞ > T ) with

associated empirical measure ρ∞τ . Again XK
τ = (xK1 , . . . , x

K
N ) ∈ RN denotes the Kth

step (corresponding to the final time T < T∞) of the JKO scheme (6.24) with associated

empirical measure ρKτ . Then we define the error by

e∞2 = d2(ρ∞τ , ρ
K
τ ) =

(
N∑

i=1

wi(x
∞
i − xKi )2

)1/2

= |X∞τ −XK
τ |w. (6.27)

6.3.4 Numerical validation: diffusions

Before giving any simulation results, let us summarise practical implementation aspects

of the scheme.

• As already justified in Section 6.3.1, all the following simulations were obtained by

implementing the explicit scheme (6.24).

• The parameter p needed for the iteration of such scheme was chosen to be 10 for every

simulation. This choice is only justified by the fact that it gave sensible results. Note

that taking p “large” is a bad idea. Indeed, if p increases, then the p-approximated

discrete gradient flow “approaches” the discrete one, for which the energy EN is not

differentiable whenever two neighbouring interparticle distances are equal. This may

cause numerical instabilities as we would expect the interparticle distances at the centre
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of a symmetric profile (like a Gaussian) to be indeed equal; this is what we observed

for large p under the form of particle oscillations.

• All one-dimensional simulations were initialised with equal spacing as described in

Section 6.3.2, up to a slight modification for end particles in Section 6.4.3. In each

case, the initial continuum profile and the interval Iinit are explicitly given.

• The choice of the time-step size is explicitly given for each simulation. When it is not

adaptive we write ∆t = τ1 = · · · = τK .

• All the solution profiles given in the figures for the one-dimensional simulations were

drawn by linking linearly the centres of every constant piece of the function ρ̂X defined

in (6.8). Note that this is only one way of representating the discrete solution and other

choices are also possible.

In this section we validate our scheme (6.24) by showing test simulations run on

diffusion equations: the heat and porous medium equations.

The heat equation. The heat equation ρt = ∆ρ is a continuum gradient flow (6.5) for

U(r) = r log r and V = W = 0. The evolution of the solution starting from the initial

data

ρheat
0 (x) =

e−x
2/(4c0)

√
4πc0

with c0 = 0.25 (6.28)

is shown in Figure 6.1a. The exact solution is given, for all t ∈ [0, T ], by

ρ(t, x) =
1√

4π(t+ c0)
for all x ∈ R,

whose cumulative distribution F and its pseudoinverse Φ are





F (t, x) =
1

2

(
1 + erf

(
x√

4(t+ c0)

))
for all x ∈ R,

Φ(t, η) =
√

4(t+ c0) erf−1(2η − 1) for all η ∈ [0, 1),

where erf is the error function. The error at the final time T can then be found using

(6.26) and some quadrature form to approximate the integrals therein; see Figure 6.1b.

In Figure 6.1a we chose Iinit = [−2.5, 2.5], whereas in Figure 6.1b we chose Iinit = [−4, 4].

From Figure 6.1b we can see that the quadratic Wasserstein error with respect to the

exact solution ρ evolves linearly with the number of particles on a log-log plot. From

this plot, it looks fair to say that the error of our scheme (6.24) is e2 = O(1/N).

The porous medium equation. The porous medium equation ρt = ∆ρm is a contin-

uum gradient flow (6.5) for U(r) = rm/(m− 1),m > 1, and V = W = 0. The evolution
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Figure 6.1: The heat equation.

of the solution starting from the initial data

ρpor
0 (x) =

1

cα0
ψ

(
x

cα0

)
with c0 = 0.25 (6.29)

is shown in Figure 6.2a. Here α = 1/(m + 1), ψ : ξ 7→ (K − κξ2)
1/(m−1)
+ , where the

subscript + stands for the positive part, κ = (m − 1)/(2m(m + 1)) and K determined

by the conservation of mass. Indeed, since the total conserved mass is one, then the

constant K can be expressed as

K =

(
Γ
(

1
m−1 + 3

2

)√
κ

/(
Γ
(

m
m−1

)
Γ
(

1
2

)))2(m−1)/(m+1)

,

where Γ is the Gamma-function. Then one can verify that, for all t ∈ [0, T ],

ρ(t, x) =
1

(t+ c0)α
ψ

(
x

(t+ c0)α

)
for all x ∈ R,

is a solution; see [143, Section 4.4]. For x ∈
(

0, (t+ c0)α
√
K/κ

]
, the cumulative distri-

bution is

F (t, x) =
1

2
+

∫ x

0

1

(t+ c0)α

(
K − κx2

(t+ c0)2α

)1/(m−1)

+

dx

=
1

2
+

1

2
I

(
κ

K

x2

(t+ c0)2α
;
1

2
,

m

m− 1

)
,

where I(x; a, b) := B(x; a, b)/B(1; a, b) and B is the incomplete Beta-function, i.e.,

B(x; a, b) =

∫ x

0
za−1(1− z)b−1 dz for all x > 0 and a, b > 0.
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Similarly, for x ∈
(
−(t+ c0)α

√
K/κ, 0

]
,

F (t, x) =
1

2
− 1

2
I

(
κ

K

x2

(t+ c0)2α
;
1

2
,

m

m− 1

)
.

Also, noticing that

K1/(m−1)+1/2κ−1/2 =
(
B
(

1; 1
2 ,

m
m−1

))−1
,

we get that the pseudoinverse of F is

Φ(t, η) =





−(t+ c0)α
√
K

κ

√
I−1

(
1− 2η;

1

2
,

m

m− 1

)
if 0 6 η < 1

2 ,

(t+ c0)α
√
K

κ

√
I−1

(
2η − 1;

1

2
,

m

m− 1

)
if 1

2 6 η < 1.

The error can then be found using (6.26) and approximating the integrals therein; see

Figure 6.2b. In Figure 6.2 we chose Iinit = [−k0, k0], where k0 := cα0
√
K/κ.
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Figure 6.2: The porous medium equation with m = 2.

From the plot in Figure 6.2b, as for that in Figure 6.1b for the heat equation, it looks

fair to say again that the error of our scheme (6.24) is e2 = O(1/N).

The linear Fokker–Planck equation. Let us consider the heat equation with quadratic

confinement potential, i.e., the heat equation with V (x) = x2/2. In this case, regardless

of the initial condition, there is a steady state:

ρ∞(x) :=
e−x

2/2

√
2π

for all x ∈ R.
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Figure 6.3b was obtained from the continuum initial profile ρheat
0 (see (6.28)) with Iinit =

[−2.5, 2.5] for Figure 6.3a and Iinit = [−4, 4] for Figure 6.3b.
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(a) Comparison at T = 4 for N = 50.
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Figure 6.3: The linear Fokker–Planck equation with ∆t = 10−5 – Sta-
bilisation in time of the scheme (rate of convergence to the discrete steady

state).

In Figure 6.3b, we can see that the stabilisation of the scheme towards the discrete

steady state (which we arbitrarily define as being the discrete solution obtained at T = 6)

is linear on a semilog plot with a slope very close to −2, which seems not to depend on

the number of particles N . We can therefore write the error as e∞2 = O
(
e−2T

)
; see

(6.27).

The nonlinear Fokker–Planck equation. Let us consider the porous medium equa-

tion with quadratic confinement potential, i.e., the porous medium equation with V (x) =

x2/2. In this case, regardless of the initial profile and since the total mass is one, the

steady state is

ρ∞(x) := A(R2 − x2)
1/(m−1)
+ for all x ∈ R,

where A = ((m− 1)/(2m))1/(m−1) and R = (AB(1; 1/2,m/(m− 1))(1−m)/(m+1). Figure

6.4b was obtained from the continuum initial profile ρpor
0 (see (6.29)) with Iinit = [−k0, k0],

where again k0 := cα0
√
K/κ.

As already noted from Figure 6.3b, for the heat equation the numerical error can

be written e∞2 = O
(
e−2T

)
, as it is actually expected from the theory; for the porous

medium equation the theory says that we should expect e∞2 = O
(
e−(m+1)T

)
(see [45] for

instance), which is nicely confirmed numerically by Figure 6.4b with m = 2.

A two-dimensional test: the heat equation. It is straightforward to generalise the

scheme (6.24), derived in Section 6.3.1, to higher dimensions whenever the expression

(6.20) for the Wasserstein distance can be used, which is the case when the approximation
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Figure 6.4: The nonlinear Fokker–Planck equation with m = 2 and
∆t = 0.1/N2 – Stabilisation in time of the scheme (rate of convergence to

the discrete steady state).

ρkτ at time step k is sufficiently close to ρk−1
τ , i.e., when the time step τk is small enough.

Indeed, let us emphasise that the Wasserstein distance is computed between empirical

measures on points, and not between their approximations on nonoverlapping balls (which

are only used to define the diffusion part of the regularised discrete energy functional;

see (6.7)). When the time step is small enough, the Wasserstein distance approximation

(6.20) is exact, since then the splitting of mass between empirical measures possibly

happening in higher-dimensional optimal transport actually does not occur.

We test our scheme for the heat equation in two dimensions. The initial continuum

density is ρ0(x) = 1/(4πc0) exp(−|x|2/(4c0)) with c0 = 0.125, and the particle positions

at T = 1 are shown in Figure 6.5b. The data were initialised by fixing the particles on a

regular grid as in Figure 6.5a, with weights being the integrals of the continuum density

ρ0 on the Voronoi cells generated from the particles.

The discrete averaged quantities along the time evolution, like the second moment∑N
i=1wi|xKi |2 and the entropy

∑N
i=1wi logwi/|Bi(XK

τ )|, seem to be very accurate, as

shown in Figure 6.6, and this accuracy does not seem to degenerate with time. However,

representing the numerical solution in this two-dimensional test is a delicate issue since

gaps between discretisation balls are significant; this is an issue in itself which we do not

deal with here.

6.4 Aggregation-diffusion equations

6.4.1 Modified Keller–Segel equation

We start by considering a modified one-dimensional Keller–Segel equation, that is, the

continuity equation (6.1) with U(r) = r log r and W (x) = 2α log |x| (and W (0) := 0),
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Figure 6.5: Particles’ positions for the two-dimensional heat equation
for N = 100 with ∆t = 10−4.

Time

0 10 20 30 40

S
e
c
o
n
d
 M

o
m

e
n
t

0

20

40

60

80

100

Numerical

Theoretical

(a) Evolution of the second moment,
∫
|x|2ρ.

Time

0 10 20 30 40

E
n
tr

o
p
y

-4

-3.5

-3

-2.5

-2

-1.5

Numerical

Theoretical

(b) Evolution of the entropy,
∫
ρ log ρ.

Figure 6.6: Accuracy for the two-dimensional heat equation with ∆t =
10−4.

where α > 0 is a parameter quantifying the attraction. Although the resulting continuum

energy functional is in this case not lower semicontinuous or convex, we still have a local

existence theory of this equation (see [22,35] for well-posedness and qualitative properties,

and [34] for the approximation of this equation by a different particle method).

This model shows a critical behaviour depending only on the chemosensitivity strength

α as the classical Keller–Segel model in two dimensions, that is, there is a dichotomy of

blow-up in finite time or global existence which is only determined by α being larger or

less than 1; see [22, 35]. In case α < 1 solutions spread in time behaving like self-similar

solutions. To get the leading order profile given by the self-similar solution, a time-space

scaling is done for α < 1, which is equivalent to impose a quadratic confinement potential

on particles; see [22]. The long-time behaviour in this subcritical case is given by the

profile of the self-similar solution.
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Theoretical properties. We show that our particle approximation keeps approxi-

mately the criticality of the original Keller–Segel model at the discrete level. We show

that there exist two positive constants α1 and α2(N) such that the following holds: if an

appropriate confinement potential V is considered, the discrete and the p-approximated

discrete gradient flows (6.10) and (6.13) for the modified Keller–Segel equation have

steady states for α < α1; while if V = 0, the p-approximated discrete gradient flow

shows finite-time blow-up for α > α2(N). Quite surprisingly, α1 happens to be exactly

the critical parameter at the continuum level, i.e., α1 = 1, and α2(N) tends to 1 as

N →∞ and does not depend on p (but only on N and the chosen weights).

By “blow-up” at the discrete level we mean the event of two, or more, particles

colliding. Also note that the term “maximal time of existence” indicates either the first

time when two or more particles of a solution collide, i.e., the first blow-up time, or the

first time when the norm of a solution equals +∞.

First, let us prove that the discrete and p-approximated discrete confined Keller–Segel

equations show no collisions of particles if α < α1.

Proposition 6.11. Consider the discrete gradient flow corresponding to the confined

Keller–Segel equation with V coercive and such that the function

x 7→ inf
y∈R

(w1V (y) + wNV (x+ y))− log |x|

is coercive. Suppose there exists a solution X to such gradient flow starting from X0 ∈
dom EN , up to some maximal time of existence, say T ∗ > 0. If

α < α1 := 1,

then no particles of X can collide in [0, T ∗); furthermore, the minimal interparticle

distance is uniformly bounded from below in time by a positive constant.

Proof. The energy EN is a Lyapunov functional for the discrete flow, i.e.,

EN (X(t)) 6 EN (X0) := E0 < +∞ for all t ∈ [0, T ∗); (6.30)

see [7, Theorem 1 of Section 3.4]. Fix t ∈ [0, T ∗) and get, by (6.7),

EN (X(t)) =

N∑

i=1

wi logwi −
N∑

i=1

wi log ri(t) +

N∑

i=1

wiV (xi(t))

+ α

N∑

i=1

N∑

j=1
j 6=i

wiwj log |xi(t)− xj(t)|,
(6.31)
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where (x1(t), . . . , xN (t)) = X(t) and ri(t) = ri(X(t)) = min(∆iX(t),∆i+1X(t)). Writ-

ing log− x := − log x if 0 < x < 1 and log− x := 0 if x > 1, and using that log is

increasing,

N∑

i=1

N∑

j=1
j 6=i

wiwj log |xi(t)− xj(t)| >
N∑

i=1

N∑

j=1
j 6=i

wiwj log min
k∈J1,NK
k 6=i

|xi(t)− xk(t)|

>
N∑

i=1

wi(wi − 1) log− ri(t) > −
N∑

i=1

wi log− ri(t).

Hence, writing log+ x := log x if x > 1 and log+ x := 0 if 0 6 x < 1, and by (6.31),

EN (X(t)) >
N∑

i=1

wi logwi +

N∑

i=1

wiV (xi(t))

+ (1− α)

N∑

i=1

wi log− ri(t)−
N∑

i=1

wi log+ ri(t)

>
N∑

i=1

wi logwi +
N−1∑

i=2

wiV (xi(t)) + w1V (x1(t)) + wNV (xN (t))

+ (1− α)
N∑

i=1

wi log− ri(t)− log+(xN (t)− x1(t)),

using that − log+ ri(t) > − log+(xN (t)− x1(t)) for all i ∈ J1, NK. From the assumptions

on V we know that V is bounded from below and also that w1V (x1(t)) +wNV (xN (t))−
log+(xN (t) − x1(t)) is bounded from below uniformly in time. Therefore there exists a

constant C ∈ R, independent of t, such that

E0 > EN (X(t)) > (1− α)

N∑

i=1

wi log− ri(t) + C,

using (6.30). We see that if α < α1 = 1, the minimal interparticle distances ri(t) cannot

get arbitrarily small, or the energy EN (X(t)) gets larger than its initial value E0, which

violates the fact that the system is a gradient flow. Hence the result.

The proof above is given only for the discrete case; however, note that it can be easily

adapted to the p-approximated one, if p > 1, by Proposition 6.5(vi) with n = 2, and

without the need to change the constant α1.

We can now show the global existence in time and the existence of steady states for

the discrete and p-approximated discrete confined Keller–Segel equations.

Proposition 6.12. Consider the discrete gradient flow corresponding to the confined

Keller–Segel equation with V satisfying the same hypotheses as in Proposition 6.11. If
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α < α1, then any solution to this gradient flow starting from X0 ∈ dom EN , if it exists,

exists globally in time and the gradient flow has a steady state.

Proof. Let α < α1 = 1. Suppose there exists such a solution X = (x1, . . . , xN ) starting

from X0 ∈ dom EN , defined on [0, T ∗) (see Proposition 6.11), and assume that xN (t)−
x1(t) → +∞ as t → T ∗. For all t ∈ [0, T ∗), the proof of Proposition 6.11 implies that

there exists a t-independent constant C1 ∈ R such that

E0 > EN (x(t)) > (1− α)
N∑

i=1

wi log− ri(t) + f(xN (t)− x1(t)) + C1

> f(xN (t)− x1(t)) + C1,

where ri(t) = min(∆iX(t),∆i+1X(t)) and

f(xN (t)− x1(t)) := inf
y∈R

(w1V (y) + wNV (xN (t)− x1(t) + y))− log+(xN (t)− x1(t)),

since (1−α)
∑N

i=1wi log− ri(t) > 0. By the growth assumption at infinity on V , we have

f(xN (t)−x1(t))→ +∞ as t→ T ∗, which implies that the inequality above is violated for

a time t close enough to T ∗. Therefore xN (t)−x1(t) cannot diverge as t→ T ∗, and thus

there exists C2 ∈ R, uniform in t, such that log+(xN (t)− x1(t)) 6 C2 for all t ∈ [0, T ∗).

Therefore,

E0 > EN (X(t)) > w1V (x1(t)) + wNV (xN (t))− C2 + C1,

which, by coercivity of V shows that x1(t) and xN (t) cannot diverge. Thus, there exists

some constant ` > 0, independent of time, such that {x1(t), . . . , xN (t)} ⊂ B` for all

t ∈ [0, T ∗). This, together with the no-collision result in Proposition 6.11, shows that the

maximal time of existence of the discrete gradient flow is T ∗ =∞.

Finally, the functional EN is lower semicontinuous on its domain, and the sublevel set

LE0 := {X ∈ RN | EN (X) 6 E0} is compact due to the argument above which indeed

shows that LE0 ⊂ B`. Therefore, by the direct method of calculus of variations (see

Theorem B.2) we get that EN has a global minimiser on RN , belonging to LE0 , which

ends the proof.

Similarly to Proposition 6.12 the proof above is given only for the discrete case, but

is easily adaptable to the p-approximated one if p > 1, by Proposition 6.5(vi) with n = 2.

The assumptions on V of Propositions 6.11 and 6.12 are in particular satisfied by

V (x) = xk/k for any k > 1. Propositions 6.11 and 6.12 are also true for any W bounded

from below and satisfying Hypothesis 13, with no required constraint on α; in particular

this is the case for the linear Fokker–Planck equation, that is with V (x) = x2/2 and

W = 0.
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Let us now turn to the supercritical case. In the unconfined continuum modified

Keller–Segel equation, it is known that solutions blow up in finite time if α > 1. The

proof of nonexistence of global-in-time solutions is obtained by computing the evolution

of the second moment m2◦ρ of solutions ρ. A formal computation leads, for all t ∈ [0, T ],

to

(m2 ◦ ρ)′(t) =
d

dt

∫

R
x2 dρt(x) = 2(1− α), (6.32)

where ρt stands for ρ(t). Therefore the evolution of the second moment is linear in time

with slope 2(1− α). This slope is negative if α > 1, which implies that m2 ◦ ρ becomes

zero in finite time (for T large enough) leading to concentration of mass in finite time and

contradiction with the assumption of global existence. We want here to show that our p-

approximated discrete gradient flow (6.13) preserves this finite-time blow-up property for

some numerical critical parameter α2(N), at least when all particles have same weight.

Recall that, at the discrete level, we define blow-up as being the event of two particles

colliding.

Proposition 6.13. Let p > 0 and consider the p-approximated discrete unconfined

Keller–Segel gradient flow with wi = 1/N for all i ∈ J1, NK, on the whole time line

[0,∞). All solutions starting from X0 ∈ dom EN blow up in finite time if α is greater

than

α2(N) := 1 +
1

N − 1
.

Proof. Suppose that there exists X = (x1, . . . , xN ), a p-approximated discrete Keller–

Segel gradient flow starting from X0 ∈ dom EN , defined on some maximal interval of

existence [0, T ∗). Let us compute the evolution of the second moment of ρX , the empirical

measure associated to X, at any t ∈ [0, T ∗).

(m2 ◦ ρX)′(t) =
d

dt

∫

R
x2 dρX(t)(x) =

d

dt

1

N

N∑

i=1

x2
i (t) =

2

N

N∑

i=1

xi(t)
dxi
dt

(t). (6.33)

In the following we drop the dependencies on time for the sake of simplicity.

Suppose T ∗ = ∞. We want to find a contradiction if α > α2(N) by computing

explicitly the evolution of the second moment in (6.33). Write ∆xi = ∆iX and ∆j
i :=

1 + (∆xj/∆xi)
p for all i, j ∈ J1, N + 1K with i 6= j, recalling the convention ∆x1 =

∆xN+1 = +∞ and setting ∆1
0 = ∆N+1

N+2 = +∞. By (6.13),

N∑

i=1

xi
dxi
dt

=
N∑

i=1

((
xi/∆xi
∆i
i−1

+
xi/∆xi
∆i
i+1

)
−
(
xi/∆xi+1

∆i+1
i

+
xi/∆xi+1

∆i+1
i+2

))

︸ ︷︷ ︸
=:A1
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− 2α

N

N∑

i=1

xi

N∑

j=1
j 6=i

W ′(xi − xj)

︸ ︷︷ ︸
=:A2

,

whereW := log | · |. First, compute A1 by appropriately rearranging the sum terms,

A1 =

N−2∑

i=3

((
xi/∆xi
∆i
i−1

+
xi/∆xi
∆i
i+1

)
−
(
xi/∆xi+1

∆i+1
i

+
xi/∆xi+1

∆i+1
i+2

))
+

(
1 +

1

∆2
3

)

+

(
1 +

1

∆N
N−1

)
−
(
x2/∆x3

∆3
2

+
x2/∆x3

∆3
4

)

+

(
xN−1/∆xN−1

∆N−1
N

+
xN−1/∆xN−1

∆N−1
N−2

)
.

Also,

N−2∑

i=3

((
xi/∆xi
∆i
i−1

+
xi/∆xi
∆i
i+1

)
−
(
xi/∆xi+1

∆i+1
i

+
xi/∆xi+1

∆i+1
i+2

))

=

(
x3/∆x3

∆3
4

+
x3/∆x3

∆3
2

)
−
(
xN−1/∆xN−1

∆N−1
N−2

+
xN−1/∆xN−1

∆N−1
N

)

+
N−2∑

i=3

(
1

∆i+1
i

+
1

∆i+1
i+2

)
.

Hence, by combining the last two computations, we get

A1 =

N−2∑

i=3

(
1

∆i+1
i

+
1

∆i+1
i+2

)
+

(
1

∆3
4

+
1

∆3
2

)
+

(
1 +

1

∆2
3

)
+

(
1 +

1

∆N
N−1

)

=
N−1∑

i=2

(
1

∆i+1
i

+
1

∆i
i+1

)
+ 2 =

N−1∑

i=2

1 + 2 = N.

Then, compute A2 by using the anti-symmetry ofW ′(x) = 1
x ,

A2

= (x1 − x2)W ′(x1 − x2) + (x1 − x3)W ′(x1 − x3) + · · ·+ (x1 − xN )W ′(x1 − xN )

+ (x2 − x3)W ′(x2 − x3) + (x2 − x4)W ′(x2 − x4) + · · ·+ (x2 − xN )W ′(x2 − xN )

+ · · ·+ (xN−1 − xN )W ′(xN−1 − xN )

= (N − 1) + (N − 2) + · · ·+ 1 =
∑N−1

i=1 (N − i) = (N−1)N
2 .
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Therefore, for all t ∈ [0, T ∗) = [0,∞),

(m2 ◦ ρX)′(t) =
2

N

(
N − 2α

N

(N − 1)N

2

)
= 2

(
1− α

(
1− 1

N

))

= 2

(
1− 1

N

)
(α2(N)− α).

(6.34)

Hence the evolution of the second moment is linear with a negative slope, since by

assumption α > α2(N), which clearly contradicts the fact that the maximal time of

existence T ∗ =∞, and therefore the solution X exists only up to a finite time: T ∗ <∞.

At exactly that time, only two things may happen: either the norm of the solution equals

+∞, i.e., |X|w = +∞, or two or more particles collide. The first option is not plausible

since trivially the second moment of an empirical measure is finite at all times. We are

thus only left with the collision of particles, that is x has to blow up in finite time.

Simulations. We give here a few simulations for the modified Keller–Segel equation

showing various blow-up characteristics when V = 0. As we want to capture the blow-

up we used an adaptive time-step size defined recursively as follows. For every time

step k ∈ J1,KK, suppose we have a time-step size τk, and we compute the velocities

V k−1
τ = (vk−1

1 , . . . , vk−1
N ) of particles Xk−1

τ = (xk−1
1 , . . . , xk−1

N ). Then fix a tolerance

δ = 0.25, and define

δi =





τk if τk 6
δminp(∆iX

k−1
τ ,∆i+1X

k−1
τ )

|vk−1
i |

,

δminp(∆iX
k−1
τ ,∆i+1X

k−1
τ )

|vk−1
i |

otherwise.

Finally update τk := mini∈J1,NK δi, compute the positions Xk
τ with the new τk, and start

over until τk > 10−7; when τk 6 10−7 stop the simulation. We took τ1 = 10−5 as the

very initial time-step size. In Figures 6.7, 6.8 and 6.9 the simulations shown stopped due

to this adaptive time-step procedure.

Figures 6.7 and 6.8 show the results of simulations with initial continuum profile ρheat
0 ,

with Iinit = [−2.5, 2.5]. From Figure 6.7 one can see that the scheme we used captures

nicely the formation of the blow-up for a supercritical parameter α.

Figure 6.8a shows that the evolution of the second moment is linear for some range

of time with a slope that deviates slightly from the theoretical one, as expected from

Proposition 6.13 and its proof. Actually, by comparing (6.32) and (6.34), it can be seen

that this slope deviation decreases as N increases. For larger times, as the blow-up is

approached and the time step refined, the numerical slope deviates even more from the

theoretical one.

Figure 6.8b shows the trajectories of the particles up to the first blow-up time, defined

numerically as the first time when the distance between two particles gets smaller than
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Figure 6.7: The modified Keller–Segel equation with α = 1.5 for N = 50.
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(a) Evolution of the second moment for N =
100.
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(b) Particle trajectories up to first numerical
blow-up for N = 50 (not all particles are repre-

sented).

Figure 6.8: Blow-up of the modified Keller–Segel equation with α = 1.5.

some chosen number dmin, or equivalently when the adaptive time-step size τk gets larger

than 10−7; see above. A possible procedure to continue the evolution after the first blow-

up time is merging particles into a new heavier one whenever the distance between these

particles gets less than a certain threshold, say proportional to dmin; the weight of the

new particle is then chosen to be the sum of the merged particles, and the position the

barycentre of the merged particles. This procedure might give an idea of how the particles

behave after the first blow-up, but we found that it is not very accurate since the post-

collision trajectories strongly depended on the choice of the threshold, which is arbitrary.

We found that the analysis of the post-collision behaviour is very delicate without having

clear criteria for deciding when to merge particles and how many simultaneously. We

thus leave this issue for further analysis and future work.
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Figure 6.9 shows the result with a continuum two-bump initial profile, with Iinit =

[−4.5, 4.5]:

ρ0(x) =
e−(x+2)2/(4c0)

2
√

4πc0
+
e−(x−2)2/(4c0)

2
√

4πc0
with c0 = 0.25.
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(b) Evolution with α = 3 for N = 100.

Figure 6.9: Blow-up formation for the modified Keller–Segel equation
with two initial Gaussian bumps.

Figure 6.9 shows the possible formation of several Dirac masses, according to how

much attraction is involved in the system and to how many bumps are present at the

beginning. It seems like the more attraction, the more Dirac masses can form. Note that

the two peaks in Figure 6.9b are actually of same height despite a displaying artifact;

also, even if not clear from Figure 6.9b, the two peaks get slightly closer to each other

with time, but then blow up before merging.

6.4.2 Modified Keller–Segel equation with nonlinear diffusion

Let us now consider the modified one-dimensional Keller–Segel equation with nonlinear

diffusion, i.e., the continuum gradient flow (6.5) with U(r) = rm/(m− 1), m > 1, V = 0

and W (x) = 2α log |x| (and W (0) := 0). The initial continuum profile we used here is

ρheat
0 , with Iinit = [−2.5, 2.5].

Each curve in Figure 6.10 is a good approximation of a steady state for the modified

Keller–Segel equation with nonlinear diffusion. For each m, the steady state is different;

as m tends to 1 the steady state “squeezes” and looks as if it is approaching a Dirac mass,

which is the “steady state” of the modified Keller–Segel equation with linear diffusion

studied in Section 6.4.1.

6.4.3 Compactly supported potential with nonlinear diffusion

We consider here the continuum gradient flow when U(r) = rm/(m− 1), m > 1, V = 0

and W (x) = −cmax(1−|x|, 0)+c, c > 0, is a compactly supported aggregation potential.
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Figure 6.10: The modified nonlinear Keller–Segel equation with α = 1.4
for different choices of m, for N = 50 at T = 4 with ∆t = 10−5.

In Figure 6.11 the considered continuum initial profile is a uniform distribution on the

interval [−2, 2]. Here Iinit = [−2, 2] and the end particles were set to have weights equal

to 0.001.
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Figure 6.11: The compactly supported potential W (x) = −cmax(1 −
|x|, 0) + c with nonlinear diffusion with c = 8 and m = 3, for N = 80 with

∆t = 10−5.

Figure 6.11a shows the formation of a metastable state made of two bumps, while

Figure 6.11b shows how this metastable state breaks into a single-bumped steady state.

This behaviour, for exactly this aggregation potential (up to a multiplicative constant,

c), was already noted in [42, Example 3] when using a finite-volume scheme on gradient

flows. The bumps are actually supposed to be disconnected since no particles were found

numerically inbetween, although this does not seem to be the case in the plots. This

is because the particle of each bump which is closest to the origin is not located at the

actual boundary of the exact solution’s corresponding bump, and so the line connecting
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the two bumps does not show 0 density but more. Visually, a better separation of the

bumps can be obtained by increasing the number of particles in the simulation.

6.5 Convergence of the p-approximated gradient flow in one dimension

In this last section we give the proof of the convergence of the p-approximated gradient

flow (6.13) to the discrete one (6.10) in one dimension; see Section 6.2.4. Before doing so

we need to recall some notions and results from monotone operator theory. For generality

we give the notions below in arbitrary dimension d > 1.

For a given set-valued operator A : RNdw → 2R
Nd

we denote by domA := {X ∈
RNd | A(X) 6= ∅} the domain of A, and by graphA := {(X,Y ) ∈ domA × A(X)} the

graph of A.

Definition 6.14 (monotone operator). A set-valued operator A : RNdw → 2R
Nd

is said

to be monotone if, for all (X1,X2) ∈ (domA)2 and all (Y 1,Y 2) ∈ A(X1) × A(X2),

we have 〈Y 1 − Y 2,X1 −X2〉w > 0. Moreover we say that A is maximal if the graph of

A is not strictly contained in the graph of any other set-valued monotone operator from

RNdw to 2R
Nd

.

One can check that if F: RNd → (−∞,∞] is proper, lower semicontinuous and

convex, then ∂wF is a maximal monotone operator; see [5, Section 3.7.1].

Definition 6.15 (graph convergence). Let (Ap)p be a sequence of maximal monotone

operators from RNdw to 2R
Nd

, and let A : RNdw → 2R
Nd

be maximal monotone. We say

that (Ap)p graph-converges to A if, for every (X,Y ) ∈ graphA, there exists a sequence

(Xp,Y p)p with (Xp,Y p) ∈ graphAp for all p > 0 such that Xp → Y and Y p → Y in

RNdw as k →∞.

For the sake of completeness we recall the defintion of Γ-convergence.

Definition 6.16 (Γ-convergence). Let (Fp)p be a sequence of functionals from RNdw to

(−∞,∞], and let F: RNdw → (−∞,∞]. We say that (Fp)p Γ-converges ( with respect to

w) to F if the following two conditions are met for all X ∈ RNd.

(i) ( liminf inequality) All sequences (Xp)p ⊂ RNd such that |Xp−X|w → 0 as p→∞
satisfy F(X) 6 lim infp→∞Fp(Xp).

(ii) ( limsup inequality) There exists a sequence (Xp)p ⊂ RNd such that |Xp−X|w → 0

as p→∞ and lim supp→∞Fp(Xp) 6 F(X).

Theorem 6.17 below connects the notion of Γ-convergence to that of graph-convergence.

This is true because we work here in RNd, which is finite-dimensional; in general this

does not hold. In finite-dimensional Banach spaces this is a consequence of [5, Theorem

3.66] and the fact that Γ-convergence is equivalent to Mosco convergence. Indeed, in

a general dimensional setting, Mosco convergence means that the liminf inequality of
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Γ-convergence holds for the weak topology and the limsup inequality holds for the strong

topology; see [114, Definition 2.2] and [5, Definition 3.17].

Theorem 6.17. Let (Fp)p be a sequence of proper, lower semicontinuous, convex func-

tionals from RNdw to (−∞,∞], and let F: RNd → (−∞,∞] be also proper, lower semi-

continuous and convex. If (Fp)p Γ-converges to F, then (∂Fp)p graph-converges to ∂F.

We can now give the general convergence and regularity result, whose proof can be

deduced by [5, Theorem 3.74], [27, Theorem 3.1] and [7, Theorem 1, Section 3.2].

Theorem 6.18. Let (Fp)p be a sequence of proper, lower semicontinuous, convex func-

tionals from RNdw to (−∞,∞], and let F: RNd → (−∞,∞] be also proper, lower semicon-

tinuous and convex. Suppose that (∂Fp)p graph-converges to ∂F. Consider the following

differential inclusions, for all p > 0.




X ′p(t) ∈ −∂wFp(Xp(t)) for almost every t ∈ (0, T ],

Xp(0) = X0
p ∈ cl(dom Fp),

and 


X ′(t) ∈ −∂wF(X(t)) for almost every t ∈ (0, T ],

X(0) = X0 ∈ cl(dom F).

There exist unique solutions X and Xp and we have the following.

(i) Xp and X are continuous on [0, T ];

(ii) X ′p and X ′ are right-continuous on [0, T ].

Moreover, assume that X0
p → X0 in RNdw and that in this case, Fp(X

0
p) → F(X0) as

p→∞. Then the items below hold.

(iii) Xp →X uniformly on [0, T ] as p→∞;

(iv)
∫ T

0 t
∣∣X ′p(t)−X ′(t)

∣∣2 dt→ 0 as p→∞;

(v) X ′p →X ′ strongly in L2([0, T ]) (weighted by w) as p→∞, and so X ′p(t)→X ′(t)

in RNdw for almost every t ∈ [0, T ];

(vi) Fp(Xp)→ F(X) uniformly on [0, T ] as p→∞.

We have now all the tools to prove that the p-approximated gradient flow converges

to the discrete one. First, it is not hard to see that (EpN )p (see (6.16)) Γ-converges to

EN (see (6.9)) as p → ∞. Furthermore, it is easily verified that E
p
N (X0) → EN (X0)

as p → ∞, where X0 ∈ RN is taken here to be the initial condition for both the

discrete and p-approximated discrete gradient flows (6.10) and (6.13). Therefore in order

to use Theorems 6.17 and 6.18 combined, we are only left with checking that E
p
N and

EN are proper, lower semicontinuous and convex. As already mentioned in Section 6.2

properness is trivial and lower semicontinuity holds as long as W is lower semicontinuous.

The convexity is proven in dimension one when V and W are convex in Proposition 6.9.
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Theorem 6.17 now tells us that (∂wE
p
N )p graph-converges to ∂wEN as p → ∞, and

Theorem 6.18 tells us in which sense the p-approximated discrete gradient flow converges

to the discrete one and also gives us some regularity on these flows.
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7 Conclusion and outlook

In this conclusion we give current and possible future work directions which aim at

improving the contents of this thesis. They consist of either quite advanced work in

collaboration with colleagues or merely ideas.

7.1 More on the aggregation energy and equation

7.1.1 Morrey existence and uniqueness theory

In [40] (and [19,103]) the authors proved that if the aggregation kernel W has a “good”

singular behaviour at the origin, then, for any solution ρ(t) ∈ Lp(Rd) with 1 < p 6 ∞
of the aggregation equation (1.8), the empirical solution to the Euclidean gradient flow

associated to the discretised aggregation energy WN (see (1.24)) converges weakly to ρ

provided the initial data are well-prepared. They also proved that if ρ(0) ∈ Lp(Rd) there

is a time T > 0 such that there exists a unique solution to the aggregation equation on

I = [0, T ] satisfying ρ(t) ∈ Lp(Rd) for all t 6 T . Morrey regularity is weaker than Lp

regularity and, as discussed in Section 1.2.3 and Chapter 4, seems to appear naturally in

the study of steady states for the interaction equation. Hence the following question.

Question 7.1. Can we extend the Lp convergence and existence-uniqueness theory for

the aggregation equation of [40] to the Morrey space Mp(Rd)?

7.1.2 Existence of radially symmetric global minimisers

This is an ungoing project with J. A. Carrillo and M. Delgadino.

If the interaction kernel W is a combination of Newtonian repulsion and power at-

traction, then the authors in [78] showed that equilibria of the pure interaction equation

which are supported on a ball exist, are unique and radially symmetric.

Question 7.2. Can we prove the existence of radially-symmetric global minimisers of

W for general radially symmetric interaction kernels W? If yes, are they unique up to

translations and rotations?
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Adding diffusion to the interaction could be useful to answer this question. Indeed if

Eε(ρ) := ε

∫

Rd
log(ρ(x)) dρ(x) +

1

2

∫

Rd
W ∗ ρ(x) dρ(x) for all ρ ∈ Pac(Ω)

for some parameter ε, then it suffices to show that global minimisers of Eε exist and are

radially symmetric, and that Eε Γ-converges to Was ε→ 0. One result in this direction is

[95] where, using very similar techniques which led us to Result 1.3 of [36] (see Chapter 2),

it is proven that radially symmetric global minimisers exist when U : r 7→ rm/m,m > 1,

V = 0 and W is purely attractive; these minimisers are actually unique when m = 2.

7.2 More on particle methods for diffusive gradient flows

The convergence proof of Result 1.6 of [58] (see Chapter 5) is one-dimensional—it strongly

relies on the facts that particles can be increasingly ordered, have only two first neigh-

bours, and that therefore the subdifferential of the discretised internal energy UN (see

(1.27)) can fairly easily be computed explicitly. This computation, along with no-flux

boundary conditions, gives a uniform control on how interparticle gaps behave as the

number of particles N increases. Unfortunately computing the subdifferential in more

than one dimension may be unachievable due to the complexity of the problem. Also, we

were able to prove convexity of UN for d = 1, but unable to prove or disprove convexity

(or semiconvexity) for d > 1; the well-posedness of the Euclidean gradient flow associ-

ated to UN is thus not even guaranteed in higher dimensions [2, 7, 27]. Although our

particle method is easy to implement in two dimensions and its approximating behaviour

seems promising as given in Result 1.7 of [52] (see Chapter 6), we would like to develop

a particle method for pure diffusion for which the higher-dimensional convergence proof

is easier.

Question 7.3. Can we find a particle method for diffusion in two or more dimensions

in which confinement and aggregation terms can be included easily and for which a con-

vergence proof is conceivable? Can we numerically compare such a method’s performance

to that of [52]?

We give below three main directions which are interesting to be explored in order to

answer Question 7.3.

7.2.1 Using Voronoi diagrams

This is ongoing work with Q. Mérigot.

One natural alternative would be to proceed as in Section 1.2.4 (and Chapters 5–6)

but to spread uniformly the mass of each point mass over its Voronoi cell rather than its

nonoverlapping ball. Given X = (x1, . . . ,xN ) ∈ ΩN , the Voronoi diagram associated to
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X is the union over all i ∈ J1, NK of the Voronoi cells

V i(X) := {y ∈ Ω | ∀ j 6= i, |xi − y| 6 |xj − y|} .

The Voronoi diagram associated to X is therefore a partition of Ω; see [89, 99] for an

account on Voronoi diagrams and their use in the computation of Wasserstein distances

in the context of measure quantisation. See also [32, 33] for a relation to gradient flows.

Although this approach may be more costly than that in Section 1.2.4, it may offer

a better approximation and an easier convergence proof since it does not involve gaps

between cells and gives rise to a differentiable discrete internal energy UN .

7.2.2 Regularising the internal energy

This is an ongoing project with J. A. Carrillo and K. Craig.

Another idea is first to mollify the density of internal energy. For the heat equation

this mollification reads as

Uε(ρ) =

∫

Rd
log(ϕε ∗ ρ(x)) dρ(x) for all ρ ∈ P2(Ω), (7.1)

where ϕε is a (Gaussian) mollifier as ε → 0. From this regularisation one can define a

regularised gradient flow associated to Uε and then obtain a particle method by solv-

ing the corresponding characteristics. A similar regularisation was applied to the pure

aggregation equation and proven to converge in [66].

Note that somehow our p-approximated internal energy UpN described in [52] (see

Chapter 6) is a mollified internal energy of the form (7.1) as the parameter p→∞; see

(6.14). There, however, the mollifier is not Gaussian but a singular repulsive kernel.

Mollifying the diffusion equation is not a new idea—in [69, 105] the authors approx-

imated the heat and porous medium equations by directly mollifying the velocity term

in the equations. However, unlike ours, their approach does not keep the gradient flow

structure at the regularised level.

7.2.3 Using an approach from optimal location theory

This is an ongoing project with D. Bourne and S. Roper.

Another possible approach is to use optimal location tools [28]. Let us start with

an example: if f(w) is the cost of running a school with some given mass w ∈ (0, 1]

of children in some country whose population probability density is given by ρ, and

X = (x1, . . . ,xN ) ∈ ΩN are the locations of the schools in that country with associated

child masses w = (w1, . . . , wN ) ⊂ (0, 1]N , one wants to minimise the functional

F(X,w) = d2
2

(
ρ,

N∑

i=1

wiδxi

)
+

N∑

i=1

f(wi) (7.2)
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over X, w and, indeed, over the number of schools N . When f 6= 0 and subadditive

the term involving f in (7.2) tends to reduce the optimal number of schools to run (it

is cheaper to run one school of 100 children than two of 50 children each), whereas the

term involving d2 tends to increase the optimal number of schools so as to minimise the

distance of each school to each child (in the limit the optimal number of schools is +∞).

There is therefore a balance between running costs of each supplier (school) and distance

the population has to travel to get to these suppliers. It turns out that the best way to

accomplish this minimisation is to subdivide the domain (country) using a power diagram

(a generalised, weighted Voronoi diagram) with centroids the suppliers and masses the

population mass of each power cell [24, 113]. Finding which power diagram is optimal

can be achieved using a generalised Lloyd algorithm [24].

The connection between optimal location and PDEs is that minimising F in (7.2)

is essentially one time step of the JKO scheme (see [93] or Section A.5.5) where the

discretised entropy UN is replaced by the penalisation f . Of course, unlike f , UN depends

not only on the masses w but also on the volume of the discretisation cells; nevertheless

we believe that we can take advantage of this connection to derive a converging particle

method. If we choose power cells as discretisation cells, then this approach is linked to

that in [13], where a discretisation is performed on the space of convex functions owing

to Brenier’s theorem [26].
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A Gradient flows

In this appendix we summarise some core concepts of the theory of gradient flows which

may be useful to the reader to understand parts of this thesis. It does not aim at being

general or exhaustive, but rather at giving the basic notions used throughout the main

chapters. The results of this appendix can all be found in, or be deduced from, the

classical references [2–4,93,111,135,145,146].

In this appendix Ω is either all of Rd or the closure of a bounded, convex, smooth

domain of Rd. Unless otherwise specified, I = [0,∞) or I = [0, T ] for some finite final

time T > 0.

A.1 Continuity equation

A.1.1 Characteristics

The continuity equation (1.1) is an Eulerian description of the conservation of mass, that

is, the unknowns are time-dependent fields over the domain. We can link this description

to a Lagrangian one where the unknowns are, instead, the trajectories of all the particles.

This is done through the resolution of characteristic curves.

Definition A.1 (characteristics for the continuity equation). Let v be a measur-

able vector-valued function satisfying the admissibility condition (1.20). For all x ∈ Ω,

any curve χ(·,x) : I → Ω satisfying




∂tχ(t,x) = v(t,χ(t,x)) for all t ∈ I,
χ(0,x) = x

(A.1)

is called a characteristic curve of the continuity equation with velocity v.

The following theorem gives existence and uniqueness of solutions to the continuity

equation, as well as an explicit relation between Eulerian and Lagragian interpretations.

Theorem A.2. Let v be a measurable vector-valued function satisfying the admissibility

condition (1.20). Suppose that for every x ∈ Ω there exists a unique solution χ to (A.1);

for all t ∈ I let us write χt in place of χ(t, ·). Assume that χt is bijective on Ω for all
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t ∈ I, and that χ and (t,x) 7→ χ−1
t (x) are locally Lipschitz on I×Ω. (The existence and

uniqueness of such a characteristic curve can be obtained, for example, by the classical

Cauchy–Lipschitz theory.) Let ρ0 ∈ P(Ω) and let ρ ∈ C(I, (P(Ω),d0)), a narrowly

continuous curve from I to P(Ω), where d0 is as in Definition 1.19. The following

statements are equivalent.

(i) ρ is a weak solution to the continuity equation with velocity v and ρ(0) = ρ0.

(ii) ρt = χt#ρ0 for all t ∈ I.

A.1.2 Characterisation of absolutely continuous curves

From now on we are only interested in local solutions to the continuity equation. We

therefore assume that I = [0, T ] for some finite final time T > 0.

Definition A.3 (absolutely continuous curve). Let p ∈ N and (M,dM ) be a com-

plete, separable metric space, and let γ : [0, T ] → M . Then γ is said to be p-absolutely

continuous if there exists f ∈ Lp([0, T ]) such that

dM (γ(t), γ(s)) 6
∫ t

s
f(r) dr for all t, s ∈ [0, T ] with s 6 t. (A.2)

We write in this case γ ∈ ACp([0, T ],M). We write AC([0, T ],M) for AC1([0, T ],M)

and γ is simply said to be absolutely continuous if it is 1-absolutely continuous.

Definition A.4 (metric derivative). Let (M,dM ) be a complete, separable metric

space, and let γ : [0, T ]→M . Then the limit

|γ′|dM (t) := lim
s→t

dM (γ(t), γ(s))

|t− s|

is called the metric derivative, or speed, of γ at t ∈ [0, T ] whenever it exists.

In fact, we have that |γ′|dM exists almost everywhere and belongs to Lp([0, T ]) if and

only if γ ∈ ACp([0, T ],M). In this case |γ′|dM satisfies (A.2) in place of f and

|γ′|dM (t) 6 f(t) for almost every t ∈ [0, T ] and all f satisfying (A.2).

The following is a fundamental theorem which underlies the definition itself of gradient

flows in probability spaces, as we shall see in Definition A.17. It characterises absolutely

continuous curves in W2(Ω) as solutions to the weak continuity equation.

Theorem A.5. Let ρ : [0, T ] → W2(Ω) be a curve of probability measures with finite

second moments. Then the following statements hold.

(i) If ρ ∈ AC([0, T ], W2(Ω)), then there exists an almost-everywhere unique measurable

function v : I×Ω→ [−∞,∞]d with ‖vt‖L2
ρt

(Ω) = |ρ′|d2(t) for almost every t ∈ [0, T ]

and such that ρ is a weak solution to the continuity equation with velocity v.
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(ii) If v : [0, T ] × Ω → [−∞,∞]d is a measurable function such that t 7→ ‖vt‖L2
ρt

(Ω) ∈
L1([0, T ]) and ρ is a weak solution to the continuity equation with velocity v, then

ρ ∈ AC([0, T ], W2(Ω)) and |ρ′|d2(t) 6 ‖vt‖L2
ρt

(Ω) for almost every t ∈ [0, T ].

Note that in (ii) the v is admissible in the sense of (1.20).

A.2 Gradient flows in metric spaces

In this section, (M,dM ) is a complete, separable metric space.

Definition A.6 (local slope). Let F: M → (−∞,∞] be proper. The local slope, or

metric slope, |∂F| : dom F→ [0,∞] of F is defined by

|∂F|(x) = lim sup
dM (x,y)→0

(F(x)−F(y))+

dM (x, y)
for all x ∈ dom F.

Obviously, by definition, dom |∂F| ⊂ dom F.

Definition A.7 (upper gradient). Let F: M → (−∞,∞] be proper. A map g : M →
[0,∞] is said to be a strong upper gradient for F if, for every γ ∈ AC([0, T ],M), the

function g ◦ γ is measurable and

|F(γ(t))−F(γ(s))| 6
∫ t

s
g(γ(r))|γ′|dM (t) dr for all s, t ∈ [0, T ] with s 6 t.

The map g is said to be a weak upper gradient for F if, for every γ ∈ AC([0, T ],M) such

that g ◦ γ|γ′|dM ∈ L1([0, T ]) and F◦ γ = f almost everywhere in [0, T ] for some function

f with bounded variation,

|f ′(t)| 6 g(γ(t))|γ′|dM (t) for almost every t ∈ [0, T ].

One can check that a strong upper gradient is always a weak upper gradient. An

example of weak upper gradient for F is given by the local slope |∂F|.
Definition A.8 (curve of maximal slope). Let F: M → (−∞,∞] be proper and

let g be a weak upper gradient for F. We say that γ ∈ AC([0, T ],M) is a curve of

maximal slope for F with respect to g if F◦ γ = f almost everywhere in [0, T ] for some

nonincreasing function f and

f ′(t) 6 −1
2g

2(γ(t))− 1
2 |γ′|2dM (t) for almost every t ∈ [0, T ].

Definition A.9 (metric gradient flow). Let F: M → (−∞,∞] be proper. A curve

γ ∈ AC([0, T ],M) is said to be a metric gradient flow for F if it is a curve of maximal

slope for Fwith respect to |∂F|. If moreover, given γ0 ∈M , we have γ(0) = γ0, then we

say that γ starts from γ0.
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A gradient flow for F is said to be a steady state if it is time-independent. From the

definition of a curve of maximal slope we can see that a steady state γ∞ for F satisfies

|∂F|(γ∞) = 0.

Let us give the intuition behind the concept of metric gradient flows of Definition

A.9. Suppose that (M,dM ) = (Rd, dRd) and let F : Rd → R be a smooth functional.

Formally, a steepest descent is a smooth curve γ : [0, T ]→ Rd such that

γ ′(t) = −∇F(γ(t)) for all t ∈ [0, T ]; (A.3)

see below (A.9). This differential equation can be equivalently rewritten, for all t ∈ [0, T ],

as 



(F◦ γ)′(t) = 〈∇F(γ(t)),γ ′(t)〉 = −|∇F(γ(t))||γ ′(t)|,
|γ ′(t)| = |∇F(γ(t))|,

(A.4)

where the first line ensures that γ ′(t) goes in the correct direction and the first line

ensures that γ ′(t) has the correct norm. By Cauchy–Schwarz and Young’s inequalities

we know that (A.4) is equivalent, for all t ∈ [0, T ], to

(F◦ γ)′(t) = −1
2 |∇F(γ(t))|2 − 1

2 |γ ′(t)|2, (A.5)

which is itself equivalent to

(F◦ γ)′(t) 6 −1
2 |∇F(γ(t))|2 − 1

2 |γ ′(t)|2. (A.6)

Indeed, to pass from (A.6) to (A.5), use Young’s and Cauchy–Schwarz inequalities to

get back to (A.4) which we know implies (A.5). A metric gradient flow is therefore a

generalisation of steepest descent equations, such as (A.3), to general metric spaces where

the notions of speed and gradient have been replaced by those of metric derivatives and

local slopes.

We give now a characterisation of gradient flows when the local slope if a strong upper

gradient, which is the metric-space analogy of (A.5).

Proposition A.10 (energy-dissipation equality). Let F: M → (−∞,∞] be proper

and let g be a strong upper gradient for F. Then γ is a curve of maximal slope for F

with respect to g if and only if

F(γ(s))−F(γ(t))

=
1

2

∫ t

s
g2(γ(r)) dr +

1

2

∫ t

s
|γ′|2dM (r) dr for all s, t ∈ [0, T ] with s 6 t.

In this case we have

(i) F◦ γ ∈ AC([0, T ], [−∞,∞]);
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(ii) (g ◦ γ)2 = |γ′|2dM = −(F◦ γ)′ almost everywhere in [0, T ];

(iii) g ◦ γ, |γ′|dM ∈ L2([0, T ]), and so g ◦ γ|γ′|dM ∈ L1([0, T ]) and γ ∈ AC2([0, T ],M).

By Proposition A.10(ii), if |∂F| is a strong upper gradient for F, then F itself is a

Lyapunov functional for the flow associated to F (see Definition 1.10), and (|∂F| ◦ γ)2 =

|γ′|2dM is called the dissipation of F along γ.

A.3 Gradient flows in Hilbert spaces

Thanks to the gradient structure inherent to Hilbert spaces we have in these spaces an

alternative way of defining a gradient flow to that in general metric spaces, which involves

the notion of subdifferential. We first explain the results in the case of a weighted

Euclidean configuration space, and then extend them to the case of general separable

Hilbert spaces.

A.3.1 Euclidean case

In this section let N ∈ N and let w = (w1, . . . , wN ) ∈ (0, 1]N .

Definition A.11 (Euclidean subdifferential). Let F: ΩN
w → (−∞,∞] be proper and

lower semicontinuous. We define the subdifferential ∂wF of F, for all X ∈ dom F, by

∂wF(X) =

{
Y ∈ RNd | lim inf

Z→X

F(Z)−F(X)− 〈Y ,Z −X〉w
|Z −X|w

> 0

}
.

Any element of ∂wF(X) is called a subgradient of F at X.

If X ∈ int(dom F), then ∂wF(X) is a singleton if and only if F is differentiable at X,

in which case ∂wF(X) = {∇wF(X)}. We write dom ∂wF the set of points X ∈ dom F

such that ∂wF(X) 6= ∅, and we call dom ∂wF the domain of ∂wF. The functional F is

said to be subdifferentiable at X if X ∈ dom ∂wF. Obviously, by definition, dom ∂wF⊂
dom F.

Definition A.12 (Euclidean subdifferential gradient flow). Let F: ΩN
w → (−∞,∞]

be proper and lower semicontinuous. We say that a curve X ∈ AC([0, T ],ΩN ) is a sub-

differential gradient flow for F if X(t) ∈ dom ∂wF for almost every t ∈ [0, T ] and

X ′(t) ∈ −∂wF(X(t)) for almost every t ∈ [0, T ]. (A.7)

By abuse of language we often call gradient flow for F the equation (A.7) itself.

Note that, in the above definition, when Ω the closure of a bounded, convex, smooth

domain, the requirement that X(t) = (x1(t), . . . ,xN (t)) be in ΩN for all t ∈ [0, T ]

implicitly imposes the discrete no-flux boundary conditions: for all t ∈ [0, T ] and i ∈
J1, NK,

xi(t) ∈ ∂Ω =⇒
〈
x′i(t),nΩ(xi(t))

〉
= 0. (A.8)
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If X(t) belongs to int(dom F) and is a point of differentiability of F for almost every

t ∈ [0, T ], then X solves the system of ordinary differential equations

X ′(t) = −∇wF(X(t)) for almost every t ∈ [0, T ]. (A.9)

In general we say that X ∈ AC([0, T ],ΩN
w) is a steepest descent for F if, for al-

most every t ∈ [0, T ], X(t) ∈ int(dom F) and is a point of differentiability of F, and

(A.9) holds. Existence and uniqueness of steepest descents for F can be studied via

the classical Cauchy–Lipschitz theory. Below we give another approach—coming from

monotone operator theory [5,7,27]—to obtain existence and uniqueness of subdifferential

gradient flows solving (A.7) which does not require Lipschitz continuity of F, but rather

semiconvexity.

First, in the proposition that follows we give the definition of Euclidean subdifferential

for semiconvex functionals.

Proposition A.13. Let F: ΩN
w → (−∞,∞] be proper and lower semicontinuous. If

there exists λ ∈ R such that F is λ-convex, then, for all X ∈ dom F,

∂wF(X)

=
{
Y ∈ RNd | ∀Z ∈ ΩN , F(Z) > F(X) + 〈Y ,Z −X〉w + λ

2 |Z −X|2w
}
.

In this case ∂wF(X) is a closed and convex set of ΩN . We have dom |∂F| ⊂ dom ∂wF

and

|∂F|(X) = min{|Y |w | Y ∈ ∂wF(X)} for all X ∈ dom |∂F|,

where the minimum is indeed attained by one unique element in ∂wF(X) which we denote

by ∂0
wF(X), so that

|∂F|(X) = |∂0
wF(X)|w for all X ∈ dom |∂F|.

Note that, in the semiconvex case, int(dom F) ⊂ dom ∂wF, ∂wF(X) is compact in

ΩN for all X ∈ int(dom F), and cl(dom ∂wF) = cl(dom |∂F|) = cl(dom F). Also, if

F is differentiable at X in the sense of variations as explained in Section 1.3.1, then

∂wF(X) = {∇wF(X)}.
The following theorem ensures that metric and subdifferential gradient flows are

equivalent notions in the semiconvex case.

Theorem A.14. Let F: ΩN → (−∞,∞] be proper, lower semicontinuous and λ-convex

for some λ ∈ R. In this case |∂F| is lower semicontinuous and it is a strong upper

gradient for F. Let X0 ∈ cl(dom F) and X ∈ AC([0, T ],ΩN ). Then the following

statements are equivalent.

(i) X is a metric gradient flow for F starting from X0.
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(ii) X is a subdifferential gradient flow for F starting from X0.

In this situation of equivalence, if X satisfies (i) or (ii) we simply say that X is a

gradient flow for F starting from X0. Furthermore (i) and (ii) are also equivalent to the

following energy-dissipation equality and evolution variational inequality.

(iii) X(0) = X0 and, for all s, t ∈ [0, T ] with s 6 t,

F(X(s))−F(X(t)) =
1

2

∫ t

s
|∂F|2(X(r)) dr +

1

2

∫ t

s
|X ′(r)|2w dr.

(iv) X(0) = X0 and, for all Y ∈ ΩN and almost every t ∈ [0, T ],

1

2

d

dt
|X(t)− Y |2w +

λ

2
|X(t)− Y |2w 6 F(Y )−F(X(t)).

If one of the above items hold, then X ∈ dom ∂F⊂ dom F everywhere in [0, T ], X ∈
dom |∂F| almost everywhere in [0, T ] and

X ′(t) = −∂0
wF(X(t)) for almost every t ∈ [0, T ]. (A.10)

If F is actually differentiable along X, then we have

X ′(t) = −∇wF(X(t)) for almost every t ∈ [0, T ].

We finally state existence and uniqueness of gradient flows in the semiconvex case.

Theorem A.15. Let F: ΩN → (−∞,∞] be proper, lower semicontinuous and λ-convex

for some λ ∈ R, and let X0 ∈ cl(dom F). Then there exists a unique gradient flow X

for F starting from X0. If furthermore Y is a gradient flow for F starting from Y 0 for

some Y 0 ∈ cl(dom F), then

|X(t)− Y (t)|w 6 e−λt|X0 − Y 0|w for all t ∈ [0, T ].

A.3.2 Generalisation to Hilbert spaces

All the concepts and results of Section A.3.1 very naturally generalise from RNdw to

separable Hilbert spaces. The case of the Hilbert space (L2(Ω), 〈·, ·〉L2(Ω)) is in particular

a very interesting one. Indeed one can show that the heat equation (with zero-Dirichlet

boundary conditions if Ω is compact) can be written as a subdifferential gradient-flow

equation of the form (A.7), where the subdifferential ∂w must be replaced by its L2

version ∂L2 . The functional in this case is D: L2(Ω)→ [0,∞] defined by

D(u) =





1
2

∫
Ω |∇u|2(x) dx for all u ∈ W

1,2
0 (Ω)

+∞ otherwise,
(A.11)



Appendix A. Gradient flows 221

called the Dirichlet energy, where W
1,2

0 (Ω) is the Sobolev space

W
1,2

0 (Ω) = {u ∈ W1,2(Ω) | u|∂Ω = 0}

if Ω is bounded and is simply equal to W1,2(Rd) if Ω = Rd. It is true that, so defined,

D is lower semicontinuous and convex. One can compute the gradient of D in L2(Ω) as

explained in Section 1.3.1 and get

∇L2D(u) = −∆u for all u ∈ W
1,2

0 (Ω) ∩ W2,2(Ω).

This shows that D is differentiable on W
1,2

0 (Ω) ∩ W2,2(Ω) and so, by convexity of D on

L2(Ω), ∂0
L2D(u) = ∇L2D(u) for all u ∈ W

1,2
0 (Ω) ∩ W2,2(Ω). One can also check that

|∂D|(u) = ‖∆u‖L2(Ω) for all u ∈ dom |∂D|. Suppose that u ∈ AC([0, T ],L2(Ω)) is a

subdifferential gradient flow for D as defined in (A.11). Then, by Theorem A.14 and

(A.10), u ∈ dom |∂D| ⊂ W
1,2

0 (Ω) ∩ W2,2(Ω) almost everywhere so that

u′(t) = −∇L2D(u(t)) = ∆u(t) for almost every t ∈ [0, T ]

holds in the weak L2 sense.

A.4 Gradient flows in 2-Wasserstein space

Like Hilbert spaces the 2-Wasserstein space enjoys a gradient structure, though it is quite

“weak”. This still allows for an alternative definition of a gradient flow to that in abstract

metric spaces.

Definition A.16 (Wasserstein subdifferential). Let F: W2(Ω)→ (−∞,∞] be proper

and narrowly lower semicontinuous. We define the subdifferential ∂W2F of F, for all

ρ ∈ dom F∩Pac(Ω), by

∂W2F(ρ) =

{
ξ ∈ (L2

ρ (Ω))d | lim inf
d2(ρ̃,ρ)→0

F(ρ̃)−F(ρ)− 〈ξ,T∗ − id〉L2
ρ (Ω)

d2(ρ̃, ρ)
> 0

}
,

where T∗ is the optimal map for the quadratic Monge’s problem between ρ and ρ̃, which

we know exists and is unique since ρ is absolutely continuous; see Theorem 1.13. Any

element of ∂W2F(ρ) is called a subgradient of F at ρ.

We write dom ∂W2F the domain of ∂W2F, i.e., the set of points ρ ∈ dom F∩Pac(Ω)

such that ∂W2F(ρ) 6= ∅. The functional F is said to be subdifferentiable at ρ if ρ ∈
dom ∂W2F. Obviously, by definition, dom ∂W2F⊂ dom F∩Pac(Ω).

Definition A.17 (Wasserstein subdifferential gradient flow). Suppose that the

functional F: W2(Ω) → (−∞,∞] is a proper and narrowly lower semicontinuous func-

tional. We say that a curve ρ ∈ AC([0, T ],P2(Ω)) is a subdifferential gradient flow for
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F if ρ(t) ∈ dom ∂W2F∩Pac(Ω) for almost every t ∈ [0, T ] and

v(t, ·) ∈ −∂W2F(ρ(t)) for almost every t ∈ [0, T ],

where v is the unique measurable function of Theorem A.5(i).

A Wasserstein subdifferential gradient flow for F is said to be a steady state if it is

time-independent. If v is time-independent whenever ρ is, then Theorem A.5(i) tells us

that a Wasserstein subdifferential gradient flow ρ∞ for Fwith associated velocity v∞ is

a steady state if and only if ‖v∞‖L2
ρ∞ (Ω) = 0, i.e., v∞ = 0 ρ∞-almost everywhere in Ω.

By abuse of language we often call gradient flow for F the continuity equation with

velocity field v the one of Definition A.17.

In the following proposition we give the definition of Wasserstein subdifferential for

semiconvex functionals.

Proposition A.18. Suppose that F: W2(Ω) → (−∞,∞] is proper and narrowly lower

semicontinuous. If there exists λ ∈ R such that F is λ-convex along geodesics, then, for

all ρ ∈ dom F∩Pac(Ω),

∂W2F(ρ)

=
{
ξ ∈ (L2

ρ (Ω))d | ∀ ρ̃ ∈ P2(Ω), F(ρ̃) > F(ρ) + 〈ξ,T∗ − id〉L2
ρ (Ω) + λ

2 d
2
2(ρ̃, ρ)

}
.

In this case ∂W2F(ρ) is a closed and convex set of (L2
ρ (Ω))d. We have dom |∂F| ⊂

dom ∂W2F∩Pac(Ω) and

|∂F|(ρ) = min{‖ξ‖L2
ρ (Ω) | ξ ∈ ∂W2F(ρ)} for all ρ ∈ dom |∂F| ∩Pac(Ω),

where the minimum is indeed attained by one unique element in ∂W2F(ρ) which we denote

by ∂0
W2
F(ρ), so that

|∂F|(ρ) = ‖∂0
W2
F(ρ)‖L2

ρ (Ω) for all ρ ∈ dom |∂F| ∩Pac(Ω).

Note that, in the semiconvex case, int(dom F) ∩ Pac(Ω) ⊂ dom ∂W2F, ∂W2F(ρ) is

compact in (L2
ρ (Ω))d for all ρ ∈ int(dom F)∩Pac(Ω), and cl(dom ∂W2F) = cl(dom |∂F|∩

Pac(Ω)) = cl(dom F∩Pac(Ω)). The closure here is taken to be that in W2(Ω).

The theorem below gives equivalence, in the semiconvex case, between metric and

Wasserstein subdifferential gradient flows.

Theorem A.19. Let F: W2(Ω) → (−∞,∞] be proper, narrowly lower semicontinuous

and geodesically semiconvex. In this case |∂F| is narrowly lower semicontinuous and it

is a strong upper gradient for F. Let ρ0 ∈ cl(dom F) and ρ ∈ AC([0, T ],P2(Ω)) with

ρ(t) ∈ P2,ac(Ω) for almost every t ∈ [0, T ]. Then the following statements are equivalent.
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(i) ρ is a metric gradient flow for F starting from ρ0.

(ii) ρ is a subdifferential gradient flow for F starting from ρ0.

In this situation of equivalence, if ρ satisfies (i) or (ii) we simply say that ρ is a gradient

flow for F starting from ρ0. Furthermore (i) and (ii) are also equivalent to the following

energy-dissipation equality and evolution variational inequality.

(iii) ρ(0) = ρ0 and, for all s, t ∈ [0, T ] with s 6 t,

F(ρ(s))−F(ρ(t)) =
1

2

∫ t

s
|∂F|2(ρ(r)) dr +

1

2

∫ t

s
|ρ′|2d2

(r) dr.

(iv) ρ(0) = ρ0 and, for all ρ̃ ∈ P2(Ω) and almost every t ∈ [0, T ],

1

2

d

dt
d2

2(ρ(t), ρ̃) +
λ

2
d2

2(ρ(t), ρ̃) 6 F(ρ̃)−F(ρ(t)).

If one of the above items hold, then ρ ∈ dom ∂F ⊂ dom F everywhere in (0, T ], ρ ∈
dom |∂F| almost everywhere in [0, T ] and

v(t, ·) = −∂0
W2
F(ρ(t)) for almost every t ∈ [0, T ].

In particular, a gradient flow ρ∞ for F is a steady state if and only if

∂0
W2
F(ρ∞) = 0.

In general, unlike the Euclidean and Hilbert cases (see Theorem A.15), there is no

direct existence result of Wasserstein gradient flow in the geodesically semiconvex case;

we only have uniqueness. Existence can be obtained by contructing time-discretised

solutions; see Theorem A.26.

Theorem A.20. Suppose that F: W2(Ω)→ (−∞,∞] is a proper, narrowly lower semi-

continuous and λ-convex functional for some λ ∈ R, and let ρ0
1, ρ

0
2 ∈ cl(dom F). Let ρ1

and ρ2 be gradient flows for F starting from ρ0
1 and ρ0

2, respectively. Then

d2(ρ1(t), ρ2(t)) 6 e−λtd2(ρ0
1, ρ

0
2) for all t ∈ [0, T ].

In particular if ρ0
1 = ρ0

2, then we have ρ1 = ρ2.

A.5 Application to aggregation-diffusion equations

Here we apply the results of Sections A.1–A.4 to the study of the aggregation-diffusion

equation (1.4) when the density of internal energy U , the confinement potential V and

the aggregation kernel W satisfy some specific assumptions. This rigorously justifies the

relation between gradient flows and (1.4) as already formally explained in Section 1.1.2.
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A.5.1 Typical energies

Internal energy. The density of internal energy U : [0,∞) → (−∞,∞] is a proper

function satisfying the following assumptions.

(U1) U is lower semicontinuous, bounded from below, convex, and U(0) = 0.

(U2) There exists β > d/(d− 2) such that lim infr→0 U(r)/rβ > −∞.

The internal energy (or entropy) U : P2(Ω)→ (−∞,∞] is given by

U(ρ) =





∫

Ω
U(ρ(x)) dx for all ρ ∈ P2,ac(Ω),

+∞ otherwise.

By convention, if U = 0 we set U = 0. Assumption (U2) ensures that, for any ρ ∈
P2,ac(Ω), the negative part of the integrand U ◦ρ is integrable on Ω, so that the definition

of U above makes sense. Assume that the condition below holds.

(U3) U = 0, or U has superlinear growth at infinity; i.e., U(r)/r →∞ as r →∞.

In this case U is narrowly lower semicontinuous on P2(Ω).

Confinement energy. The confinement, or external, potential V : Ω → (−∞,∞] is a

proper function satisfying the following assumption.

(V1) V is lower semicontinuous and bounded from below.

The confinement, or external, energy V: P2(Ω)→ (−∞,∞] is given by

V(ρ) =

∫

Ω
V (x) dρ(x) for all ρ ∈ P2(Ω).

By the Portmanteau theorem (see Theorem 1.15), V is narrowly lower semicontinuous

on P2(Ω).

Aggregation energy. The aggregation, or interaction, kernel W : Rd → (−∞,∞] is a

proper function satisfying the following assumption.

(W1) W is lower semicontinuous, bounded from below and symmetric.

The aggregation, or interaction, energy W: P2(Ω)→ (−∞,∞] is given by

W(ρ) =

∫

Ω
W ∗ ρ(x) dρ(x) for all ρ ∈ P2(Ω).

Note that this does not include the attraction kernel for the Keller–Segel equation (1.10)

for which W (0) = −∞ and so W is not proper. By the Portmanteau theorem applied

on the product space P2(Ω)×P2(Ω), W is narrowly lower semicontinuous on P2(Ω).

Total energy. Suppose U , V and W are proper functions satisfying the assumptions

(U1)–(U3), (V1) and (W1). The total (potential) energy E: P2(Ω) → (−∞,∞] is given
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by

E(ρ) = U(ρ) + V(ρ) + W(ρ) for all ρ ∈ P2(Ω). (A.12)

The energy E is narrowly lower semicontinuous.

A.5.2 Convexity

In addition to the previous hyptheses, consider the following.

(U4) The map u : r ∈ (0,∞) 7→ rdU(r−d) is convex and nonincreasing.

(V2) V is λ-convex for some λ ∈ R.

(W2) W is convex.

Condition (U4) is often referred to as McCann’s condition [111].

Proposition A.21 (convexity of the total energy). Let U, V and W satisfy (U1)–

(U4), (V1)–(V2) and (W1)–(W2). Then E is λ-convex along geodesics on P2(Ω). By

Theorem A.19 this implies that |∂E| is narrowly lower semicontinuous and it is a strong

upper gradient for E.

A.5.3 Subdifferentials

Again on top of the assumptions above, consider the following ones.

(U5) U ∈ C([0,∞)) and is of class C2 on (0,∞).

(U6) There exists cU > 0 such that U(r1 + r2) 6 cU (1 + U(r1) + U(r2)) for all r1, r2 ∈
[0,∞).

(W3) There exists cW > 0 such that W (x+y) 6 cW (1+W (x)+W (y)) for all x,y ∈ Rd.

Let us write

LU (r) := rU ′(r)− U(r) for all r > 0.

Note that LU (0) = 0 since, by convexity of U and U(0) = 0, we have U(r) 6 rU ′(r) 6

U(2r)− U(r) for all r > 0.

Theorem A.22. Suppose that (U1)–(U6), (V1)–(V2) and (W1)–(W3) hold. Assume

furthermore that V ∈ C1(Ω) and W ∈ C1(Rd). Then, if U 6= 0,

dom |∂E|

=
{
ρ ∈ P2,ac(Ω) | LU ◦ ρ ∈ W

1,1
loc (Ω), ∇(U ′ ◦ ρ) + ∇V + ∇W ∗ ρ ∈ L2

ρ (Ω)
}
,

and, if U = 0,

dom |∂E| =
{
ρ ∈ P2(Ω) | ∇V + ∇W ∗ ρ ∈ L2

ρ (Ω)
}
,
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In both cases,

∂0
W2

E(ρ) = ∇(U ′ ◦ ρ) + ∇V + ∇W ∗ ρ for all ρ ∈ dom |∂E|. (A.13)

When V and W are at least subdifferentiable, that is, their subdifferentials are empty

nowhere, we may remove the C1 regularity assumption on V and W , and then replace

the gradients of V and W appearing in Theorem A.22 by the minimal norm elements of

their respective subdifferentials; see [3]. See also [53] for a gradient-flow theory for some

particular subdifferentiable kernel W .

We give now the definition of the Fisher information, which is the dissipation of E

along gradient flows for E.

Definition A.23 (Fisher information). Assume that (U1)–(U3), (U5), (V1), and

(W1) hold. Moreover suppose that V ∈ C1(Ω) and W ∈ C1(Rd). We define I: P2(Ω)→
[0,∞], if U 6= 0, by

I(ρ) =





∫

Ω
|∇(U ′ ◦ ρ+ V +W ∗ ρ)(x)|2 dρ(x)

for all ρ ∈ P2,ac(Ω)

with LU ◦ ρ ∈ W
1,1

loc (Ω),

+∞ otherwise,

and, if U = 0, by

I(ρ) =

∫

Ω
|∇(V +W ∗ ρ)(x)|2 dρ(x) for all ρ ∈ P2(Ω).

If U 6= 0 and V = W = 0 we call I the Fisher information associated to U .

If (U1)–(U6), (V1)–(V2) and (W1)–(W3) hold, and V ∈ C1(Ω) and W ∈ C1(Rd),
then I= |∂E|2. In this case the energy E is a Lyapunov functional (see Definition 1.10)

for the gradient flow associated to E, and for any gradient flow ρ for E we have

(E◦ ρ)′(t) = −I(ρ(t)) for almost every t ∈ [0, T ];

Indeed I(ρ) is the dissipation of E along ρ.

A.5.4 The aggregation-diffusion equation as a gradient flow

The main result is that any gradient flow for the total energy (A.12) is solution to the

aggregation-diffusion equation (1.4) under good assumptions on U, V and W .

We first give the first variation density of E according to the definition discussed in

Section 1.3.5. Although the functionals U , V and W have been defined in this appendix

as functionals on the space P2(Ω) of probability measures with finite second moments,
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one can still be interested in studying these functionals on all of P(Ω), that is, in studying

E(ρ) = U(ρ) + V(ρ) + W(ρ) for all ρ ∈ P(Ω), (A.14)

when U, V and W satisfy the assumptions (U1)–(U6), (V1) and (W1). (This is for

example what we do in Chapters 2–4.)

Proposition A.24. Suppose that U, V and W satisfy (U1)–(U6), (V1) and (W1). Fur-

thermore assume that V and W are locally integrable. The first variation density of E

in (A.14) according to the definition in (1.33) is

E′ρ = U ′ ◦ ρ+ V +W ∗ ρ for all ρ ∈ dom F. (A.15)

Note that, thanks to (A.15), the relation in (A.13) becomes

∂0
W2

E(ρ) = ∇E′ρ for all ρ ∈ dom |∂E|.

Finally we can give the statement ensuring that a gradient flow for E as in (A.12) is

a weak solution to the (confined) aggregation-diffusion equation.

Theorem A.25. Let U , V and W be functions satisfying the assumptions (U1)–(U6),

(V1)–(V2) and (W1)–(W3). Asume also that V ∈ C1(Ω) and W ∈ C1(Rd). Let ρ0 ∈
cl(dom E) and ρ be the unique—see Theorems A.20 and A.26—gradient flow for E in

(A.12) starting from ρ0. Then, by Theorem A.19 and (A.13), we know that ρ is a weak

solution to the continuity equation with velocity vt = −∇(U ′ ◦ρt+V +W ∗ρt) for almost

every t ∈ [0, T ]. That is, ρ solves the aggregation-diffusion equation (1.4) with I = [0, T ],

together with the no-flux boundary condition (1.19).

A.5.5 Existence of aggregation diffusion gradient flows

In Theorem A.20 we only give the uniqueness, up to the initial profile, of Wasserstein

gradient flows for semiconvex functionals. The existence is less general but can still

be obtained in the case of the aggregation-diffusion equation via the construction of a

solution by time discretisation; see the so-called JKO scheme below. We first discuss the

implicit Euler scheme, which is the Euclidean analogue of the JKO scheme. Note that a

well-posedness theory for gradient flows involving fewer assumptions on the energy than

those we use here can be found in [64].

Euler scheme. Let N ∈ N. Let F: ΩN → (−∞,∞] be a proper, lower semicontinuous

functional. Define

Φτ (X,Y ) = 1
2τ |X − Y |2w + F(Y ) for all τ ∈ (0, T ] and X,Y ∈ RNd.
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Suppose that there exists τ∗ 6 T such that, for all τ ∈ (0, τ∗] and X ∈ ΩN , Φτ (X, ·) has

a minimum on ΩN . Let X0 ∈ cl(dom F) and let τ 6 τ∗ divide T . Then the family of

intervals {((k − 1)τ, kτ ]}k∈J1,T/τK is a partition of (0, T ]. Now, assume that there exists

X0
τ ∈ ΩN such that

|X0
τ −X0|w → 0 and F(X0

τ )→ F(X0) as τ → 0.

Then we recursively define the family {Xk
τ}k∈J1,T/τK ⊂ ΩN by choosing

Xk
τ ∈ argmin

X∈ΩN
Φτ (Xk−1

τ ,X) for all k ∈ J1, T/τK, (A.16)

which we know exists by our assumptions on Φτ . Then we define the piecewise constant

curve Xτ by




Xτ (t) = Xk

τ for all k ∈ J1, T/τK and t ∈ ((k − 1)τ, kτ ],

Xτ (0) = X0
τ .

(A.17)

Note that, as defined in (A.16), Xk
τ satisfies

1
τ (Xk

τ −Xk−1
τ ) ∈ −∂wF(Xk

τ )

whenever Ω = Rd, F is convex and Xk
τ ∈ dom ∂wF, which is the kth step of the classical

implicit, or backward, Euler scheme with time-step size τ for the subdifferential gradient

flow (A.7) for F.

If F is semiconvex, then we know that, up to a subsequence, (Xτ )τ given in (A.17)

converges uniformly to the unique gradient flow for F starting from X0, coupled with

the no-flux boundary conditions (A.8) if Ω is bounded.

JKO scheme. Let F: W2(Ω) → (−∞,∞] be a proper, narrowly lower semicontinuous

functional. Define

Φτ (ρ, ρ̃) = 1
2τd

2
2(ρ, ρ̃) + F(ρ̃) for all τ ∈ (0, T ] and ρ, ρ̃ ∈ P2(Ω).

Suppose that there exists τ∗ 6 T such that, for all τ ∈ (0, τ∗] and ρ ∈ P2(Ω), Φτ (ρ, ·)
has a minimum on P2(Ω). Let ρ0 ∈ cl(dom F) and let τ 6 τ∗ divide T . Then

{((k − 1)τ, kτ ]}k∈J1,T/τK is a partition of (0, T ]. Now, assume that there exists ρ0
τ ∈ P2(Ω)

such that

d2(ρ0
τ , ρ0)→ 0 and F(ρ0

τ )→ F(ρ0) as τ → 0.
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Then we recursively define the family {ρkτ}k∈J1,T/τK ⊂ P2(Ω) by choosing

ρkτ ∈ argmin
ρ∈P2(Ω)

Φτ (ρk−1
τ , ρ) for all k ∈ J1, T/τK,

which we know exists by our assumptions on Φτ . Then we define the piecewise constant

curve of probability measures ρτ by




ρτ (t) = ρkτ for all k ∈ J1, T/τK and t ∈ ((k − 1)τ, kτ ],

ρτ (0) = ρ0
τ .

(A.18)

This construction is called the Jordan–Kinderlehrer–Otto (or JKO) scheme for F and

ρ0, and any curve ρ ∈ AC2([0, T ], W2(Ω)) is called a generalised minimising movement

for F and ρ0 if there exists a sequence (τl)l ⊂ (0, T ] such that τl → 0 as l → ∞ and

ρτl(t) ⇀ ρ(t) narrowly for all t ∈ [0, T ].

Theorem A.26. Let U , V and W be functions satisfying the assumptions (U1)–(U6),

(V1)–(V2) and (W1)–(W3), respectively. Also assume that V ∈ C1(Ω) and W ∈ C1(Rd).
Let ρ0 ∈ cl(dom E), with E defined in (A.12). Then, up to a subsequence, (ρτ )τ given in

(A.18) converges uniformly narrowly to some ρ ∈ AC2([0, T ], W2(Ω)) with ρ(t) ∈ P2,ac(Ω)

for almost every t ∈ [0, T ]. Moreover ρ is the unique gradient flow for F starting from

ρ0, and therefore, by Theorem A.25, ρ is a weak solution to (1.4) with I = [0, T ], coupled

with the no-flux boundary conditions (1.19) if Ω is bounded.
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B Useful theorems

In this appendix we give a very short list of basic theorems which are regularly used in

the arguments of this thesis.

Theorem B.1 (Jensen’s inequality). Let X ∈ B(Rn) for some n ∈ N. Let ρ ∈ P(X),

f ∈ L1
ρ (X), and ϕ : R→ R be convex. Then

ϕ

(∫

X
f dρ

)
6
∫

X
ϕ ◦ f dρ.

Here follows a useful tool to determine the existence of minimisers of functionals,

sometimes referred to as the the direct method of calculus of variations or as Weierstrass

criterion.

Theorem B.2 (Direct method of calculus of variations). Let (M,dM ) be a metric

space and F: M → (−∞,∞] be proper. If there exists α ∈ R such that the sublevel set

Lα := {x ∈ M | F(x) 6 α} is dM -compact and F|Lα is dM -lower semicontinuous, then

F has a global minimiser on M .

The theorem below can be found in [25, Proposition 1.44].

Theorem B.3 (Urysohn property of Γ-convergence). Let (M,dM ) be a metric

space and let F: M → [−∞,∞]. Also let (Mk)k be a sequence of subsets of M and

(Fk)k be a sequence of functionals such that Fk : Mk → [−∞,∞] for all k. Then (Fk)k

Γ-converges to F if and only if every subsequence (Fkl)l admits a further subsequence

which Γ-converges to F.

The theorem that follows can be found in [3, Proposition 3.3.1].

Theorem B.4 (Arzelà–Ascoli theorem in 2-Wasserstein space). Let X ∈ B(Rn)

for some n ∈ N. Let T > 0 and (ρk)k be a sequence of curves from [0, T ] to P2(X).

Assume that the family {ρk(t)}k,t∈[0,T ] is narrowly compact. Moreover suppose that (ρk)k

is equicontinuous in the sense that

lim sup
k→∞

d2(ρk(t), ρk(s)) 6 ω(t, s)
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for some symmetric function ω : [0, T ]× [0, T ]→ [0,∞) such that ω(t, s)→ 0 as (t, s)→
(r, r) for all r ∈ [0, T ]. Then there exists a narrowly continuous curve ρ ∈ C([0, T ],P(X))

such that, up to a subsequence, ρk(t) ⇀ ρ(t) narrowly as k →∞ for all t ∈ [0, T ].
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